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INTRODUCTION






MOTIVATION AND CONTEXT

This thesis deals primarily with the geometric structure of entanglement and entanglement
witnesses in bipartite and multipartite quantum systems. Quantum entanglement is
the fundamental phenomenon in quantum theory that exhibits a form of non-classical
correlations. Although it was seen as a paradoxical phenomenon in quantum theory for
much of the previous century, it now has the status of a resource that powers quantum
protocols in quantum communication [SN96, BBC 93], cryptography [Eke91], and error
correction [BDSW96]. Despite considerable progress in understanding entanglement,
various problems in the theory of entanglement remain unsolved [HHHHO09], especially

when the quantum systems have mixed states due to the presence of noise.

Separable states, or unentangled states, are convex mixtures of pure product states and
can be prepared by local operations and classical communication. This simple definition
masks significant complexity, as the membership problem for separable states is NP-
hard [Gur03, Gha10], thus implying limits on algorithmic solvability. This also implies
the impossibility of exact efficiently computable necessary and sufficient conditions for
deciding whether a state is entangled or separable (if P # NP). Moreover, it was recently
established that the geometry of separable states of a system of dimensions d x d’ where
dd' > 6 cannot be described by a linear matrix inequality or its projections, and hence it is

not semidefinite representable [Faw21].

Every convex set (or convex cone) has an associated dual, i.e., the set of hyperplanes
that separate the convex set from other points. In the case of separable states, these hyper-
planes are called entanglement witnesses, and correspond to linear functionals positive
on separable states. For bipartite states, these also have a well-known correspondence
with positive maps between matrix algebras [HHHO01], a well-studied object in operator
theory and functional analysis. In general, multipartite witnesses can also be described as

homogeneous complex positive polynomials.

In general, since the complexity of the separability problem forbids an exact solution,
the role of entanglement criteria is central to the theory. These are necessary criteria
for separability, and any violation of such a criterion detects entanglement. Many such
entanglement criteria have been designed, for example the Peres-Horodecki criterion
[Per96, HHH96], which checks if a matrix has a positive partial transpose (PPT); the CCNR
(Computable cross norm and realignment) criterion, which checks whether a certain norm
is less than 1 [Rud00, CW03]; and other criteria based on covariance matrices [TG09].
Moreover, every entanglement witness forms an entanglement criterion, which can also

be directly implemented in the lab.



In this thesis, we will focus on the Peres-Horodecki (PPT) criterion. Although separable
states satisfy this in all dimensions, it is also sufficient only if the product of dimensions
dd' < 6 [HHH96]. The convex set of PPT states, i.e., the states that have a positive partial
transposition, is a relaxation of the set of separable states, whose membership only involves
checking eigenvalues of the partial transpose, and hence is efficiently decided. Although
the set of PPT states was only designed to be a mathematical approximation, they were
later discovered to have physically interesting properties, and PPT entangled states are at
the heart of some open problems in quantum information.

The dual of the bipartite PPT states has a correspondence with the well-known decom-
posable maps, which can be written as the sum of completely positive and completely
co-positive maps. This is analogous to the correspondence between entanglement wit-
nesses and positive maps. Any positive non-decomposable map acts as a witness for PPT
entangled states. Moreover, such a map was constructed by Choi in his seminal paper
[Cho80a], which also predates the beginning of quantum information theory. In general,
it is considered a non-trivial problem to construct examples of non-decomposable maps,
and similarly, of PPT entangled states.

Symmetries have played an important role in the entanglement problem, reducing
its complexity and enabling exact analytical solutions of the entanglement geometry.
For example, bipartite quantum states with unitary symmetries can be described by two
parameters in total [Wer89], and the exact parameters for separability of such a state
can be computed [VWO01]. Moreover, such symmetries can also be exploited to construct
entanglement witnesses. The main results in this thesis broadly concern two different
types of symmetries: a local diagonal unitary symmetry and/or a global permutation
symmetry. In all these cases, we show that the symmetry can be used to connect quantum
entanglement to various interesting problems in matrix/tensor analysis, positivity of
polynomials, and graph theory, leading to novel insights into the complex structure of

entanglement.

SUMMARY OF CONTRIBUTIONS

Entanglement in cyclic sign invariant quantum states — Aabhas Gulati, Ion Nechita and
Satvik Singh

J. Math. Phys. 66, 122202 (2025)
https://doi.org/10.1063/5.0285294

We introduce and study bipartite quantum states that are invariant under the local action

of the cyclic sign group. Due to symmetry, these states are sparse and can be parameterized


https://doi.org/10.1063/5.0285294

by a triple of vectors. Hence, these states have a linear number of free parameters, and their
important semi-definite properties, such as positivity and positivity under partial transpose
(PPT), can be simply characterized in terms of the parametrizing vectors and their discrete
Fourier transforms. Moreover, a characterization of separability can be obtained by these
vectors satisfying some convolution relations.

We study the bosonic states in this class, the states invariant under permutations of the
systems. For these states, separability is equivalent to the circulant version of the complete
positivity problem, which is equivalent to deciding whether a vector is a sum of cyclic
autocorrelations of positive vectors. In local dimension d < 5, we completely characterize
the geometry of these sets and construct bosonic entanglement witnesses. We also obtain
some partial results about the geometry of these sets for d = 6, 7.

The bosonic PPT cone corresponds to the semi-positive cone for the Fourier matrix, for

which we give a characterization of extremal points.

{a e R | Fa e R}}

Our results show that these states have a rich entanglement structure in the bosonic
subspace, and provide some new insights into the geometric structures of completely
positive and doubly non-negative matrices. Finally, we construct a new family of symmetric
entangled states for which the properties of PPT and separability can be characterized for
all dimensions. This generalizes some results from [SBSGS22] while also simplifying the

proof.

Rank-based entanglement detection for bound entangled states — Aabhas Gulati

Phys. Rev. A 113, 022415
https://doi.org/10.1103/4r1h-njb6

Although PPT entangled states are known to exist for all bipartite systems with di-
mensions d - d’ > 6, the construction of such entangled states is generally non-trivial. In
general, a variety of methods have been used to construct new families of PPT entangled
states [Hor97, Bre06, SP18, CK06, HK05, Sin21]. In our article, we show a method for
entanglement detection that is useful to detect new families of entangled states, and is
based on detection of rank-1 generated property of some matrix convex cones.

The positive-semidefinite matrices form a convex cone that has extremal elements of
rank 1. However, convex conic subsets resulting from the presence of linear constraints
allow extremal elements of rank greater than or equal to 2. The problem of deciding when
a matrix is rank-1 generated, i.e., a sum of rank-1 positive-semidefinite matrices, has been

studied extensively in optimization theory for a variety of convex cones.


https://doi.org/10.1103/4r1h-njb6 
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We show that some faces of PPT density matrices map to convex cones that are not
rank-1 generated under a rank-preserving map. The main idea we exploit is that such
a map sends separable states to rank-1 generated states, while the same is not true for
the corresponding mapping of PPT entangled states. We consider mappings of different
faces of PPT states to sparse PSD matrices, correlation matrices, and doubly non-negative
matrices. These cones are well-known convex cones consisting of elements that are not
rank 1 generated. Moreover, if a PPT density matrix is mapped to an extremal point of
such a cone that is rank > 2, it is guaranteed to be a PPT edge-state.

These ideas are used to construct new examples of PPT entangled states and PPT edge

states in the class of local orthogonal invariant states.

Positive maps and extendibility hierarchies from copositive matrices — Aabhas Gulati, Ion
Nechita and Sang-jun Park

Preprint
https://arxiv.org/abs/2509.15201

In this work, we introduce and systematically study a new convex cone of pairwise
copositive (PCOP) matrices. We establish that this cone is dual to the cone of PCP (pairwise
completely positive) and, critically, provides a complete characterization for the positivity
of the broad class of covariant maps. We provide a way to lift matrices from the cone
of COP to PCOP, thereby creating a powerful bridge between the theory of copositive
forms and the positive maps, which correspond to bi-quadratic positive forms. We de-
velop an analogous framework for decomposable maps, introducing the cone of pairwise
decomposable matrices (PDEC).

As a primary application of this framework, we define a novel family of linear maps
@, ; parameterized by a graph G and a real parameter ¢. We derive exact thresholds on ¢
that determine when these maps are positive or decomposable, linking these properties
to fundamental graph-theoretic parameters. This construction yields vast new families
of positive indecomposable maps, for which we provide explicit examples derived from
infinite classes of graphs, notably rank 3 strongly regular graphs such as Paley graphs. We
also show that for triangle-free graphs, the thresholds for positivity and decomposability
of @ ; differ iff it is not bipartite.

The second main contribution of this work is to understand the properties of extendibil-
ity witnesses. We prove that the SOS hierarchies used in polynomial optimization to
approximate the cone of copositive matrices correspond precisely to witnesses for different
levels of the bosonic extendibility hierarchy. In the setting of the Doherty Parillo Spedalieri

(DPS) hierarchy for separability, we construct a large family of optimal entanglement


https://arxiv.org/abs/2509.15201

witnesses that are not certifiable at any level, which answers an open question about this

hierarchy:.

Entanglement in the Dicke subspace — Aabhas Gulati, Ion Nechita and Clément Pellegrini

Preprint
https://arxiv.org/abs/2602.15800

We provide a complete mathematical theory for the entanglement of mixtures of Dicke
states. These quantum states form an important subclass of bosonic states arising in the

study of indistinguishable particles.

Firstly, we introduced a tensor-based parametrization where the diagonal entries of these
states are encoded as a symmetric tensor, to enable a translation between entanglement
properties and some well-studied convex cones of tensors. This dictionary maps separa-
bility to completely positive tensors, the PPT property to moment tensors, entanglement
witnesses to copositive tensors, and decomposable witnesses to sum of squares tensors.
This allows us to construct new non-decomposable maps through positive polynomials

that are not sum of squares, e.g., the Motzkin polynomial.

In mixtures of Dicke states, we establish that PPT entanglement exists for all multipartite
systems with three qutrits or more, disproving a recent conjecture in [RPAR"25]. Due to
the bosonic symmetry of the states, these states are also de-facto genuinely multipartite

entangled.

We also show that, for mixtures of Dicke states, the PPT condition with respect to the
most balanced bipartition implies PPT with respect to any other bipartition, which also
resolves a conjecture in [RPAR " 25] and extends the results obtained in [Yu16] about qubits

to general states.

We further connect bosonic extendibility of mixtures of Dicke states to the duals of
known hierarchies for non-negative polynomials, such as the ones by Reznick and Polya.
We thus provide polynomial-sized semidefinite programming relaxations for separability

and entanglement testing in the Dicke subspace.

STRUCTURE OF THESIS

This thesis is organised into Part i : Background and Part ii : Presentation of Articles.

11
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Background

« Chapter 2 discusses some algebraic results in polynomial positivity and sum of

squares.

« Chapter 3 consists of some results in matrix analysis and optimization theory con-

cerning complete positivity and copositivity, and some other matrix cones.

« Chapter 4 provides a brief background of quantum information theory, with the main

focus on quantum entanglement, PPT and extendibility.

+ Chapter 5 discusses some results about entanglement in symmetric states, with a

focus on diagonal unitary and orthogonal symmetries, and Bosonic symmetric states.

Presentation of articles

The Chapter 6, Chapter 7, Chapter 8, and Chapter 9 present the articles discussed previously.

Conclusion

The final chapter Chapter 10 provides some future directions and improvements, and lists

some open problems.
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Notation and Basic Definitions

=
o)

Basic Notation
Field of real and complex numbers
Natural numbers {0, 1,2, ...}
Ring of integers {...,—2,—1,0,1,2,...}
{zeC,|z| =1}
X x X ... x X (d times)
Non-negative real numbers
The set {1,2,...,n} forn € N
{r e N |2, =k}

Vector in R? or C¢

Tensor product; (|v) ® |w));j 1= viw;

Inner product; Y; U7 w;

Complex linear span of the set A

Real linear span of the set A

Rank-1 matrix (outer product) with entries v;w;
Set of d X d’ complex matrices

Square d x d complex matrices

Hermitian d X d matrices

Real symmetric d x d matrices

Matrix product of X and Y

continued on next page
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NOTATION AND BASIC DEFINITIONS

ker(M), ran(M)

Kernel and range of a matrix M

X >0 X has non-negative eigenvalues
® Schur (entry-wise) product: (X ©Y);; := X;;Y;
T Transposition map: Xg; = X
PN Identity matrix, all ones matrix (resp.) of size d x d
Tr(X), rk(M) Trace and rank of a matrix
supp(X) Support of X: the orthogonal complement of its kernel
yen n-fold tensor product V@ --- @V
V+Ww Sum of vector spaces V,W: {|v) + |w) | |v) €
V, Jlw) e W}
o]l p-norm of [v) € C%: (Tieiy |vz‘|p)1/p
o(M) Singular values of a matrix M
| M|, Schatten p-norm of a matrix: (Tr(|M|p)) tr
int(A) Interior of a set A
cl(A) Closure of a set A
0A Boundary of a set A
1.1 CONVEX GEOMETRY
Notation
cone(A) Conic hull of set A
conv(A) Convex hull of set A
ext(C) Set of extreme rays of a convex cone C
c° Polar dual of C

Let V be a real vector space. A set S C V' is convex if for any two points |v) , |w) € S,

the line segment connecting them also lies in S, i.e, A|v) + (1 = \) |w) € S for all

A € [0,1]. The convex hull conv(A) is the smallest convex set containing A. A subset

C C V is a convex cone if it is closed under non-negative combinations, i.e., for |v) , |w) € C
and a, 8 > 0, we have « |v) + 3 |w) € C. The conic hull cone(A) is the set of all non-



1.1 CONVEX GEOMETRY

Figure 1: A convex set with some of its supporting hyperplanes

negative linear combinations of elements of A, or equivalently, the smallest convex cone
containing A. Sometimes we require the closure of the convex hull, which will be denoted
by cl(conv(A)).

A vector |[v) € C generates an extreme ray of a cone C if it cannot be decomposed as the

sum of two linearly independent vectors in C; that is,
|v) = |w) + |z) with |w),|z) €C = |w),|z) x |v).
The polar dual C° of a cone C is the set of hyperplanes positive on elements of C:
C° =A{ly) € V7 | {ylz) 2 0V|z) € C}.

A supporting hyperplane is an element |y) € C° such that there exists a |z) € C that
vanishes on |z), i.e, (y|z) = 0. Then, the supporting hyperplane theorem states that there
exists a supporting hyperplane for any point in the boundary 6C of the convex cone, as in
Fig. 1 (see [BV04]).

It follows from the definition of the polar dual that if K7 C K>y, then K5 C K7. Finally,
we recall some important results about convex sets (and cones) that will be useful in this
thesis. These facts can be found in popular textbooks on convex geometry/optimization,
see [BV04].

Theorem 1.1 (Dual of the dual). Let C be a convex cone. Then

(C°)° = cl(C).

19



20 NOTATION AND BASIC DEFINITIONS

A set A C S is said to generate the convex set S if conv(A) = S, and similarly for

convex cones.

Theorem 1.2 (Krein-Milman). A compact convex subset of a finite-dimensional®

vector space is equal to the convex hull of its extreme points:

conv(ext C) = C.

a This theorem can be stated for more general vector spaces. Since we consider only finite-dimensional

vector spaces in this thesis, we don’t include the general result here.

Theorem 1.3 (Duality of intersection and sum). Let C; and C2 be two convex cones.
Then
(C1NC2)° = cl(C] +C3).

Note that the closure in the previous result is necessary, even when the cones themselves

are closed and finite-dimensional.

1.2 GRAPH THEORY

Notation
G=(V,E) Graph with vertex set V' and edge set £/
G Complement graph of G
Ag Adjacency matrix of graph G
a(@), w(G) Independence number and clique number of a graph G

In this thesis we restrict our focus to finite, undirected, simple graphs. A graph G =
(V, E) consists of a set of vertices V and a set of edges E C {{i,j} | i # j € V'}. A graph
is empty if the edge set is empty, and complete if |E| = (“2/‘), i.e., every pair of vertices is
connected. The complement graph G shares the same vertex set V' but contains exactly the
edges not present in Gi. The structure of G is encoded in its adjacency matrix Ag € My,
defined by (Ag)ij = 1if {4, j} € E and 0 otherwise.

For a graph G = (V, E), the induced subgraph on a vertex set V' C V has edge set
E:={{i,j} € E|i,j € V}. An independent set is a subset of vertices, no two of which

are adjacent; the maximum size of such a set is the independence number o(G). Conversely,



1.2 GRAPH THEORY

A T

Figure 2: A graph G, its complement graph G, complete graph K

T~

b

/

o7 ) i d/o
y, 6 e

Figure 3: The largest independent set, the largest clique of the graph G, the largest clique is the

largest independent set of the complementary graph.

a clique is a subset in which every pair of distinct vertices is adjacent, or equivalently, an
induced subgraph that is complete. The maximum size of a clique is the clique number
w(@). It holds that w(G) = a(G). For general graphs o(G) is NP-hard to compute, and
also NP-hard to approximate.

For k > 3, a k-cycle in a graph is a sequence of vertices vg, v1, . . ., vp_1, U With vy = vy,
the vertices v, v1, . .., v;_1 pairwise distinct, and {v;,v;+1} € E forevery 0 <i < k. A
3-cycle is called a triangle, and a graph containing no triangles is called triangle-free. A
graph is cyclic if it contains a cycle and acyclic otherwise. A graph is chordal if every cycle
of length at least 4 has a chord, that is, an edge connecting two non-consecutive vertices
of the cycle. A graph containing no odd cycles is called bipartite; equivalently, its vertex

set admits a bipartition such that every edge has one endpoint in each part.

&7

Q

L .

Figure 4: A cycle of a graph G, a chordal graph, and a bipartite graph.
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It is a truth universally acknowledged, that a mathematical object

whose orderings are non-negative must be in want of a representation

as a sum of squares.

Bruce Reznick, inspired by Jane Austen

Positivity of Polynomials

The first chapter of the thesis deals with some well-known ideas in polynomial optimization

and real algebraic geometry, focusing on positivity of polynomials and their representations

as sum—of—squares .

Contents

2.1 Positive Polynomials and Sum of Squares 24

2.2 Positivstellansatze 30

R[z]
Clz,z]
Rlz],q
Hlz],, q

C [Za z]n,m,d
H [Z, f] n,d
Herm|z,z],, 4

deg(p)

Notation
Ring of real polynomials in variables z71 ... x4
Ring of complex polynomials in variables 21, . .. z4
Space of polynomials in variables z7 ...z, of degree n

Space of homogeneous polynomials in variables

x1...x4 of degree n

Space of complex polynomials in variables 27 . .. 2z of

degree n,m

Space of bi-homogeneous polynomials in variables

21 ...%2qof degree n

Real linear space of Hermitian polynomials in variables

21 ...%q of degree n
Degree of a polynomial p
Monomial and conjugate monomial for a € IN¢

continued on next page
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POSITIVITY OF POLYNOMIALS

Py on Positive homogeneous polynomials in d variables, de-
gree 2n

2d.2n Sum of squares (SOS) polynomials in d variables, degree
2n

phe, pm Real and imaginary parts of a complex polynomial p

c-SOS Complex sum of squares: p = Y, | fz|? for fi € C[z,Z]

r-SOS Sum of squares of Hermitian polynomials

2.1 POSITIVE POLYNOMIALS AND SUM OF SQUARES

In the first section, we focus on the link between positive polynomials and sum of squares;
a classic problem that goes back to the work of Hilbert in the nineteenth century, in which
he characterized the exact cases when a positive polynomial is a sum of squares [Hil88].

We also discuss the extensions of these notions to complex Hermitian polynomials.

Real Polynomials and Sum of Squares. A polynomial p € Rz, ..., z,] is said to be
positive if it is non-negative for all z € R?. Of course, a polynomial is positive if it is a

sum of squares of other polynomials, that is, it has a decomposition of the following form.
X 2
p=>_fi
k=1

where Vk € [K], fr € R|z]. Moreover, for any such decomposition, it holds that
Vk € [K], the degree of polynomials satisfies

deg(f1)
2

Consider the linear space of all real homogeneous polynomials of degree n with d variables,

< deg(p).

sometimes called the d-ary n-artics, which we denote as H[z|}. We have the convex cone

of positive homogenous polynomials,
Py = {p € H[z]¥" | Vx € R, p(z) > 0}

and all homogenous polynomials that can be written as a sum of squares,
2 K X 2
Zagn = A{p € H[z[§" | Hfitim € Hlzlg, p = > fi}-
k=1

Then, clearly, we have the inclusion between the convex cones.

Z‘d,2n - Pd,2n~ (1)



2.1 POSITIVE POLYNOMIALS AND SUM OF SQUARES

By a celebrated result of Hilbert [Hil88], the equality in Eq. (1) holds if and only if either
d=20orn=1o0rd=3n=2"

n=2|2n=4|2n>6

d=2 Yes Yes Yes

d=3 Yes Yes No

d>4 Yes No No

Table 5: Can any homogeneous polynomial of degree 2n in d variables be represented as a sum of

squares?

On the complexity side, it is known that the computational complexity of deciding
whether a polynomial is globally non-negative is NP-hard, even in the case when n = 4.
This follows from the NP-hard complexity of deciding copositivity [MK87], which we
discuss in detail later in Section 3.2. In contrast, the sum of squares property can be recast
as a semidefinite program, by utilizing the Gram-Matrix reformulation [PW98]; see also
the notes by Laurent [Lau08, Section 3.3].

Theorem 2.1. A homogeneous polynomial p € H[z]3" of degree 2n is a sum of
squares (SOS) if and only if there exists a PSD matrix, P € Sym[M;(R)®"] such
that

p(z) = (z*"|P[z®").

Motzkin’s Polynomial. Hilbert’s approach to show existence of non-negative polynomi-
als that are not sum of squares was non-constructive and did not yield explicit examples.
The first explicit example of a positive polynomial that cannot be represented as a sum-of-
squares occurred in the literature much later after Hilbert’s results [Mot67]; the polynomial
was constructed by Theodore Motzkin:

pmot (2, y) = 2%y + 2'y? + 1 - 3277,

This can be homogenized to the following form in 3 variables.

Pmot (2, Y, 2) = 22yt + ay? + 20 — 307?22,

Any non-homogenous polynomial p € R[z] of degree n can be homogenized to p € H|x, z]441 ,, by adding
an extra variable z, by the map p(x, z) = z3°8(P) p(Z). Moreover, this preserves the positivity and sum of
squares property of the polynomial p. Therefore, by homogenization, Hilbert’s result can be extended to

non-homogenous polynomials as well.
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The positivity of this polynomial is easy to check; it follows from the AM-GM ? inequality
applied to the first three terms.

22yt + aty? + 25
3

> (xGyGZG)% — 22222,

But this polynomial is not a sum of squares. For a simple proof, see [Lau08, Example
3.7]. There are a variety of examples of globally non-negative and non-SOS polynomials
available in the literature [Rob73, Cho75b, CLR87, Har99, Bos07], but in general it is
considered non-trivial to construct them. For a historical account of such constructions,

see the review [Rez00, Section 4].

Hermitian Polynomials. Let C|[z, Z| denote the ring of complex polynomials in variables
z and the conjugate variables zZ. We denote the bi-degree n bi-homogenous polynomials

as the polynomials for which each monomial term has a degree n in z and a degree n in Z,
p(z) = X capx"Z’
a,BG]Nén)

where ¢, g € C. This is also equivalent to the following condition on the polynomial,

VzeCl p(Az) = |A*p(2).

Such a polynomial is called Hermitian when, p = {; a Hermitian polynomial only outputs
real values. A polynomial is Hermitian if and only if the coefficients satisfy the following
conditions,

Yo, € INEI"), Coaf = Cha-

A Hermitian polynomial is called positive if it is non-negative over the full complex plane.

We define the following polynomials in R[z, y]24.25
P*(z,y) = Re(p(z + iy))
p™ (2, y) = Im(p(x + iy))

Therefore any polynomial in C[z,Z] can be decomposed as

p =p"(z,y) +ip™(z,y).

For any Hermitian polynomial p™(z,y) = 0 and for any positive polynomial pR¢(z, y) is

positive.

In fact, the example was discovered by Motzkin when he inquired if the AM-GM inequality could be written

as a sum of squares, which is true for the case of two variables, a4+ b2 —2ab = (a— b)2 > 0.
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Complex SOS. The complex SOS (or ¢-SOS for short) polynomials are those Hermitian
polynomials that can be expressed as a sum of absolute squares of complex polynomials

(which may not be Hermitian).

K 2
p= > |fil
=1

Real SOS. A Hermitian polynomial is called real-SOS (or r-SOS for short) if it is a sum of

squares of other Hermitian polynomials, i.e.,
X 2
p= > fi
k=1

where Vk € [K], f;. is a Hermitian polynomial. Clearly, a polynomial being r-SOS implies

that it is c-SOS, but the reverse implication is false.

Example 2.2. A bi-degree 1 homogenous polynomial is of the form

p(z) =D cijzizi = (2|C|z) > 0 <= C = 0.

By the spectral theorem p(2) is c-SOS; we can expand C' = K |4, )(1)y| and we
obtain

K K
(z| 121 Vx| |2) z (Wl2)|

But also note that each square can be written as squares of Hermitian polynomials.

1 W) ~ ()
I = 20012 + ey + (W2 C)

This implies that it is also r-SOS.

Moreover, the real SOS condition exactly corresponds to the real polynomial pR¢ being

sum of squares.

Theorem 2.3. p is an r-SOS polynomial if and only if pR¢ is SOS.

Proof. Let p be an r-SOS polynomial, hence it has a decomposition p = >, f,? where f;,
are Hermitian. Moreover, this implies that f7(x + iy) = (ff(z,y))? that shows that
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= Y% f2(z,y). Consider
the following Hermitian polynomials, Vk, z € C%, py(z) = fr(%%, %7 ). This shows that

p(z) = pRe(EE, 57) = ¥y R (552, 57) is r-SOS. u

The real sum of squares property is also intimately connected to the decomposability

= 31 (fR¢)2. For the reverse direction, assume that p*¢(z, y)
z

of positive linear maps, which we discuss next. Let us finish section with the following

question.

Question 2.4. What is the analog of Hilbert’s theorem for Hermitian polynomials?

Positive and Decomposable Maps. Consider a Hermitian linear map between the matrix
algebras, ® : M; — M. Such a map is called positive if it maps PSD matrices to
PSD matrices. We can define the k-ampliation of the map ® as ® ® [, : My M —
My @ M. If all the ampliations of a positive map are positive, it is called completely
positive. The transposition map 7" : M; — M, defined as

(pT)ij = Pji

is the celebrated example of the map that is positive but not completely positive [HHH96,
Per96]. The positivity of this map can be inferred from the fact that it preserves the
spectrum, while for any non-product vector |¢) € C? ® C?,

(T @ L) (le)el) # 0

shows that it is not completely positive. A linear map ® is called decomposable if it is a

sum of a completely positive and completely co-positive map.
O=P;+Tody

where @1, @9 are completely positive.
Reduction. The reduction map [CAG97] &, : M; — My, defined as

P, (X)=Te(X)I;— X
is another positive not completely positive map, but is actually decomposable.

We can associate a biquadratic bihomogenous (degree (1, 1) in both x, Z and y, 4 ) Hermi-

tian polynomial to each such map,

po(z,y) = (Y|P (lx)z|)]y) .

3 Note that this is a special class of bidegree 2 Hermitian polynomials.
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It is known that this map is positive if and only if this polynomial is positive [Cho75b].

Proposition 2.5 ([Faw21]). The decomposability of the map is characterized in

terms of the real sum of squares property of the polynomial

® is decomposable <= pg is r-SOS

A decomposable map is positive, but the converse is not true in general. Surprisingly, only
for linear maps from My — M3 and from Mo — M3, positivity ensures decomposability
[Wor76]; in other words all corresponding polynomials are real-SOS.

Remark 2.6. In contrast to the complex case, a positive map ® : My(R) —
M, (]R) are sums of congruence maps, i.e, of the form VXV [Cho75b, Cal73] which
is equivalent to the corresponding real polynomial being SOS. For the analogous

theory about positive maps on real matrices, see [J 21, Chapter 3.B].

Choi Polynomial. Choi provided the first example of a bi-quadratic real polynomial in

3 + 3 variables which is not a sum of squares.
Theorem 2.7 ([Cho75b, CL77]). The following real biquadratic polynomial in
z,y € R3,

p(z,y) = 2393 + 23y3 + 23y3 — 2w120y10 — 22073Y2y3 — 223T1Y3Y1

+ prys + priys + prdyl

is positive for all ;z > 1 but not a sum of squares [CL77].

Later, he showed that this can be extended to show that the following map & : M3 —
M3 is not decomposable [Cho80a, Appendix B], constructing the first example of a positive

non-decomposable map.

X1 X2 Xig X111 —X19 —Xi3 X33 0 0
D Xoy Xoo Xoz|=[—Xor Xoo —Xog|+p| 0 Xi1 0 |,
X31 X32 X33 —X31 —X32 X33 0 0 Xoo

with g > 1 is positive but not decomposable.
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Fejér-Riesz Theorem. A complex Laurent polynomial is of the form

N k
p(z) = > 2
k=—N

where )\, € R. For such polynomials that are positive on the torus, T, there exists a well
known characterization as a square of another Laurent polynomial; this result is popularly

known as the Fejér-Riesz theorem [Fej16, Riel6].

Theorem 2.8 ([Fej16, Rie16], Fejér-Riesz theorem). Let p(2) = S8y A2 bea
Laurent polynomial with real coefficients A such that p(z) > 0 for all z € T. Then
there exists a polynomial ¢(2) = Y1 by2" such that

p(z) = lg(2)I

More details and generalizations of this result can be found in the review [HZ21] and

the references therein.

2.2 POSITIVSTELLANSATZE

The sum of squares polynomial are a strict subset of positive polynomials. But can positive
polynomials always be represented as a sum of squares of rational polynomials? This
question was posed by Hilbert in 1900 at the International Congress of Mathematicians
in Paris and listed in his list of problems. This was later affirmatively answered by Artin
[Art27].

There have been a plethora of improvements of Artin’s result, in form of representation
results of positive polynomials that are positive on arbitrary semi-algebraic sets [Sch17,
Put93], called Positivstellansitze. In this section, we focus primarily on the particular
improvements by Polya [Pol11] and Reznick [Rez95] to the positivity of polynomials on
RY, the original question considered by Hilbert. For a more thorough introduction, we
recommend the excellent notes by Reznick on this topic [Rez00]. Finally, we also discuss

some results on positivity of complex Hermitian polynomials [Qui68, MHNR23].

Hilbert’s 17th problem. Hilbert’s 17th problem poses whether a positive polynomial
instead has a decomposition as a sum of squares of rational functions. The modern
rephrasing of this problem asks whether for any positive semidefinite polynomial p € Py,

there exists a polynomial 0 # ¢ € H[z]}}" such that

2
P q° € Xgptom. (2)
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Note that if such a ¢ exists, it also provides a certificate of the non-negativity of the
polynomial p. This was answered in the affirmative by Artin [Art27]. Relatively recently,
the quantitative version of the Artin’s result was shown [LPR20]; for every d, n there exists
a finite | = I(d, n) such that there exists a ¢ € H[z]} in Eq. (2) *.

Polya’s Positivstellansatz. Although Artin’s result solves Hilbert’s question, it does not
concretely specify the explicit form of the polynomial g. P6lya showed the following result

about positive polynomials on ]Ri.

Theorem 2.9. Let p € R[z] be such that Vo € R%\{0}, p(z) > 0. Then, there

exists an 7 € IN such that the following polynomial
d
p(x)- (3 i)

=1

has positive coefficients.

This theorem can also be made quantitative, by giving bounds on 7 for which the

coefficients are non-negative [PR01].

Remark 2.10. The condition of p being strictly positive cannot be removed com-
pletely as there exist positive polynomials with non-trivial zeros (i.e. they are not
strictly positive) such that p - (X¢_; 2;)" does not have positive coefficients for any
r. Later works also considered Pélya’s Theorem for polynomials with finitely many

zeros, and show that Polya’s certificate works for such polynomials [CPR09, MT08].

Reznick’s Positivstellansitze. Let p € R[x] and p(z) := p(z ® x). Then, p(z) > 0 for
all 2 € RN\ {0} if and only if p(x) > 0 for all # € RZ\{0}. Then the Theorem 2.9 says
that (x)(X; 27)" has positive coefficients for sufficiently large r, and hence, in effect is

also a sum of squares.

Reznick generalized this implication of Polya’s result to all strictly positive polynomials.

This is sometimes known as the theorem of uniform denominators.

4 The bound on [ is a tower of 5 exponentials [LPR20]!
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Theorem 2.11 ([Rez95]). Let p € R[z] be such that V2 € R\ {0}, p(z) > 0. Then,
there exists an r € IN such that the following polynomial

is a sum of squares.

Surprisingly, the strict positivity condition can be removed for n = 3 [Sch06]. The
Motzkin polynomial pyot(7,y, 2) (22 + y? + 22) is a sum of squares >, but it does not
satisfy the hypothesis in Reznick’s result since it has a non-trivial zero, p(1,1,1) = 0. In
general, the strict positivity cannot be removed, as there exist positive polynomials that
are not SOS for any r [VL23].

Refinements for the complex case. We finally consider the case of positive Hermitian
polynomials, and the related refinements of Reznick’s Positivstellansatze to the complex
case [Qui68, TY06, MHNR23].

Theorem 2.12 ([Qui68, TY06, MHNR23]). Let p € Herm|[z, Z]%} be such that Vz €
CA\ {0}, p(z) > 0. Then, there exists an r such that the Hermitian polynomial

d
p(2)- (; [z%)"

is complex sum of squares. In fact, it is a sum of absolute squares of holomorphic

functions.

The bounds for r were obtained in [MHNR23]. The r-SOS version of this theorem

follows from the result in Theorem 2.11.

5 The exact sum of squares decomposition is

2 2
(2% + 97+ 2%) prat(2,9,2) = 3 (ay(a® = 1)) + 3 (ay(a® + 7 —22))
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Corollary 2.13. Let p € Herm|[z, 2]% be such that Vz € C/\{0}, p(z) > 0. Then,
there exists an r such that the Hermitian polynomial
d .
p(2) - (X lal7)"

=l

is real sum of squares.

Proof. Note that p(z +iy) = pR®(z,y) and Vz,y € RH\{0},pR¢(x,y) > 0. Then, by
Theorem 2.11, it follows that the real polynomial

d d
pRe(z,y) - (_le"? - Zly?)r
i= i=

is sum of squares for some r € IN. Since this is the real part of the polynomial p(z) -
(41 |zi]?)", this shows that the complex polynomial is r-SOS. [ |
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We [he and Halmos] share a philosophy about linear algebra: we
think basis-free, we write basis-free, but when the chips are down

we close the office door and compute with matrices like fury.

Irving Kaplansky

Positivity of Matrices

The second chapter deals with positive properties of matrices and the corresponding

convex cones. We begin with the discussion of positive semidefinite (PSD) matrices, and

some constrained positive semidefinite matrices; with the analysis of their structures and

applications to various fields. Later on, we provide a brief introduction to copositive and

completely positive matrices.

Contents

3.1 Constrained Positive Semidefinite Matrices 36

3.2 Completely Positive and Copositive Matrices 40

PSD,

Notation
Cone of d x d PSD matrices
Completely positive matrices
Non-negative matrices
Doubly nonnegative matrices: PSD; N NNy
Copositive matrices: vI'Mvy > 0forallv >0
Dual cone to DNN;: PSD,; + NNy
Lovasz theta number of a graph G
The complex elliptope
The real elliptope
Matrices with sparsity pattern given by a graph H
Standard simplex: {z € R} | Yielg i = 1}

continued on next page
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R1[C] Rank-one-generated part of a cone: cone{|v)v| € C}

M [H] Sparse PSD matrices with sparsity pattern given by
graph H

ICC([) Parrilo’s r-th SOS hierarchy approximation of Cop,

() (G) r-th hierarchy approximation of the independence
number a(G)

(62 Schur (entry-wise) dual of a cone C

Sym|[My(R] Symmetric matrices in M (IR

3.1 CONSTRAINED POSITIVE SEMIDEFINITE MATRICES

The positive semidefinite (PSD) cone is generated by its extremal rays that are rank-1
matrices, but the same is not true for its convex subsets. For any matrix cone C C MT,

we define
R1[C] = cone{|v)v| € C}.

Such a cone is rank-one-generated or ROG if
R.[C] = C.

For finite dimensional proper convex cones, this is equivalent to demanding that the
extremal rays are rank 1. Deciding if a convex cone satisfies this property is a complex
problem. We begin this section by presenting some general results about the ROG property
when the positive semidefinite cone with at most 2 linear constraints is rank-1 generated.
Later on, we discuss some of the popularly known examples of convex cones that are not

rank-1 generated, complex correlation matrices, and sparse positive semidefinite matrices.

General results about ROG property. Firstly, we consider some general results about
the rank-one-generated property for PSD cones with constraints, at-least in the case of
real symmetric matrices. The more comprehensive analysis of this topic is available in
[AKKW23, Hil16, KKW21]. Let £ = {Y; | Y; € Sym[My(R)]}iL; be a collection of
self-adjoint matrices. We define the constrained PSD set.

M (L) :=={X e MJ(R) | VY € L, Tr(XY) > 0}.

Firstly, it was shown that for only 1 constraint, the rank-1 generated property of positive
semidefinite matrices is retained [AKKW23].
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Lemma 3.1 ([AKKW?23]). Let £ = {Y'}. Then, the constrained PSD convex cone
My(L) is rank-1 generated.

For two constraints, a characterization of the rank-1 generated property was obtained
[AKKW23].

Theorem 3.2 ([AKKW23]). Let £ = {Y7, Y2}. Then, the constrained PSD convex
cone M (L) is rank-1 generated if and only if there exist either

« (a1,0a2) # 0 such that a1 Y] + asYs = 0.

e |a),|b),|c) € R? such that Y7 = la)c| + |c)a| and Yo = [b)(c| + |c)b]

Next, we present two famous examples of convex cones obtained by linearly constraining
the positive semidefinite matrices ./\/l;,r These are the convex cones of complex correlation

matrices, and the sparse PSD matrices.

Complex Elliptope

Consider the linear space of matrices with equal diagonal entries.
Eg = {X S Herm[Md] | Vi € [d], X = Xll}

The elliptope (also called the correlation matrices) is the convex cone of PSD matrices with

diagonal entries equal.
53_ = PSDy; N &;.

Let |x)(z| be a general rank-1 matrix in the elliptope. This is equivalent to the condition

that the diagonal entries |:cz\2 are equal to 1, or z € T<. Therefore, it follows that
R1[E]] = cone{|z)z| | |z) € T?}.

The possible ranks of the extremal rays of the elliptope have been fully characterized
[LT94], which is the content of the next theorem.

Theorem 3.3. (Ranks of extremal rays of complex elliptope [LT94]) The ranks of
the extremal rays of the complex elliptope satisfy 72 < d. For each r satisfying this

condition, there exists a matrix X € ext & j such that rank X = r.
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This result implies that the convex cone is rank-1 generated if and only if d < 3.

Theorem 3.4 (Algorithm, [LT94]). The following algorithm verifies if the correla-
tion matrix A € Herm|[M,] is extremal.

1. Compute the rank of A and decompose the matrix into X X* where X €
M-

2. Form a matrix Y consisting of the unique (upto unit multiples) rows of X.
Consider Y € M, where p < d. If r2 > p, A is not extremal.

3. Compute dim(span{|y;)y;| | 1 < j < p}) where |y;) is arow of Y. If it is

7"2, the matrix is extreme.

The elliptope in the real case has been well studied as a relaxation of the max-cut

problem on graphs [LP95].

Ly :={X € Sym[My(R)] | Vi € [d], Xii = Xu}.

R1[L4] = conef|z)(z| | [«) € {~1,1}%}.

Let us briefly state the max-cut problem. Given a graph (G, we want to partition the
vertices V' into two sets V\S and S such that the number of edges between them is

maximum possible for all such partitions. This can be recast as the optimization problem.

maxcut(G) = max ;Z(AG)ij(l — i%;)

ij
such that x; € {—1,1}.

Note that 3°; ;c (4 (AG)ijziv; = Tr(Ag [z)(z|). Then, we can obtain a relaxation of the
max-cut problem by replacing |2) € {—1,1}? by the elliptope.

1
maxcut(G) < Y A;; —min 3 Tr(Ag - X) such that X € L.
ij
This relaxes the max-cut, which is known to be NP-complete into a semidefinite program
that can be solved efficiently. Similar techniques provide the best approximation algorithms
for the max-cut problem in the case of weighted graphs [GW95]. For more results about
the geometry of the elliptope and its dual, see [LP95].
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Sparse PSD matrices

Recall that the graph of a matrix G(X) is a graph on d vertices such that (i, j) is an edge
if X;;Xj; > 0. We define the following linear space of self-adjoint matrices whose sparsity
pattern is described by subgraphs of a d-vertex graph H.

MylH] == {X € Herm[M,] | G(X) C H}.
Consider the convex cone of H-sparse PSD matrices.

MIH] :== My[H] N PSD,.

Theorem 3.5 ([PPS89]). The convex cone MJ [H] is rank-1 generated if and only
if H is a chordal graph.

The sparse PSD matrices have a dual connection to the PSD completion problem. Con-
sider an incomplete matrix X € My, i.e., only some of its entries are specified. Is there
a completion of this matrix to a PSD matrix? A trivial necessary condition for such a
matrix to exist is that all the specified principal sub-matrices have to be PSD. The PSD
completion problem asks when this condition is also sufficient. The seminal result for this
was obtained by [GJSW84], who showed that such a completion always exists if the graph
corresponding to the specified entries is chordal.

To state the duality, we need to define the H-minor PSD matrices. Recall that cliq(H)
denotes the set of cliques of the graph H, defined on the vertex set [d], and for a matrix
X € My, X|[I] denotes the principal |I| X |I| sub-matrix corresponding to the indices

I C [d]. Consider the convex cone.

MP[H] := {X € Herm[M,] | VI € cliq[H], X[I] = 0}.

Then, X € MT[H] will be called completable if there exists a matrix Y € M such
that VI € cliq[H],Y[I] = X[I] denoted as M$™[H]|. Note that the results in [GJSW84]
imply that all matrices in MT[H] are completable if the graph is chordal. Let us finally
present the duality for the sparse PSD matrices [PPS89].

Theorem 3.6 (Rephrased from [PPS89]). Define the Schur-Dual cone
C®:={Q € Herm[My] |VZ €C, QO Z = 0}.
« Ri[M[H]] = (M[H])®
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- MJ[H] = (MP™[H])®

The maximum rank of the extremal element in M} [H] is the called the order of the
graph, and is not completely resolved for all graphs. We list the few examples of known

orders for graphs, along with the references in Table 7.

Graph Order Reference
Chordal 1 [GJSW84, PPS89]
Complete Bipartite K, p min(n, m? —m +1) [GP90]
Cyclic C), n—2 [AHMRS88]

Table 7: Orders for various graphs

3.2 COMPLETELY POSITIVE AND COPOSITIVE MATRICES

This section will briefly introduce the notion of complete positive matrices, and its conic
dual of copositive matrices. These concepts were first introduced by Diananda [Dia62],
Hall-Neumann [HJN63], and can be traced to some possibly unpublished contributions
from Motzkin [Shi21]. These matrices arise in different areas of mathematics, for example,
block designs in combinatorial analysis and economic modelling. In recent years, these
matrix cones have been abstractly studied in matrix analysis, and in optimization, since
they provide a means to reformulate certain non-convex quadratic problems to copositive
programs. We discuss some of the important results in this field from both perspectives;

matrix analysis and combinatorial optimization.

Completely Positive Matrices. A matrix X € Herm[M;(IR)] is completely positive
[MM62, HJN63] if there is a entrywise non-negative matrix C' € M, 4(IR 1) such that X
can be factored as

X =c"c.
The minimum 7 such that such a factorization exists is called the CP-rank of the matrix.
We denote the convex cone of completely positive matrices as CP,. The extremal rays of

completely positive matrices are rank-1 projectors with non-negative entries [HJN63].

ext CPy = {|v)v| | |v) € ]Ri}
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The membership problem in the completely positive matrices is NP-HARD [DG14].

Doubly Non-Negative Matrices. Note that the completely positive matrices are clearly
non-negative and positive semidefinite. A matrix that is both positive semidefinite and

has non-negative entries is called doubly non-negative.
DNNy := PSD; N NNy.
This is a relaxation of the completely positive matrices.
CP; € DNNy.

The equality holds if and only if d < 4 [MM62, HIN63]. Moreover, it is known that doubly
non-negative matrices of rank 2 are completely positive [SMB21, Theorem 3.5]. For any

matrix X € M, consider the comparison matrix,

Xij ifi =7
MX)iy=q 0
—| X5l ifi#
This allows a non-trivial but efficient to check condition for the membership into CP
matrices [SMB21, Theorem 3.5].

Theorem 3.7 (Comparison Matrix). Let X € DNN,. Then we have the following
implication.
M(X) >0 = X € CPy.

The converse of this theorem is not true, for example, the all-ones matrix J; =
Y jeld) )7 is completely positive, but M (J4) 7 0.

Extremal DNN Matrices. Recall that the doubly non-negative matrices are positive

semidefinite and entrywise non-negative matrices (Section 3.2).
DNNy :=PSD; N NNy .
The rank-1 generated version of this cone is exactly the set of completely positive matrices.
R1[DNNy] = CPy.

The possible ranks and constructions of the extremal DNN matrices has been researched
in [HJL96], and we rephrase some of their results. It was shown that the ranks of the

extremal matrices have some restrictions, which the next result quantifies.
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Theorem 3.8 ([HJL96]). There exists an extremal DNN matrix with rank & if and
only if k£ # 2 and

k<n-—2 ifniseven
k<n-—3 ifnisodd

In [HJL96], the authors also provide an algorithm to verify if a given matrix is extremal

in the doubly non-negative matrices.

Theorem 3.9 (Algorithm for extremal DNN rays, [HJL96]). The following algorithm
verifies if the doubly non-negative matrix A € Sym(M(IR)) is extremal.

1. Compute the rank of A and decompose the matrix into X7 X where X €
Mixd-

2. Compute the dspan = dim = span{XT(|i)<j| + 1)) X | i < 4, Aij = 0}

3. depan = ") _ 1 — A € ext DNN,.

Graph-theoretic results. Let X be a matrix in M. The graph of a matrix G(X) is a
graph on d vertices such that (i, j) is an edge if X;;X;; > 0. A graph is triangle-free
if it contains no triangles. Then, for matrices that are triangle free, the positivity of the

comparison matrix fully characterizes the complete positivity.

Theorem 3.10 (Triangle free matrices, [DJL94]). Let X € DNNy such that G(X)

is A-free. Then we have the following equivalence.

X eCPy <= M(X) = 0.

A graph H is called completely positive if for all doubly non-negative matrices X
such that G(X) = H are completely positive [BH87]. The next result characterizes the
completely positive graphs.
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Theorem 3.11 (Long odd cycles, [BH87]). A graph G is completely positive if and

only if it does not contain cycles of size > 5.

For d < 4, any G(X) does not have cycles of length > 5 for any X, hence showing the

equality of the completely positive and doubly non-negative cones.

Copositive Matrices. By conic duality, define the set of copositive matrices, Cop, :=
(CP4)°. Since the extreme rays of completely positive matrices are rank 1 non-negative

vectors, it follows that
Copy = {X € Sym[My(R)] | ¥ |v) € RL, (v|X|v) > 0}.
Note that the matrix polynomial is defined as

px(z) = (@|X|z) = Y Xjziz;.
i,j€(d]

This provides a bijection between the symmetric matrices and homogenous polynomials

of degree 2.
Sym[M,(IR)] = Hlz]s,q.

The copositive property of a matrix X can be described by the positivity of the polynomial
forall x € le or equivalently,

Ve e RY px(zox) > 0.

Any matrix that is PSD or non-negative is clearly copositive. Moreover, the same is true of

the sum of any PSD and non-negative matrix. This defines the convex cone of SPN !,
SPNy := PSDy + NNy
Moreover, we have the following duality,
DNN, = (SPNy)°.
Also, this cone has a description in terms of the sum of square polynomials.
X €SPNy <= V2 €RY px(z0) € gy

A matrix that is copositive but not SPN is called exceptional. For d < 4, SPN; = Copy
[Dia62] and the extremal rays of copositive matrices are just the extremal rays of PSD

matrices and non-negative symmetric matrices

ext Cop,; = ext SPNy = {|v)v]| | |v) € ]Rd} UR{]2)(j| + [7)]}

1 The acronym SPN stands for the sum of Positive and Non-Negative matrices
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The first example of any exceptional copositive matrix was the Horn’s matrix in COPs5

[HJN63], that is also extremal in the copositive cone.

COPs5. The first non-trivial case occurs when d = 5. The complete description of extremal
rays in this case was obtained by Hildebrand [Hil12]. Firstly, note that that the convex
cone of both completely positive matrices and copositive matrices are invariant under
permutations and scalings, i.e for X copositive, P X P_—1 is copositive, and DX D is
copositive for D = diag(d) where d > 0. This is also true for the extremal rays. Therefore,
any matrix in the orbit (generated by permutations and scaling) of the Horn’s matrix
is extremal. Consider the following matrix parametrized by § € [0,27]® introduced in
[Hil12].

1 —cosly  cos(04+05) cos(O2 4 03) — cos 03
—cos by 1 —cosls  cos(0s+61) cos(03+ 04)
T(0) = |cos(0y+65)  —cosb 1 —cosf;  cos(01 + 02)
cos(f2 +63) cos(05+601)  —cosb 1 — cos by

—cosfs  cos(03+604) cos(01+602)  —cosbs 1

Theorem 3.12 ([Hil12]). Let A be an extremal ray of the COP5 cone. Then, if
A ¢ SPNj and A is not in the orbit of the Horn’s matrix, it is in the orbit of 7'(0)

where 0 satisfies the two conditions
. Vg, 9j > 0.

. Zjﬁj < .

The extremal rays of COPg have also been characterized recently [AHD21], and the
high increase in complexity of such descriptions makes it very difficult to obtain such

characterizations for any higher dimensions.
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Copositive Programming. Consider the following standard quadratic optimization (SQP)

problem over the simplex A := {z € R} | Yield i = 1}.
1(A) = mingea (] Al)

If A is not a PSD matrix, this is a non-convex optimization problem. It has an equivalent

formulation as a co-positive program [BDDK 00, DKP02, Bur09].
A(A) ;== max{\ | A— \J; € Cop,}.
Note that for any feasible )\, we have,
A—)NJ; € COP; < Vz e A (z|A—NJ|z) > 0.

Simplifying the right-hand side, we get, (z|A|z) — A\(X;7;)? > 0 < (z|Alx) > A
This shows that 7(A) > A(A). The reverse implication follows from the convex duality
arguments [DKP02, Bur09].

Stable Set. Recall that for a graph G, a stable set is any induced graph that is empty.
Then, «(G) is defined to be independence number of a graph G, i.e. the size of the largest
stable set. From the adjacency matrix of the graph Agq, this problem can be recast as an

optimization problem over the simplex, i.e the Motzkin-Strauss theorem [MS65].

1
at@) "

Hence, by some simple computations, we obtain the following copositive program for

a(@).

Ag + 1) = mingep (z|Ag + Lylz) .

a(G) = max{t | t(I;+ Ag) — Jq € Copy}.

Since «((G) is NP-hard to compute [Kar09], this also shows that checking for copositivity
of a given matrix is NP-hard. Finally, this implies that checking for polynomial positivity

is NP-hard (copositivity being a special case of polynomial positivity).

Parillo’s hierarchy. Since testing for copositivity is NP-hard, the apparatus of Reznick’s
and Polya’s Positivestellansatz can be applied to have inner approximations of the copos-
itive matrices. This idea was first introduced by Parillo [Par00] and applied to the inde-
pendence number of the graph by de-Klerk-Paschenik [DKP02]. Consider the following
convex cones labelled by 7 € IN.

ICEZT) = {X € Herm[My] | px (2 © z)||z||*" € ZEZ%JFQ)}.
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The product of two polynomials p € Z&n) and g € Zglm) is also a sum of squares, implying

that the hierarchy forms an increasing sequence of sets.

NNy +PSDy; = k¥ c kP ¢ ... c k¥ ¢ cop,

()

Testing if a matrix is in the r-th level of the hierarchy, ; ’ can be recast as a semidefinite
program as it involves checking if a polynomial is sum of squares. By Reznick’s theorem

(see Theorem 2.11), these approximations satisfy the following inclusions.

int(COP,) < |J k£ ¢ cop,.

n=>0
Both the inclusions in the previous statement are strict for the case of d > 6 [LV23]. For
d < 4, the first level of the hierarchy ICEZO) is equal to COP,. For d = 5, it was shown in
[LV22b] that U, /Cén) = COP5. Moreover, the Horn’s matrix was shown to be in /Cgll),
i.e, the first level of the hierarchy [Par00].

Stability number hierarchy. The hierarchy by Parillo can be applied to the approxima-

tions of v(A). Consider the following approximations.
’y(r)(A) =max{\ | A—\J; € /Cc(lr)}.

These form a sequence of decreasing approximations to v(A).

such that this converges to v(A).
limy o0 7" (A) = 7(A).

For each r, the semidefinite program is efficiently solvable in polynomial time up to a fixed
precision [PSVM25].
In particular, this approach can be applied to the copositive formulation of the indepen-

dence number as well, leading to the lower bounds.
0()(G) = max{t | t(I;+ Ag) — Jy € K}

The parameter 0(0) coincides with the approximation introduced by Schrijver [Sch79a]
as an improvement of the famous Lovasz theta number [Lov79]. In their article, de Klerk
and Paschenik [DKP02] conjecture that the hierarchy converges to the independence

number for r = a(G) — 1 and show its validity for all graphs with the number of vertices
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d < 8. The properties and convergence of this hierarchy has been thoroughly analysed in
[LV22a, LV23].

Permutation Symmetry. Consider A with some permutation symmetry, i.e Vr € G C
Sny Aij = Ar(i)r(;)- Then, define the twirling operation 7 : My — M.

T(X)=)> P 1XP;.
meG
This is a projector into the matrix algebra with the permutation symmetry of the group G.

Consider the following quantity
F(A) = max{\ | A—)\J; € T(Copy)}.

The symmetrized optimization problem gives the same value, (A) = v(A). Note that in
the second optimization, we have the optimization over the cone 7 (Cop,) that is possibly

simpler to handle than the complete convex cone of co-positive matrices.

Semidefinite Representability. A spectrahedron is a shape that can be represented as a

linear matrix inequality, i.e,

{a e R? | Z a;A; = O}.
i€|d]

If there is an exact representation of a convex set as a spectrahedron or projected spec-
trahedron, the set is called semidefinite representable. The inclusion in a semidefinite
representable set is solvable by a semidefinite program. The set of sum of square poly-
nomials Z((fn) is an example of a such a convex cone. The Helton-Nie conjecture asks if
every convex semi-algebraic set can be written as a projection of a spectrahedron [HN09]
(A set is semialgebraic set if it can be described using a finite boolean combinations of
polynomial equations and inequalities). This was later disproved by Schreiderer in his
seminal paper [Sch18]. He showed that the convex cone of positive polynomials is not
semidefinite representable, except in the cases where it is equal to a sum of squares.

By Tarski-Seidenberg theorem on quantifier elimination, the convex cone of copositive
matrices can be shown to semi-algebraic. It was recently shown that the copositive matrices
is also not semidefinite representable for d > 4 [BKT22], implying the same for its dual of

completely positive matrices.
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Can you teleport only the body, or also the spirit [asking about
quantum teleportation]?
— Only the spirit.

Asher Peres

Quantum Information Theory

The fourth chapter of the thesis deals with quantum information theory, with particular
emphasis on separability and entanglement. The notion of PPT (Positivity under Partial
Transposition) is central to this chapter, along with the associated PPT entangled states
(or so-called bound entangled states). We end this section with some recent connections
of quantum extendibility to SOS hierarchies.
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trr(p) Marginal over random variable indexed by [ and prob-
ability distribution p
Try(X) Partial trace over subsystem(s) indexed by [
idg Identity map between matrix algebras
b Partial transpose (on the second subsystem)
C(L) Choi matrix of a linear map £
F Flip (swap) operator: F(|v) ® |w)) = |w) ® |v)
Sepy Separable states: cone{|v)v| ® |[wXw| | |v),|w) €
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continued on next page
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BP, Block positive matrices; dual of Sep,

PPTy Positive Partial Transpose States

Decy Decomposable matrices/witnesses; dual of PP

DPS(([) Doherty-Parrilo-Spedalieri r-extendible states

(PPT)BExtC(ln’T) (PPT) Bosonic r-extendible states on \/""C¢

SN(X) Schmidt number of a mixed state X

SR(|1)) Schmidt rank of a pure state |t))

biSepy Biseparable states: conic hull of all bipartite separable
states

biPPTy Biseparable PPT relaxation: conic hull of all bipartite
PPT states

vnCd Symmetric subspace of (C%)®"

Hga) Orthogonal projection onto V" C?

pnr) r-exchangeably extendible probability distributions on
4]

Snr) r-exchangeably extendible (de-Finetti extendible) quan-
tum states

4.1 QUANTUM POSTULATES

In this section, we give a brief mathematical introduction to some fundamental objects in
quantum mechanics. For a thorough treatment of these topics, the reader should refer to
the excellent introductory textbook in this subject by Nielsen and Chuang [NC10], or the
one by Watrous [Wat18].

Quantum States. Let /{ be a finite dimensional complex Hilbert space H with dim () =
d. The quantum states p are elements of the bounded (trace class) operators acting on this
Hilbert space, B(H) which are positive semidefinite (p > 0) and Tr(p) = 1. Recall that a
finite dimensional complex Hilbert space is isomorphic to C% and hence, B(C?%) = My, the
algebra of d x d matrices. The quantum states can be also understood as a non-commutative
generalization of finite classical probability distributions. The matrix algebra has a natural

Euclidean inner product

(X,Y) = Tr(X*Y)
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which is also sometimes called the Hilbert-Schmidt inner product. Using this, we can define

a 2-norm of the matrix
2 2 d 2 2
X5 = Te(|X]7) = > (0:(X))* = > |Xil™
i=1 i,j€(d]

where 0;(X) are the singular values of the matrix X . For a quantum state p >= 0, ||p||3 =
Tr(p?) is called the purity of the state.

Pure and Mixed States. The rank-1 quantum states (which are of the form |p){¢| for
some |¢) € C?) are called pure states, and satisfy ||p||3 = 1. The states not of this form
are mixed, with ||p||3 < 1. Any state p, by the spectral decomposition, can be written as a

convex sum of orthogonal pure states,

K
p= > Nelvw) (Wrl,
=1

where )\, > 0 satisfying Zle At = 1. The purity of the state satisfies the following
bounds. |
1> |lpll3 > =.
> ol >

The minimum purity of a state is attained by the maximally mixed state %

Bloch Sphere. For 1 = C?, the Pauli matrices are the following Hermitian matrices

01 0 —i 1 0
g = 5 g = . 9 Oy = *
v 10 4 i 0 : 0 —1

Together with the identity I, they form an orthogonal basis for Herm[M3]. The ma-
trix algebra of Hermitian matrices, Herm[M3] has a bijective mapping to R* as X
(Tr(X), ry, 1y, 72) Where

ry = Tr(Xoy)
ry = Tr(Xoy)
r,:= Tr(Xo,)

Any matrix has the following expansion in terms of the Pauli matrices

X = Tr(X)g + ;(a-r).

The norm of a 2 X 2 matrix can be computed in terms of the components of the vector r.

Tr(X)? 1
5 +§(T§+r§+r§).

I1X113 =
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Figure 5: The Bloch ball

Therefore, this implies that the density matrices (X > 0 and Tr(X) = 1) are mapped to a
unit ball B3 C R3. This is colloquially called the Bloch Ball (whose boundary 0B3 =2 S?
is called the Bloch Sphere). The pure states are located on the boundary of the ball 05,
while the mixed states form the interior int(B). The state located in the center is % (the

maximally mixed state).

Composite States. Two quantum systems can be thought of as "separate systems" if there
are quantum operations acting on one system without affecting the other. In quantum
mechanics, a composition of such systems is described using a tensor product Hilbert
space, H = C¢ ® C” which implies that the states of the system are positive semidefinite

elements in the tensor product of matrix algebra.
My My = B(ChH @ B(C”) = B(C? o C?).

Quantum Channels. The process of evolution in quantum mechanics can be abstracted
as performing a quantum channel. Since any such channel should map quantum states
to states, it is a linear map that is positive and also trace preserving. A linear map
E: My — My is called completely positive if for every k£ € IN, the ampliated map
ERM : My M — My ® M, is positive. Since a channel can act locally on one
part of a larger composite system, it should be completely positive. Such linear maps
E: Mg — M, are called CPTP (completely positive and trace preserving) maps. Every
such linear map has a Kraus decomposition, i.e., there exist operators { K; };c; € M, such
that

E(X) =S KXK' Y K'K, =1,

el el
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Figure 6: A quantum channel is completely positive, i.e any ampliation ® & id, is also completely

positive.

Quantum Measurements. The measurement device in quantum mechanics outputs a
classical value by taking in a quantum state. The quantum measurement device is modelled
by Luders rule that consists of a collection of operators K = {K;}ie; € M, such that
Yier K K; = 1 that are assigned to any measurement. Then, any outcome ¢ is obtained
with the probability

p(i]| State X and Measurement K) = Tr( X K K;)

and the post measurement state after obtaining the outcome 1 is given as :

K XK?

X v v
T To(XEIK;)

4.2 QUANTUM ENTANGLEMENT

Entanglement is one of the essential feature of the quantum theory and has been a point
of contention among physicists since the advent of quantum theory [EPR35]. Since the
emergence of quantum information theory, the role of entanglement has shifted from a
paradoxical concept into a resource which powers quantum protocols in quantum commu-
nication [SN96, BBC 93], cryptography [Eke91], metrology [GLM11] and error correction
[BDSW96]. Recently, it has found various connections in many-body quantum systems
[AFOV08], and in fundamental physics, e.g., black hole thermodynamics [HP07]. Despite
such importance, many fundamental facets of entanglement remain unsolved, particularly
in mixed states. Even the membership problem for entanglement, that just involves decid-
ing if a quantum state is entangled or not is a highly non-trivial problem [DSLS05] and an
active area of research; moreover, it was also shown to be in the computational class of
NP-HARD problems [Gur03, Ghal0]. In this section, we provide a brief introduction to

entanglement, and the quantum separability problem (QSep). A lot of excellent reviews of
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these topics are available, we mention in particular the in-depth one by the Horodecki(s)

[HHHHO09]; also see [I0a06] for the computational aspects of the separability problem.

Remark 4.1. Note that the set of positive semidefinite matrices is a convex cone,
and the state space is a slice of the convex cone with Tr(p) = 1. For this thesis, the
normalization remains an unnecessary artifact of the physical world that will be
done away with to make the analysis simpler. This in principle is done by defining

the convex cone C C ./\/l:lr corresponding to the convex set S as

C = IR_|_S

Separable States. A bipartite quantum state X € M ; ® M is called product (or uncorre-
lated) if it is of the form X = p ® o for p, o > 0. If two parties have access to such a state,
and both parties (usually called Alice and Bob) is allowed to only perform measurements

locally cannot generate any shared correlations.

plin ) = Tr (MA ® MP(p® 0)) = Te(MAp) - Te(MPo)
The notion of a state not being entangled can be formally generalized in the following
fashion; a quantum state is called separable if it can be prepared using local operations

and classical communications (LOCC). The separable states are of the form

K K

S pk(pr®oyp) for pp>0,> pp=1.
=1 =1

Any state not of the above form is called to be entangled. For example, it can be shown
that the Bell state, ® := (|00)(00| + |11)11] + [01)(10] + |10)01]) is an entangled state.

This is also motivated by the fact that by performing only local measurements on a sep-
arable state, the generated correlations between two parties have a classical interpretation

(in form of a shared classical random variable) !

K K
p(i,j) = Tr (M @ ME(Y proor)) = 3 pp Te(M{pr) - Te(MPoy).
k=1 k=1

To make the analysis easier, it is useful to define the convex cone of separable states (see

Remark 4.1).
K

Sepy = {k; o )vk| @ [wi)wg| | o), Jwy) € C.

1 On the other hand, there exist states that are not separable, but all correlations generated by such states are

amenable to an explanation with classical correlations [Wer89].
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The extremal rays of the separable cone are the pure product states.
ext Sepy = {[o)(v] @ [w)w| | v}, [w) € C*}.
This is a proper convex cone (i.e closed, pointed and has a non-empty interior).

Quantum Separability Problem. Let K C R be a convex set. Then, we define for
B € R4, the following outer S-approximation of the set K.

B(K,8):={reR|Jy e K, |z —y| <8}
Also, we define the points at-least 3 distance away from the boundary of the set K.
B(K,-8) = {v ¢ R? | B{x}, 8) € K}.

Any convex set is well-bounded p-centered if there exists a iy, oyt € Ry and p € K
such that

B({p},am) € K C B({0}, au)-

Definition 4.2 (Weak Membership Problem). Let K C R% be a convex, compact
and well bounded p-centered set. Then, given y € R? and error parameter § € Q,
output

. NOify ¢ B(K,B).

.« YESify € B(K,—f).

It was shown that the weak membership problem for separability is strongly NP-HARD
[Gha10] following an earlier work by Gurvits [Gur03]. A problem is called strongly NP-
hard if it is NP-hard even if the magnitudes of its numerical parameters (here /) are
polynomially bounded in the length of its input (here d). Intuitively, this means that
deciding if a state is approximately separable by tolerating a polynomially decreasing error
in d is NP-HARD. The exact complexity of the separability problem is still an open question
[IQO], or whether it stays NP-HARD with 3 constant.

Separable Balls. The geometry of separable states is highly non-trivial to describe fully;
it is a convex set with d* — 1 parameters. A key aspect of the geometry of a convex set is
the size of the largest ball that fits entirely inside it. The size of this ball (which is centered
around II) in the /> norm, and also other norms has been considered in [GB02]. We consider

the following result from [GB02].
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Figure 7: The weak separability problem asks whether a given point is inside or outside with error

3.

Theorem 4.3 ((GB02]). Let p € Herm[M?] such that

1
d2—1

Ipll3 = Tr(p?) <

Then, p is separable.

Moreover, it can be shown that this is the largest separable ball centered around the
maximally mixed state [GB02]. This is one of the few sufficient criteria for separability of

p. Intuitively, this implies that the quantum states that are sufficiently mixed are separable.

Choi-Jamiolkowski Isomorphism [Cho75a, Jam72]. The set of bipartite matrices M  ®
M has a natural isomorphism to linear maps M; — M. For every linear map L, there

is an associated matrix C'; defined as

Cr = [L®idg](JeXel)
where [p) = Y ;c[q) |i¢) . This matrix is called its Choi Matrix. A given map £ is completely
positive if and only if C'(L) > 0.

Entanglement Breaking (EB) Maps. A linear map is entanglement breaking [HSR03] if
forall p € M%Q, p = 0, we have,

[£L ®idg](p) € Sepy.

This implies that this map breaks entanglement for any state by acting locally on one
system. By the Choi-Jamiotkowski Isomorphism, this property is in correspondence with
the separability of the Choi state.
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NPT

Figure 8: The separable ball inside the positive semidefinite matrices. Surprisingly, the separable

ball touches the boundary of the PSD matrices as well

Proposition 4.4 ([HSR03]). £ is entanglement breaking <= C'(L) is separable.

Block Positivity. Another useful strategy to study the separability problem is to study its

conic dual, which are the block positive matrices.
BP, := (Sepy)°.

Another equivalent description of this convex cone is in terms of positivity of the corre-

sponding Hermitian matrix polynomial :

BP; = {X € Herm[My® My] | Vv,w € C¢, (v ® w|X|v® w) > 0}.

This follows from noting that extremal rays of separable states are the rank-1 matrices of
the form |v ® w){v ® w| . Also, the block positive matrices have a natural correspondence
to positive maps [HHHO01] :
Theorem 4.5 (Duality [HHHO01]).

« & € Posy; <= C(P) € BP,.

« p € Sep, if and only if (® ®id;)(p) = 0 for all @ € Posy.
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We here sketch a proof of this theorem, based on [HHHO01]. Consider the following
identity
(z|D(lyXyl)|7) = (z @7|C(P)|z @7) .

The map ® is positive if and only if for x, y € C%, (x|®(|y)Xy|)|z) > 0. This implies the

first assertion. For the second assertion, note that

Peres-Horodecki criterion. The transposition map acts as an entanglement criterion as
it is positive but not completely positive [HHH96, Per96]. By computing the eigenvalues,
we can check if the matrix

idg@T(X) := X" 0

which implies that the state is entangled. Moreover, there are efficient algorithms to apply
this test, as checking eigenvalues is poly-time in the size of the matrix. Surprisingly, this
test is also sufficient if d - ' < 6 [HHH96]. We consider the convex cone of PPT matrices.

PPT; := {X € Herm[M$?] | X, X" > 0}.
We also define the convex cone of decomposable matrices as :
DECy := {X € Herm[M,® M|, X = X1 + X3 | X1, Xy = 0}.

This is dual to the cone of bipartite PPT matrices PPT;.s

Theorem 4.6 (Duality with PPT [HHHO01]).
« & € Decy; <= C(P) € DEC,.

« p € PPTyif and only if (® ®idy)(p) = 0 for all @ € Decy.

The first example of non-decomposable (or indecomposable) maps occurred in [Cho80a],
with the first example of PPT entangled state presented much later in [Hor97] ? The
analysis of this duality in the quantum information literature began in early 2000s [BCH " 02,
LKHCO01]. This led to some new examples of positive indecomposable maps [Ter01] and
PPT entangled states [DMS™03].

Range criterion and Horodecki State. Since there exist non-decomposable maps M3 —
M3, the duality of PPT and decomposable maps implies the existence of PPT entangled
state in M3 ® M 3. The first example of such a state was constructed by Horodecki [Hor97]

Although, a construction of a PPT entangled state was already accomplished in 1982 by Stormer, but it was
not called as such [Sta82].
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a 000 a0 0 0 a

0a 0000 0 0 0
00a000 0 0 0

L [000ao00 0 0 0
p2®3:ma000a0 0 0 a
00000 a 0 0 0
000000 3(1+a) 0 3vV1I—d?
000000 0 a 0
a000a0 3vVI—a2 0 i(1+a)

Figure 9: The Horodecki’s state [Hor97] is PPT entangled for 0 < a < 1.

which can be shown to be entangled by the range criterion which is a useful necessary

condition on the range of a separable state, and can be applied to detect entanglement.

Proposition 4.7 ((Hor97]). Let X € Sep,. Then, all the product vectors |p1) ® |p2)
in the Ran(X') span Ran(X ). And the vectors |p1) ® |¢2) such that |p;) ® [p2) €
Ran(X) span Ran(XT).

The application of this criterion is to find all product vectors |p1) ® |p2) in the range,
and to find an orthogonal vector to all |p1) ® |p2) in the range of the partial transpose.

PPT Extremal and Edge States. Recall that an element A of a convex cone is extremal if
decomposing A = X + Y where X,Y € C implies that there exists A € [0, 1] such that
X = XA andY = (1 — \)A. These states are important from the perspective of convex
cones as any state can be written as a conic sum of extremal states.

The pure separable states are extremal in the PPT cone, as they are extremal in PSD
matrices. The extremality in the PPT cone can be studied by defining a slightly weaker
notion of edge-states. A PPT entangled quantum state is called edge if there is no product
vector |x,y) in its range such that |z, 7) is in the range of the partial transpose. If |z, y) €
Ran(X) and |z,7) € Ran(X), for some ¢ > 0 the following state is again PPT,

X —e |Iay><$7y|

and hence cannot be extremal. Therefore the extremality (and edge) property constrains
the possible ranks of the state and its partial transpose, as for states with high enough

ranks, there always exist product states in their range. These ideas can be used to constrain
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the ranks of extremal PPT states in low dimensions 3 ® 3 and 2 ® 4 [AGKL10]. It was also
shown in [HLVCO00] that all X € PPT, such that rank(X) < d are separable. We refer
the reader to the articles [CD13, Sko11, Kye13] for more in-depth details about extremal

(and edge) PPT entangled states from a convex geometry perspective.

4.3 PPT ENTANGLED STATES AND DISTILLABILITY

In this section, we discuss some different questions connected to PPT states, PPT entangle-

ment and decomposability of linear maps.

Semidefinite Representability of Separable States. Recall that a convex cone is semidef-
inite representable if it can be written as a projection of a spectrahedron. The convex cone
of separable states in M ; ® My is equal to PPT if d - d’ < 6 and hence has a semidefinite
representation. For any other fixed dimensions d, d’, the set of separable states is not
semi-definite representable [Faw21], providing new counterexamples to the Helton-Nie
conjecture [HNO09]. This provides more indication of the highly non-trivial structure of

the separable cone, even in low dimensions.

PPT squared conjecture. A linear map & : M; — M, is called completely copositive if
T o @ is completely positive. Such a map is called PPT if it is both completely positive and
completely copositive. ® is PPT if and only if C'(®) is PPT. Therefore all entanglement
breaking maps are PPT, but the converse is not true in d > 3. It was conjectured by

Christandl [RJK " 12] that the composition of PPT maps is always entanglement breaking.

Conjecture 4.8 ([RJK" 12]). The composition of two PPT maps is entanglement
breaking.

The motivation for this conjecture is whether the PPT entangled states are useful as
a resource in quantum repeaters, in particular it is equivalent to the following statement
[BCHW15], "If Alice and Charlie share a PPT state and that Bob and Charlie share a PPT
state; then the state of Alice and Bob, conditioned on any measurement by Charlie, is
always separable". A counterexample of such a conjecture would imply the existence of
resourceful PPT states for this protocol. This conjecture can also be formulated in terms of

the dual objects as:



43 PPT ENTANGLED STATES AND DISTILLABILITY

Conjecture 4.9 ((CMHW19]). For any PPT map A : M; — M, and any positive
map P : M; — M, the composition A o P is decomposable.

Schmidt number of PPT entangled states. The Schmidt rank (SR) of a pure bipartite
state is its number of non-zero Schmidt coefficients in the state, or equivalently the rank of
the partial trace of X, rank(Tr;(X)). This is a measure of entanglement for pure states,
which intuitively quantifies how many effective degrees of freedom are entangled in X.
This notion has a natural extension to mixed states through the convex roof construction,
called in the general case as the Schmidt number [TH00].

SN(X) = min {max SR(|vk))} :
X =3 e lve) (v

The PPT entangled states are considered to be noisy, and hence close to separable.
There has been a recent interest in understanding the Schmidt numbers possible for PPT
entangled states. It is conjectured that the Schmidt number for PPT states cannot be
maximal, i.e, it is strictly less than d for d ® d states. It was shown that all PPT entangled
states X € M3 ® M3 have SN(X) < 2 [SBL01, YLT16]. This was used to show the PPT
squared conjecture for linear maps M3 — M3 [CYT19]. Recently, some classes of PPT
entangled states M; ® M, have been constructed that achieve linear SN in d, for such
constructions, see [HLLMH18] (achieving L%j) [PV19, Par26, KG24] (achieving L%J ). For
low dimensional cases, PPT states with Schmidt number 3 were constructed ina b ® 5
system [KG24].

Absolute Separability. A quantum state X € Herm|[ My ® M,] is called absolutely
separable if the matrix
UXU*

is separable for all bipartite unitary matrices, U € U(d ® d). These states remain unentan-
gled even if a global "entangling" unitary is applied to the system, i.e, they have a much
stronger form of separability. The (un-normalised) maximally mixed state I ® I is absolute
separable as it is fixed under all global unitaries. Also, the states in the Gurvits-Barnum ball
[GB02], the separable ball around the maximally mixed state are also absolutely separable
(as the purity is unchanged by unitary matrices). In general, the absolutely separable states
are completely characterized by their spectrum. For 2 x 2 systems, the conditions on the

spectrum (A1 > Ao > A3 > \g > 0.) that are equivalent absolute separability is [Joh13]:

AL < A3+ 2y g Ao
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Similarly to ASep, we can consider absolutely PPT state, i.e., a state X such that
UXU*

is PPT for all U € U(d ® d). This property also depends only on the spectrum, in fact, the
property can be characterized in terms of semidefinite conditions on the spectrum [Hil07].
The absolute PPT and absolute Sep sets are conjectured to coincide , and are known to

coincide for systems of size 2 x d [Joh13].

Distillability and Tensor Stable Positivity. A quantum state p is called to be distillable
if we can perform a conversion

N ®|rn|
P oce )]

for r > 0 as n — oo. This can be reduced to a matrix-theoretic condition on the state : a
state p is distillable if there exists an n € IN and 1) with Schmidt rank 2 such that

(Wl(p")=" ) < 0.

Since for any PPT state p! > 0, it implies that PPT entangled states are not distillable.
Whether undistillability implies PPT is unsolved: which is the famous NPT distillability
conjecture. The main breakthrough in this conjecture came by the results of [DSS ' 00],
where they reduced the problem of distillability of all NPT states to a two parameter family

of states called canonical NPT states.

Question 4.10 ((MHRW16]). Is there a positive map A that is not CP or co-CP
such that A®™ is positive for all n?

This question has been decided in the negative for qubit maps [MH21]. In particular, the
existence of such a map implies that both the NPT distillability and PPT squared conjecture
are false [MHRW16, MH18]. It was shown that instead of positive, if we demand a much
stronger condition of decomposability, the question can be answered in the negative
[MH18].

4.4 MULTIPARTITE ENTANGLEMENT

In this section, we discuss the separability problem for more than two parties. Although the
entanglement is already complicated to describe in the bipartite setting, the multipartite

setting brings new facets to entanglement; even for pure states.
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Genuine Multipartite Entanglement. We first consider the following examples of

different 3-qubit quantum states.

1. |000)

2. 1000) + 110} = (|00) + |11)) ® |0) .
3. 1000) + [111)

4. |001) +]010) -+ [100)

The state (1) is a product state in 3 parties, while the remaining states cannot be
factorized as such. Although all the states are entangled; the (2) state is only product across
the bi-partition 12|3. For the (3) and (4), it is not separable across any bipartition. Such
states are called genuinely multipartite entangled. In particular, the states of the form (3)
are called GHZ (Greenberger-Horne-Zeilinger) states [GHZ89], and they are inequivalent
(by LOCC or even probabilistic LOCC) to the states in the family (4), which are TV states.
Although, it can be shown that the states in WW-class can be approximated by the states in
the GHZ-class (where this equivalence class is defined by SLOCC operations).

Mixed states. The notion of multipartite entanglement can be generalized to mixed states
can be obtained taking conic mixtures. We define the following convex cone of states

separable across the bipartition 1|23,

Sepyp3 := cone{[Y)XY| | [¥) = |[¢1) ® [ha3)}

and similarly, Sepy 35 and Sep;g)3 can be defined. We also define the convex cone of fully

separable states.

Sepyjgiz == cone{[Y )XY | [¥) = [1h1) ® [¢h2) ® [43) }.
Clearly, we have the following inclusions between these sets.
Sepii3 © Sepgjzr N Sepyjz2 N Sepyg3 -

The counter-intuitive fact is that this inclusion is strict; there exist states which are
separable across all bipartitions but not fully separable [BDM " 99]. The bi-separable states

lie in the conic mixtures of these sets.

biSepy := cone{Sepig|3, Sep13)2, Sepsy)1 }-

Finally, the states that are not bi-separable are genuinely multipartite entangled mixed

states. The relaxations of separability can be obtained by the following sets.
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Figure 10: The notions of tripartite entangled states. The convex set of biseparable states is the
convex hull of all the sets Sep;g|3, Sepy3j2, Sepsy;- The fully separable states lie strictly
inside the intersection Sepygj3 N Sepyz2 N Sepsy);-

Sepyjo3 G PP Ty := {X € Herm[M,] | X = 0, X" 1% = 0}

and similarly, we can define PPTy 35 and PPT;93. Moreover, we have the following

relaxation of biseparable states.

bisepd g blPPTd = COHG{PPT12|3, PPT13‘2, PPT32|1}.

Hence, any tripartite state not in biPPT; is genuinely multipartite entangled. These

properties are represented pictorially in the next figure.

An example witness for genuine multipartite entanglement can be constructed in the
projective way by using the GHZ state [ABLS01],

- |000) + |111)
(GHZ) :=

This witness detects multipartite entangled states in the vicinity of the GHZ state.

I
WGHZ = 5 — |GHZ><GHZ| .

The concept of biseparability can be generalized to multipartite systems. We introduce
the notion of k-producible states, that are mixtures of quantum states entangled on a

maximum of k-systems.
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Definition 4.11 ([ISTY08, MMRRP " 25]). Let H = ®"_; H; be the Hilbert space
of an n-partite quantum system. A pure state |1)) € H is called k-producible if there
exists a partition of [n] into disjoint subsets S1, ..., Sy, such that |.S;| < k for all j

and

) = ey,
j=1

where |p;) is a pure state on the subsystems indexed by S;. A mixed state X €
Herm[M"] is called k-producible if,

X € cone{|v) (| | 1) is k-producible}.

The entanglement depth of a state p is the smallest k such that p is k-producible.
A state is genuinely (k + 1)-partite entangled if it is (k + 1)-producible but not
k-producible.

The state p is called genuinely multipartite entangled if it has the maximum entanglement

depth n. In this setting, genuine entanglement underpins protocols such as secret sharing
and multiparty teleportation [HBB99, CZG06].

Qubits. The separability problem for bipartite qubit mixed states is essentially solved: PPT

provides a necessary and sufficient condition for separability and just involves checking

PSD of a 4 x 4 matrix [Hor97]. Surprisingly, even for the first non-trivial case of 3 qubits,

this problem is highly complex and no such semidefinite characterization exists; moreover

there exist entangled states with positive partial transposition across all bi-partitions

[BDM99] (and even separable across all bipartitions). Moreover, the hierarchy of states
can be considered [DC00].

Fully separable, i.e Sepy ;.

3 qubit biseparable, i.e, in Sepy|o3 N Sepy |32 N Sepig3

2 qubit biseparable, i.e, in Sepy|3 N Sepy |3 but not in Sepyy3 -
1 qubit biseparable, i.e in Sepy o3 but not in Sepyg3 U Sepyz)p -

Fully inseparable states, states that are not in Sep;o3 U Sepy3jo U Sepag); -

Modulo system permutations, this gives five different increasing classes for entangle-

ment, each of which is non-empty [DCO00]. Note the fully inseparable states are a subset of

genuinely multipartite entangled states (the states that are not biseparable).
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45 OQUANTUM EXTENDIBILITY

In this section, we consider the property of extendibility of quantum states. This property
is concerned with the existence of quantum extensions, which are states in larger number of
parties whose marginals correspond to the original state. There exist various notions of the
extendibility of quantum states, see [DPS04, NOP09, ACG ™26, S]Z24, GNP25b]. First, we
consider the classical and quantum de-Finetti theorem (in both the finite and asymptotic
regimes). Then, we consider the different hierarchies from the literature, the DPS hierarchy,
and the graph extendibility. We consider then the conic duals of these hierarchies, that are

connected to entanglement witnesses and sum of squares.

Classical De-Finetti Theorem. Let p : [d]" — [0, 1] be a discrete variable probability
distribution, i.e ;c[qn p(i) = 1. Such a distribution is called exchangeable if
Vo € 5, p(il, 2. .. Zn) = p(ia(l)v ia(2) .. Zcr(n))

We define the marginal of any exchangeable probability distribution
trp (p) (i1, 42 - in—r) == Y pliryiz. .. ip—p, J1,J2- - Jr)-
jeldyr

Since this distribution is exchangeable, it does not matter which r variables parties we
marginalize over. We define the class of r-variable exchangeably extendible probability

distributions.

P i= ftng, g (p) | s [d)" = [0,1], % pi = 1,pis exchangeable }
i€ld]™

These form a sequence of decreasing sets for each r,

P(n,r) C P(n—i—l,r) .

The classical de Finetti theorem shows that the limit of this sequence is the class of

conditionally independent and identically distributed probability distribution, i.e,

p(il,iQ e ir) = é )\(]C)’U(il, k)v(iz, k) .. .U(in, ]{Z)

where v is a probability distribution from [d] x [K]| — [0, 1], and A(k) : [K] — [0, 1] be a
finite probability distribution. Then, the following finite version of the De-Finetti theorem

was shown by Diaconis and Freedman [DF80].
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Theorem 4.12 (Finite de-Finetti theorem [DF80]). Let p : [d]™ — [0,1] be an
n-exchangeable probability distribution. Then, there exist probability distributions
ag : [d] = [0,1] and X : [K]| — [0, 1] such that

K o dr
vr<mn, | tr[n—r] (p) - Z Ak, <2 n

k=1

In fact, it can be shown that the dependence of O() is optimal, and examples of proba-

bility distributions achieving them have been constructed [DF80]. There is a dimension

(r(r=1))

independent bound of a tight order as well, i.e, , that also works for the case of

infinite outcome random variables [DF80].

Quantum De Finetti Theorem. Let X € Herm[M9"] be a quantum state which is

exchangeable (or permutation symmetric).

VreS,, [PrX]=0.

Then, we proceed analogously to the classical case and define the decreasing sequence of

sets
S) = {Trp,_y(p) | Tr(p) = 1,V € S, [P, X] =0}

S(n,r) C S(n—l—l,r) ‘

The quantum de Finetti theorem [FS04] shows that the limit of this sequence is the class

of conditionally independent product states, i.e,

K
X =3 Ak)p™"
k=1

where p is a density matrix (p = 0,Tr(p) = 1), and \(k) : [K] — [0,1] be a finite
probability distribution. Analogous to the classical case, a finite version of the quantum

de-Finetti version was also shown [CKMRO07].

Theorem 4.13 ([CKMRO07]). Let X € Herm [M?”] be an exchangeable operator
such that X = 0, Tr(X) = 1. Then, there exist a finite set of density matrices
{ox}E | € Herm[M5"] such that Tr(ay) = 1 and g : [K] — [0, 1] be a finite
probability distribution such that
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& ® d?r
vr<n, || Ty (X) = 20 Akey" [ < 2= =
k=1

This means that sufficiently small marginals of exchangeable density matrices are close
to mixtures of i.i.d quantum states. In the quantum case, we gain a factor of d compared to

the classical case.

Question 4.14. Let X € Herm[M"] be an exchangeable operator such that
X » 0, Tr(X) = 1 and satisfies the PPT across all bi-partitions. How close are the

marginals of this operator to the case of i.i.d product states?

Let X € Herm[ My ® M| such that X > 0. Then, X is K, - extendible if there exists
a matrix X € Herm[M"] satisfying X > 0 such that

It is called K- PPT extendible if this X can be chosen to be PPT across all bipartitions.

Note that to have a graph extension, the state p must be symmetric under the flip

operator,i.e Fip = pF. If X = Zéil ap ® ayp., then, we have the canonical K,,-extension,
B K
X =3 af" C Herm[M"].
k=1

Remark 4.15. It has been shown in [BL26] that a similar approach to de-Finetti
theorems (finite and infinite) fails in the analogous real case, since there exists states

not of the form

K
> pka%m ay € Herm|[My(R)]
k=1

which can be infinitely extended. Such a state can be constructed by noting that

U= \%(1,@'),

Ju)ul =" + [a)@]*" € Malv"(R)]

and is an extension of |u)(u|®? + [u)(@|®? and is not of the form >K | pral?,

[BL26].

see
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DPS hierarchy. The extendibility hierarchy by Doherty, Parillo and Spedalieri provides
semidefinite outer approximations of the set of separable states, by using ideas from the
De-Finetti theorem [DPS04]. We define the notion of DPS extendible states.

Definition 4.16 (DPS extendibility [DPS04]). Let X € Herm|[ M, ® M| such that
X > 0. Then, X is r-PPT extendible if there exists a matrix X € Herm[/\/ld &
VI M ] satisfying X = 0 such that

Tf[r+1]\{1,2}(X) = X.

and X is PPT across all bi-partitions.

The convex cones of DPS r-extendible states is denoted as DPS&T). If

K
X = |op)or| ® Jwg ) wy]

k=1
then, we have the state extension
oL ®r+1 1
X = Mgl 2" v )(vg] @ |wg)wg] C Herm[My® V'™ M].
k=1

Moreover, we have the following sequence of inclusions between the sets,

Sepy C -+~ € DPSY) ¢ ... c DPS{? ¢ DPSY = PPT,

such that it converges to the set of separable states, which follows from the De-Finetti

theorem

N DPSEZT) = Sepy-
r=1

We finish by mentioning the result in [FF21], which outlines a rigorous connection of the
dual of the DPS hierarchy to the real sum of squares, although this dual connection to
the "sum-of-squares" has been mentioned several times in the literature, and seems to be

colloquial knowledge.

Theorem 4.17 ([FF21]). Let Fix (v, w) = (v ® w|X |v ® w) be a Hermitian complex
polynomial in C[v, w, 7, |. Then, the following statements are equivalent.

1. X € (DPS\))°
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2. There exist Vi € [d], W; > 0 such that

d—1
eIy (X I Y oY) = @@L )W + X Wi (I @ 11Y))
=1

3. Fx (v, w)||w|[*™ is r-SOS.

Convergence of the DPS hierarchy. The closeness of approximation of the set of
separable states by the DPS hierarchy without the PPT constraint is exactly the same as
that of Theorem 5.14, i.e, of the order O(%) The power of the PPT constraint on the DPS
hierarchy has been analyzed in [NOP09], and it can be shown that the approximation is
quadratically better with the PPT constraint, i.e, O( %2) for the best separable problem (BSS).
Similar results have been obtained in [FF21], even for more general class of optimization
problems that can be approximated using real SOS. Of course, for practical computations,

this gain is partly offset by checking the PPT constraint for the extension.

Extendibility in Quantum Information. Although extendibility plays an important role
in the separability problem, we mention here some other areas where extendibility plays a
more physical or information-theoretic role. In [KDWW19, SMW25], a resource theory of
extendibility was defined analogously to the resource theory of entanglement, which has
the free states as the k-extendible states, and was used to give bounds on some tasks in
quantum communication. The symmetric extendibility is also shown to have cryptographic
applications connected to the generation of secret private keys [MCL06, Now16]. Moreover,
a measure of entanglement called Squashed Entanglement is intimately connected to
extendibility [LW18]; it was shown that it is small values for highly extendible states.
Moreover, the extendibility and the de-Finetti type results display one of the essential
features of entanglement, the inability of a system to share entanglement with multiple

parties, or the monogamy of entanglement.



Symmetry, as wide or as narrow as you may define its meaning, is

one idea by which man through the ages has tried to comprehend

and create order, beauty and perfection.

Symmetry has always played a central role in quantum mechanics, as it enables exact
solutions to some complex problems, like calculation of atomic spectra or ground states of
Hamiltonians. Also, the physical systems under consideration sometimes naturally display
some symmetries. In this chapter, we discuss the aspects of quantum separability problem
with symmetries. We first review the entanglement properties of quantum states with
the full unitary and orthogonal group invariance, which are the popularly known Werner
and Isotropic states. The rest of the discussion in this chapter will be centered around the
entanglement in quantum states with local diagonal unitary and orthogonal symmetries.
We finish this chapter with a review of entanglement in Bose-Symmetric states, and the

Mixtures of Dicke states.

U(d), 0(d)
DUy
DO,

wer

a,b

iso

a,b

Symmetry and

Herman Weyl

Notation
Unitary and orthogonal groups of d X d matrices
Diagonal unitary group: {diag(z) | » € T9}
Diagonal orthogonal group: {diag(z) | z € {—1,1}9}
Symmetric group of permutations on [n]
Permutation operator on (C%)®" associated to o € S,
Flip (swap) operator: [F 2 (|v) ® |w)) = |w) ® |v)
(Unnormalized) projector onto the maximally entan-
gled state; W 2 = 37, (g [2)(j ]

Werner states: two-parameter family of ¢ (d)-invariant

states

Isotropic states: two-parameter family of (U ® U)-

invariant states

continued on next page

Entanglement
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bra
a,b,c

Ho HH gl

LDUI,

CLDUI,

LDOI,
XLDOI

(A,B,C)

LDUI
AAC)

A4g§
TCP,
PCP,

DUC
CDUC
DOC
Dy Bo
v
1\

| Da)

BosSep,

CLDUI
X (4.B)

(n)

Bos EW((in)

BosPPT

(n.k)
d

Brauer states: three-parameter family of O(d)-

invariant states

Orthogonal projectors onto the maximally entangled,

antisymmetric, and symmetric subspaces

Local Diagonal Unitary Invariant states

Conjugate Local Diagonal Unitary Invariant states
Local Diagonal Orthogonal Invariant states

LDOI state parametrized by matrix triple (A, B, C')
LDUI and CLDUI state parametrizations

Linear space of matrix triples (A, B, C') with common

diagonal

Triplewise Completely Positive matrix triples; separa-
bility cone for LDOI states

Pairwise Completely Positive matrix pairs; separability
cone for (C)LDUI states

Diagonal Unitary Covariant linear maps

Conjugate Diagonal Unitary Covariant linear maps
Diagonal Orthogonal Covariant linear maps

DOC map parametrized by matrix triple (A, B, C')
Symmetric subspace of (C?)®"

Orthogonal projection onto V"CY% Hc(in) =
% Zwesn Pr

Qudit Dicke state labeled by occupation vector o &
d

Fully separable bosonic states: cone{|v)v|*" | |v) €

c?}

Bosonic entanglement witnesses; conic dual of

BosSepC(in)

Bosonic states with PPT across the & : (n — k) biparti-

tion

continued on next page
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(n,k)

BosDec, Decomposable bosonic matrices; conic dual of
BosPPT!""

BExtEZn’T) (n, r)-hypergraph bosonic extendible states

PPTBExtC(ln’T) (n, r)-hypergraph PPT bosonic extendible states

5.1 UNITARY AND ORTHOGONAL SYMMETRIES

Werner, Isotropic and Brauer states. Recall that U/ (d) and O(d) are respectively the
groups of unitary and orthogonal matrices. For p € Herm[M,; ® M|, we have the

following families of symmetric states.

State Invariance condition

Werner [Wer89] | YU e U(d) : (U U)p(URU)*=p

Isotropic [HH99] | VU e U(d) : (U@ U) p(URU)* =p

Brauer [Key02] | VO € O(d): (O®0)p(0O20)T =p

Observe that every Werner and every isotropic state is automatically a Brauer state:

Since the Werner and isotropic states are invariant to a larger set of group elements that
also contain every orthogonal group element. Let I ;2 and IF ;2 denote the identity and the

flip matrix. Then, the Brauer states are parametrized by three parameters.

I F W e
bra . d d d
abe =0 g —l—bd +c g
Moreover, the Werner and the Isotropic states are the two parameter subsets of Brauer

states, by setting ¢ = 0 and b = 0 respectively.

wer . __ ]IdQ_‘_b@ iso ally+b

W e
ab T A5 ab =
d d

d

Theorem 5.1 ([VWO01, PJPY24]). For the class of Brauer states, and the subclasses
of Werner states and Isotropic states, the separability property is equivalent to the

PPT for all dimensions.

Xéigfzver/bra c Sepd s Xclls’cé’/;)ver/bra c PPTd
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Sometimes, it is convenient to parametrize these states differently to characterize sepa-

rability. We define the following orthogonal projectors.

B Wdz M — I[dz — ]FdQ ]Idz + ]Fdz B Wdz
T4 HT 2 2 d

The three classes of states can also be parameterized as follows:

H@ . (3)

HDj =

1. The Werner states form a one-parameter family, parameterized by ¢ € [0, 1], given

by a convex combination of the normalised antisymmetric and symmetric projectors:
I— HH

5
q +(1_Q)'T1"[I—HH]'

'ﬁﬂ%]

(4)

This is separable if and only if ¢ < % [Wer89].

2. The isotropic states form a one-parameter family, parameterized by p € [0, 1], given
by a convex combination of the maximally entangled state and the normalized

projection onto its orthogonal complement:

[ —Tlg

TTY[] -1l ®)

p-Ie + (1 —p)

This is separable if and only if p < % [HH99].

3. The Brauer states form a two-parameter family, parameterized by p, ¢ € [0, 1] with
p+q < 1, given by a convex combination of all three normalized orthogonal
projectors:

H

o
Tl (©)

T[]

p-To+q- +(1-p—q)

This is separable if and only if p < % and g < %[KeyOZ].

Extendibility of Werner, Isotropic and Brauer states. We present here a few known
results about the de-Finetti (or graph) extendibility of these states [S]Z24, ACG " 26]. Firstly,
note that the class of Brauer states is invariant under the conjugation by the Flip operator.

Fp X% Fp = XPF

a a,b,c

This is necessary for de-Finetti extendibility of any state. The quantum states that are
completely graph extendible are separable, but they form strict subset of all separable
Brauer states. For the parametrization in Eq. (4), Eq. (26) and Eq. (6), the following results
about extendibility was shown in [ACG " 26]; see also [S]Z24].
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States Parameter ranges for n-extendibility

d—l.(n+k+d)(n—k)+k(k—1)

W < , k= dd
erner ¢ < — n(n—1) n(n—1) n mo
B <1+(1 1) ! < qw(n,d)
rauer — - = n
e P=y d)ntnmod2—1 1=
1 1 1 .
d2+(1_d2>n+nm0d2—1 if d > n or d or n even,
Isotropic p < . | o 1 1 |
: + .
d2+(1_dz>mm{2dn+1’n—1} if n > d and both odd

Table 10: de-Finetti Extendibility of Werner, Isotropic and Brauer states [ACG " 26].

Family Limiting set (n — o0)

Werner ¢ < L —!
- 2
Brauer p < 1 q < L_ 1
—d’ — 2
) 1
Isotropic p < ﬁ

Table 11: Limiting separability bounds as n — oo.

5.2 DIAGONAL UNITARY AND ORTHOGONAL SYMMETRY

LDUI, CLDUI and LDOI states. Let D, := {diag(z) | z € T} be the group of
diagonal unitary matrices, and DOy := {diag(z) | z € {—1,1}?} be the group of
diagonal orthogonal matrices. Then, we have the following families of invariant states
[SN21, JM19].
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Acronym | Name Invariance condition
Local Di 1
LDUI ocal Tlagona VU € DU) : (U U) p(URU)* = p
Unitary Invariant
Conjugate
CLDUI Local Diagonal YU e DU() : (UQU)p(UU)*=p
Unitary Invariant
Local Diagonal T
LDOI , YO € DO(d) : (O®0)p(0O®0)" =p
Orthogonal Invariant

We denote the linear spaces corresponding to the LDUI, CLDUI, and LDOI states as
LDUI,; CLDUI,; and LDOI, respectively. Note that LDUI; U CLDUI; C LDOI,. Due
to the symmetry properties, these matrices are highly sparse, hence, it is useful to re-

parametrize them.

Sparsity Pattern and Linear Structure. We define the following sets of matrix triples

with common diagonals.
Méfj = {(A, B,C) € M3 | diag(A) = diag(B) = diag(C)}.

This forms a linear space (with element-wise addition) over the complex numbers. By
counting the number of parameters, it is easy to see that the dimension of this space is
3d? — 2d, as each matrix has d? elements and we subtract 2d because of the common

diagonals. Then, we have the following isomorphism LDOI; = Még’
XhBey= 2 Ayligfijl+ X Byli)iil+ X Cili)iil.
i,j€(d] i#j€ld] i#j€d]
Moreover, we have, LDUI; = CLDUI,; = Méﬁ with the respective parametrization.

Xy = > Ayliidl+ X Cylig)iil.
i,jeld] i#jeld]

X=X Ayligdisl+ X Bijlid)il.
i,j€ld] i#jeld]

These matrices also have a block-diagonal structure in the computational basis, which is
state in the next theorem [SN21].
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Theorem 5.2 (LDOI spectrum [SN21]). The LDOI state X (LE%I () can be block

diagonalized as

LDOI ~ L. 1) )
O NS (Cji Ajz') |

From this, we can obtain the block-diagonalization of LDUI and CLDUI matrices,

Xt oy (29 ) X & D@ pea )
ji Aji

Moreover, we can construct the HS inner product of LDOI states in terms of the matrix

triples. We use L := L — diag(L) to denote the matrix without its diagonal.
Tr (X(3%.0)) X(Po.r)) = Tr(A*P) + Tr(B*Q) + Tr(C*R).
Let us finally define the real vector space
My :={(A,B,0C) € Még) | A€ My(R) and B,C € Herm[M,]}.
For any X(LE%I ) 1s self-adjoint if and only if (A, B,C) € M@.

LDOI under Permutations. The vector subspaces CLDUI;, LDUI;, LDOI; C M;®

M are invariant under pairwise leg permutations [SN21]:

FX((jx),B,C)F - X((?T,B,CT)’
<X((§1),B,C)>T - X((Z),BT,CT)’
(X((jl),B,C)> = X((?T,BT,O)’
(X((j),B,C)>R = X(%),A,Cy

where F' is the flip operator (F'|ab) = |ba)), X permutes the legs of a 4-tensor diago-
nally and R is the realignment operation. Moreover, the space LDOI,; has the following
additional symmetries:

(3) I B
(X(AvB7C)) o X(A,C,B)’
(3) )
FX(A,B,C) = X(c’T,B7AT)7
(3) T3
(X(A,BL*)) B X(A,CT,BT)>
3 3
X((A),B,C)F - X((C),B,A)
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Separability of LDOI states. In this section, we analyze the separability of LDOI states
in terms of conditions on the matrix triple. To do this, the convex cone of Triplewise
Completely Positive (TCP) matrices was introduced in [SN21].

Definition 5.3 (TCP). A matrix triple (4, B,C) € M xd is called Triplewise
Completely Positive (TCP) if there exists a finite set of vectors {|vg) H< |, {|wy) HE
such that

K K
Z v QupXwy Qwy| B = ) |vr © wi)vg © wy (7)
i1 =1

K

Z Tk © W XUk © wy| (8)

The separability of LDOI states is equivalent to the TCP property of the parametrizing
matrix triple [SN21].

X(LE%’C) € Sep; < (A, B,C) € TCP,.

Moreover, we can define the convex cone of Pairwise Completely Positive (PCP) Matrices

as

PCPy: = {(A,B) € M7 | (A, B, diag(A)) € TCP,}
= cone(|vg © vpXwg © wi|, |vp © wEXvE © wy) .
For A = B = (), these convex cones reduce to the familiar completely positive matrices,
(A A A) € TCP; «<— (A,A) € PCP; <= A € CP,. Hence, these can be
considered as a generalization of completely positive matrices to matrix pairs and triples

1. Finally, generalizing the comparison matrix based sufficient condition for complete

positivity, a similar condition for PCP was also identified.

Theorem 5.4 ([JM19, SN21]). Let (X,Y") such that it satisfies the following condi-

tions
Y >0

. Vi, j, Xii X > Vi

1 This also justifies the naming conventions of PCP and TCP.
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Then, we have the following implication.

M(Y) =0 = (X,Y) e PCP,

The previous result provides a non-trivial sufficient criterion for separability for (C)LDUI
states. The converse of the previous theorem is false, as the condition M (Y") > 0 is equiv-
alent to the Y € PCP cone of factor-width 2, strictly smaller than the PCP; cone. Since
CP membership is NP-hard, this also implies a similar hardness for PCP and TCP. Moreover,
for d > 4, the non-existence of any semidefinite representation of CP matrices implies the

same for these convex cones. The remaining case is that of PCP3 matrices.

PPT relaxation. The conditions for which an LDOI state is PPT can be easily identified
from its block diagonalization. Moreover, the partial transpose just "flips" the matrix
arguments B and C for the LDOI state. Recall that the notation > 0 corresponds to

entrywise non-negativity of the matrix while >~ 0 means positive semidefinite.

Proposition 5.5 ([SN21]). We have the following equivalences for the LDOI states.

L XIDOL -0 = A>0,B 20, AyAy; > Oyl

« (XERF o) =0 = A20,0=0,A4;4; > | Byl

» (Xt8B ) isPPTIff A > 0and B, C = 0, AjjAji > | Byj|*, |Gy,

Diagonally Covariant Channels. We consider the diagonal unitary covariance condi-
tions of linear maps. The covariance of the map has an exact correspondence with the
symmetry of the Choi-matrix, that allow us to rephrase the results about the states in this
language. The following classes of linear maps were introduced and studied in [SN21].

By 6x : Mg — My, we denote the following “classical” map.

ox(A):= > > XijAj;liXil.

i€[d] j€[d]

Then, every DOC map has the following form [SN21].
VAe My, ®xyz(A)=dx(A)+Yod+2Z0AT

The Choi-matrix of a DOC map is exactly the LDOI state with the same parameters,

C(Papc) =X{Be
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Acronym | Name Covariance condition

Diagonal Unitary

DUC YU € DU(d) : UD(X)U* = d(UXU*)

Covariant

Conjugate Diagonal

CDUC : ) YU € DU(d) : UD(X)U*=®(UXU)
Unitary Covariant
Di 1 Orth 1
DOC 1ABONATLIHIOBONAL | v € DO(d) 1 OD(X)0 = B(OX0)
Covariant

Permutation symmetries. In general, the membership in TCP is complex, and sometimes
it is beneficial to impose further permutation symmetries on the matrices A, B and C.
Let G be a subgroup of permutations S;. Then, we define the linear space of G-invariant
triples,

MpilG] = {(A1, Ay, A3) € ME3 | Vi,m € G, [Pr, A] = 0}

If G is the group of all permutations Sy, these matrices have equal entries on the off-
diagonal and on the diagonals.

Ai = N+ willg

where \; = Ao = A3. These are the hyper-octahedral states that were studied in [PJPY24].
For this class of states, it was shown that PPT=Sep for all d. Note that the Werner, Isotropic

and Brauer states also belong to this class, hence this generalizes the result in Theorem 5.1.

A-free LDOI states and PPT entanglement. The LDOI states can be used to generate
some high dimensional examples of PPT entangled states. This was accomplished in
[Sin21], by using the comparison matrix criterion, and the graph of the matrix A. Let
X (LE,%I’C) be an LDOI state such that the graph G(A) is triangle-free. Then, it can be
shown that for all separable states M (B) and M (C') are positive semidefinite matrices
thus providing a necessary criterion for separability. This can be used to show that the

following PPT LDOI state M4 ® M is PPT entangled.
Schur Product Maps. Consider the following linear map ® : M; — M, defined as
d(X)=B0oX.

This is known as the Schur Multipliers [HLP " 18]. Moreover, some of the entanglement-
theoretic properties of this map are easy to characterize. From the Schur-Product theorem,
it follows that this map is positive iff B > 0 and trace preserving if diag(B) = 1.

Moreover, positivity of this map also implies complete positivity. Also, it can be shown
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that this map is PPT if and only if B is diagonal, which implies that it is also entanglement
breaking.

In [KMP17], the following modifications of the Schur-Product Maps were considered,
labelled by a parameter ¢ and the adjacency matrix of a graph G.

I
D o(X) = tTr(X)gd +ACOX.

Then, it was shown that this map is completely positive if and only if it is PPT, which
is iff t > Amin(Ag) [KMP17]. Moreover, the minimum value of ¢ such that the map is
positive satisfies [KMP17].

- minA mxA
tPOSZmaX{L ~Amin(Ac), dAmin(AGg)  Amax( G)}

El 0 9(E) -1
Here ¥(G) is the Lovasz theta number of the graph [Lov79].

Generalized Choi Maps. The famous Choi map . : M3 — M3 was the first example
of a positive indecomposable map [Cho82, Cho80b]. The Choi map is a DUC linear map

with the following parametrization,

1 -1 -1
B=|-1 1 -1
-1 -1 1

I

I
— O
O =
_ = O

Many generalizations of the Choi-Map have been introduced in the literature, and most
of them still preserve the LDOI structure. One such generalization [CKL92] is obtained by
replacing A by a general circulant 3 X 3 matrix.

a b c a —1 —1
A=1c a b B=|1-1 a -1
b ¢ a -1 -1 a

Theorem 5.6 ([CKL92]). The linear map ®[a, b, c| is positive if and only if the
following three conditions are satisfied:

a>1, 9)
a+b+c>3, (10)
be>(2—a)? ifl1<a<2. (11)
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The linear map ®[a, b, c| is decomposable if and only if the following two conditions

are satisfied:

a>1, (12)

_ 2
bcz<32a> if1<a<3. (13)

A generalization of the Choi map to d > 3 was considered in [TT88, Ha03]. For more
generalizations of Choi-type map beyond the circulant scenario, see [CMR18, BSSC25].
For other known classes of positive linear maps that have the diagonal symmetry, see also
[SN21, Example 7.5].

PPT squared conjecture. The class of DOC maps are preserved under composition.
Moreover, the composition condition can be also understood in terms of the parametrizing
matrix triples [SN21],

CI)141,]91701 © ®A27Bz,02 = CDA,BC (14)

A=A1Ay, B=Bi0By+C10C; —diag(B1©By+C1©Cy — A1 © Ag),
C:Bl®02+01®Bg—diag(B1®Cz+C’1®Bg—A1®A2).

Recall that the PPT squared conjecture posits that the composition of two PPT maps is
entanglement breaking. This conjecture holds for the DOC maps ® 4, p, ¢, and Py, B, ¢,
if either ('] or (5 is diagonal [NP25, SN22a], while the methods employed do not extend
to the general DOC channels. It was also shown that it holds generically for two random
(but even correlated) PPT DOC channels [NP25].

53 BOSE SYMMETRY AND MIXTURES OF DICKE STATES

In this section, we consider the separability problem in the class of quantum states with
permutation symmetry [ISTY08, TG09]. This symmetry acts on the states by leaving
it invariant under exchange of particles, and provides some interesting aspects to the
separability problem. For bipartite systems, some of the known entanglement criterion
are equivalent to just PPT, while for multi-partite systems, either the states are genuinely
multipartite entangled, or fully separable. We finally discuss the class of mixtures of Dicke
states, the class of bosonic states with diagonal symmetries, and discuss the correspondence

with completely positive, and doubly non-negative matrices.



5.3 BOSE SYMMETRY AND MIXTURES OF DICKE STATES

Symmetric Subspace. We first recall some facts about the symmetric subspace. Let
o € Sy, be a bijection from [n] — [n] and P, € M3" be the permutation matrix defined

as :

P, = Z litio ... i) <i0—1<1)i0—1(2) . ia—l(n) E
ie[d]™

For n = 2, we have only two possible permutation operators, corresponding to the
identity permutation, Piq =: Iy ® I; and the flip permutation, P9y := F.
The symmetric subspace of order n and local dimension d is the linear space of vectors

1) € (C?)®" that are invariant under all permutations.
VICT = {[y) € (C)P" | ¥r € S, Prlg) = [¥)}

The symmetric subspace has an equivalent description as the following span [Har13,
Theorem 3]:
VIC! = spanc{|y) ™" | |¢) € €7} (15)

Moreover, the orthogonal projection into the symmetric subspace Hc(ln) : (CH®n 5 ynCd

can be explicitly constructed by the sum of the permutation operators,

I_Igln) = 1 > P

Tl
n: TES

Let a € IN? be a vector of natural numbers, such that || := >ic[d) @i = n. We will denote
the set of all such vectors as ]N((in). We define the counting function, 7 : [d]" — lNEln) with
the components v(i); := [{k € [n] | i, = j}| that count the number of elements of the
multi-index that get mapped to the value j. For all occupation vectors a € N((in), there is a
unique canonical multi-index (o) in v~ !(«) that satisfies the ordering, (o)1 < (a)g... <
(a)n.

We define the following pure quantum states labeled by @ € ]Nc(in),

| S e (@,

(Z) ield]™:v(i)=a

|Dy) =

where () = n o1 is the multinomial coefficient. These states are known as qudit

al!ag!....
Dicke states, and vector « is called the occupation vector.

It is easy to verify that Hfln) |Dy) = |Dq) forall a € Ngn), hence the Dicke states are

symmetric. These states form an ortho-normal basis for the symmetric subspace V"C?.

This also implies that the cardinality of the set ]Ngln) is equal to the dimension of the

symmetric subspace,

) n d+n—-—1 d+n-—1
= amtrc = (457 = (727
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For n = 1, the Dicke states are just equal to the computational basis:

Do, 15,...0)) = i) -

Bosonic States. The matrices that are supported only on the symmetric subspace are
called Bose-Symmetric, or Bosonic. We have some equivalent characterizations of Bosonic
matrix X € Herm[M"].

1) x =1 xr’.
(2) ran(X), ran(X*) C v"C%.
(3) Vo e S,, X =PF,X=XPF,.
Proof. We show that all the above definitions are equivalent.

(1) = (2). We observe that, ran(Hén)XHC(in)) C ran(Hén)) = V"CY, and the

same for the adjoint.

(2) = (3). Let |¢) € C%. We have, X |¢) € V"C?as ran(X) € V*C. This shows,
Vo, ly) € Cl PrX [9) = X |4).

Also, by a similar argument, we have,

Vo,|[v) e C? P, X*|Y) = X*[Y) = (XP,)"=X* = XP, =X.

B) = 1. X=P,X = X = %Zaesn P, X = Hén)X. Similarly, we have,
X=X H&n). This completes the proof.

[
We denote the linear space of bosonic matrices as
MNCY) = {X e ME" | X =11 XTI
and the real linear space of hermitian bosonic matrices as
Herm[V"CY] := {X € Herm[M$"] | X = Hc(in)XH((in)}.

From [Har13, Section 1.1], we also have the following descriptions of these spaces.

MIV'CT) = spanc {|¥)w[*" | [v) € €}, (16)

Herm([V"C’] = spang {[¢)Xv[*" | |¢) € C7} . (17)
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Entanglement in Bosonic States. Firstly, we set up the general theory of entanglement
for bosonic states in multipartite systems. In contrast to general states, for multipartite
bosonic states, the permutation symmetry leads to a simplification of the entanglement

structure.

Theorem 5.7 ([ISTY08, Theorem 1]). Let X € Herm[Vv"CY]. Then, the state has
entanglement depth 1 or n. Particularly, if it has entanglement depth 1, there exist
{|vg) HE_ | such that,

K
X =37 Jug)ve*"
k=1

We denote all fully separable bosonic states (entanglement depth = 1) as
BosSepC(ln) := conef|vp Xvp|" | |vg) € C, (18)

which forms a proper convex cone. The dual to this the set of Bosonic entanglement
witness (EW).

BosEWC(in) = (BosSepc(in))o.
It is easy to see that O € BosEWEIn) if and only if
Vv e CT (w®MO[®™) > 0.

Recall that all bipartite separable states satisfy the PPT (Positivity under Partial Trans-
position) property, i.e, PPT is a necessary condition for separability. The separable bosonic
states (ref. Theorem 5.7) are separable across any bipartitions; hence, they also satisfy the
PPT property across each such partition. In general, a bosonic state might only satisfy the
PPT property across some bipartitions, and not all. Let I be a subset of [n]. We use I'y to
denote the partial transpose of the systems indexed by /. We can use bosonic symmetry to
show that the PPT property only depends on the size of the bipartition we consider while

applying the partial transpose, and not on the particular systems that are transposed.

Proposition 5.8. (PPT in symmetric states) Let p € Herm[V"C%] be a bosonic
matrix. Let [ and J be arbitrary subsets of [n] such that |I| = |.J|. Then,

pFIZO < prJZO.
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Proof. For a bosonic state, we have,
Vr e Sy PrpP -1 = p.
Let 7 be a permutation that maps the elements of the set I to J. Then,
P = (PepPra)t! = (PrplVPra). B

Therefore, following the previous Proposition 5.8, consider the following convex cones.

Definition 5.9. BosPPT cones Let 0 < k < |n/2|. We define the following convex

cones,

BosPPT&n’O) := {p € Herm[V"CY] | p > 0}

BosPPTc(in’k) ={pe Herm[\/"Cd] | pr[k} > 0}.

Note that BosPPT(?) is the bosonic PSD matrices, and BosPPT("*) is the set of
bosonic matrices having the PPT property across the bipartition [k] : [n]\[k]. Clearly, all
the separable states (see Eq. (18), Theorem 5.7) satisfy the following inclusion.

n/2
(m "2 (nk) _. (n)
BosSep; ’ C (] BosPPT, : BosPPT, . (19)
k=0

This means that the separable states satisfy the PPT property across all the bipartitions.
We now introduce the conic dual of the PPT sets. Note that we will consider the conic
dual in the ambient space of Herm[V"C?) C Herm[M$"]. We define the following convex

cone of decomposable bosonic matrices,

BosDecEln’k) = (BosP PTEln’k) )°.

We also have the following characterization of the BosDecc(in’k).

Theorem 5.10. O € BosDec&n’k) if and only if there exist positive semi-definite

operators, P € Herm [M?n] such that,

o = V(P (20)
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Corollary 5.11. We have the following conic-duality:

[n/2) ’ /2]
N BosPPT( ") ( > BosDecEZ )> =: BosDecEin),
k=0 k=0

The latter set can be described explicitly as
T
BosDec|”) = {0 € Herm[MG"] | 3{P, = 0}, O = ( Z A PR

We have the following inclusions and dualities of convex cones in the Bosonic subspace.

|
(n.k)

BosSepEln) - BosPPTEln’k) C BOSPPTEZmO) C BosDec, "’ C BosEW,

Forn = 2 and d = 2, i.e, in 2 qubits, the sets BOSPPTEZ) and BosSepéz) coincide, this
follows from the sufficiency of the PPT criterion for general two qubit separability. This
is also true for 3 qubit bosonic states [ESBL02], while for n > 4 qubits, some explicit
constructions of PPT entangled states are known [TAH 12, ATSL12]; see also [TAQ"18,
Section 5, Section E.1]. For bipartite states, it was shown that the CCNR, and covariance

matrix tests are equivalent to PPT [TG09]; generally the CCNR and correlation matrix tests

are complementary to the PPT test, and also detect some classes of PPT entangled states.

In particular, we have the following equivalent descriptions of X € BOSPPTC(ZQ) [TGO09].

1. Tr(X(A® A)) > 0forall A € Herm|[My].

2. X satisfies the CCNR criterion,

map and || - ||; denotes the trace norm.

X1 < 1, where X™ denotes the realignment

3. The correlation matrix, defined via the matrix elements as
Cri := (M @ M) — (M @ 1) (1 ® M) (21)
is positive semidefinite.

Moreover, to construct the PPT entangled state for 3 X 3 bosonic systems, [TG09] adopt
a clever approach, which we describe briefly. In general, a n-qudit bosonic state has
associated |n/2] bipartitions. In particular, it might satisfy the PPT condition across one

bipartition but not the other. Moreover, consider the basis of vAC?,
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sym(|0000) ), sym(]0001)), sym(]0011)),sym(|0111)), sym(|1111)).

By using the mapping |00) — [0), |01) + [10) — |T),|11) — |2), we can represent the
basis as,

00) , |01) + |10), |02) + |1T) + |20),|12) + |21), |22)
which are elements of the C? v/ C3.

Moreover, this mapping also preserves separability and the PPT property, i.e a separable
state in V*C? only if it is separable state in C> V C? and PPT across the bipartition 2 : 2
iff PPT in the bipartite system. Therefore, any quantum state in Herm[V*C?] that is
PPT across 2 : 2 bipartition, but is NPT across 3 : 1 bipartition can be mapped to a
PPT entangled C? v C? state. Such states were numerically constructed in [TG09]. For

a more comprehensive review of entanglement in bosonic states, see the recent review
[MMRRP " 25, Section 3]

Bosonic Extendibility. We finally discuss the extendibility property of Bosonic states.
[DPS04, Ter04, CKMRO7]. This property is concerned with the existence of an extension,
i.e, a state supported on a larger number of systems, such that some chosen reductions of
such a state are equal to the original quantum state. Here, we discuss the notion is well-
suited to bosonic states, which we call the hypergraph extendibility (see also [CKMRO07]),
which is connected to the de-Finetti/graph extendibility [CKMR07, ACG " 26]. Let us begin
by defining this notion.

Definition 5.12. Let »,n € IN be non-negative integers. A matrix X €
Herm[V"*7CY] is called a (n, r)-hypergraph bosonic extension of a matrix X €
Herm [V"CY] if both of the following conditions hold:

1) X >0
@ V(ACn+r], |Al=r) Tru(X)=X.

We call such an extension a (n, ) -hypergraph PPT bosonic extension if the extension
X is also PPT across all bipartitions. Note that, thanks to the symmetry property,

one could have replace the “V” in the second point above by an “3”.

If X, Y have a (n, r)-hypergraph (PPT) bosonic extension X, Y (resp.), then X + Y is the
(n,7)-hypergraph (PPT) bosonic extension of X + Y. Similarly, X is a (n,7)-hypergraph
(PPT) bosonic extension of X , then, AX is the (n, r)-hypergraph (PPT) bosonic extension
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of AX. We denote these cones of (n, r)-hypergraph bosonic extendable states as BExtEZn’r)

and (n,r)-hypergraph PPT bosonic extendable states as PPTBExtEln’T), where r > 0:

BExt)"" := {X € Herm[v"C¥] | 3X € PSD{"™ sit. Tr, X = X} (22)
PPTBExt)") := {X € Herm[v"CY] | 3X € BosPPT|""" st. Tryy X = X}.  (23)

Remark 5.13. Note that for r = 0, BExtén’O) reduces to the set of all n-partite

bosonic states, while PPTBExt((in’O) reduces to the set of n-partite bosonic states
with all bipartitions PPT:

BExt|"” = PSD'/"
PPTBExt|"" = BosPPT(".

Recall that any separable state in the bosonic subspace, X € Herm[Vv"C%] is of the form
K
X = 3 |op)ug|*" for [vy) € C%.
k=1

Consider, for any r > 0, the following operator X € Herm [M?(n+r)]:

Z |2r o Xwg T

It is easy to verify that X is an (n,r)-hypergraph bosonic extension of X. Moreover, this
extension is also PPT across all bipartitions. Hence, we have the following inclusions, show-
ing that the newly introduced sets form a decreasing hierarchy of outer approximations of

the separable set:

BosSepc(in) C ... C BExtgl”v’") C ... C BExt((in’l) C BEXtC(in,O) _ PSDC(in)
I e Ul s Ul U Ul

BosSepy”) C .- C PPTBExt)”” C ... C PPTBExt}"" C PPTBExt"" = BosPPT}"

We have the following de-Finetti type result for bosonic extendibility (without the PPT).

Theorem 5.14. (Bosonic De-Finetti [CKMR07]) Let X € Herm[V"M,| be a
Bosonic state such that X > 0, Tr(X) = 1. Then, there exist a finite set vec-
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tors |vk>§:1 € C%, with norm ||v;|| = 1 and py, be a finite probability distribution

such that

K d
Il T gy g (X)) = kz D |or )i Z™ |1 < 2;”’
=

Note that the bound in the bosonic case is the same as for the classical case from
Theorem 4.12.

Mixtures of Dicke States. Recall that the Dicke states | D,,) form a basis of the symmetric
subspace, hence for any X € Herm[Vv"C?], we have the following expansion in the Dicke

basis.

X= 3 AQ,B\DQXDB].
o, 3N

If we also demand that X has the diagonal unitary symmetry, it removes the off-diagonal

coherence terms in the Dicke basis. To see this, note that the following

VU € DUy U®"XU™" =X
implies that for all # € [0, 271]¢, we have

Z )xaﬁ ’DaXDﬁ’ = Z eiH‘(a—/B))\aﬁ ‘DQXDﬁ‘ )
o,3eN (Y a,BeN

Hence, this shows that Vo, 5 € ]Nén) A8 = eit-(a=p >)\a,5. This holds for all 8 if and only
if « = 3. which shows that X is diagonal in the Dicke basis, or is a mixture of Dicke states.

In the bipartite case, X has the following expression.
X =2 pij [IDigXDijl -
i<j

This class has d(d;_ 1) parameters p;;. Consider the following matrix A € M, defined as

) pii, ifi =7,
ij =
pg, if i # j.

This allows us to write X in the LDUI/LDOI parametrization,

_ vLDUI _ yLDOI
X = AA _XA,diag(A),A‘
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Hence, by the Proposition 5.5, it is evident that the state Xle]?XI is PPT if and only if
A e PSDNNN; = DNNy.

Recall the state X}{‘B}fl is separable if and only if (A, A) € PCP,;. This is actually equivalent
to the complete positivity of the matrix A. Since DNN; = CP,; for d < 4, it implies that a
mixture of Dicke states is PPT if and only if it is separable [Yu1l6, TAQ " 18].

In the multipartite case, it was shown in [QRS17, Yu16] that PPT across the most balanced
bipartition is necessary and sufficient for the state to be separable. The general case of
qudits was analysed recently in [RPAR " 25], where the conditions for PPT were analysed
and it was conjectured that for d = 3, 4, the situation is analogous to the bipartite case, i.e,
there is no PPT entanglement. In the remaining cases, i.e for d > 5, any multipartite PPT
state, that has any entangled bipartite state as its marginal, is automatically entangled.
In Chapter 9, we discuss the extension of these results to the qudit case, and resolve the
conjectures in [RPAR " 25].

n=2|n=3|n>4

d=2| No No No
[TAQ ™18, Yu16]

d=3| No ?? ??

—al N " " [RPAR™ 25]

d>51| Yes Yes Yes

Table 12: Is there PPT entanglement in mixtures of Dicke states of n parties and local dimension d?
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quantum states

This is the reproduction of the article Entanglement in cyclic sign invariant quantum
states, Aabhas Gulati, Ion Nechita and Satvik Singh. J. Math. Phys. 66, 122202 (2025)
[GNS25].

6.1 INTRODUCTION

With the significant advent of quantum information science over the past few decades,
entanglement has emerged as a fundamental resource, with practical applications in
cryptography [Eke91], communication [BBC 93], and computation [RB01]. However,
entanglement theory has inherent computational complexity: it is NP-hard to decide
whether a given bipartite quantum state is entangled or not [Gur03]. Consequently,
several sufficient conditions to detect the presence of entanglement have been developed
[HHHHO09]. Among them, perhaps the simplest one is the so-called positivity under partial
transpose (PPT) criterion [Per96]: any unentangled (or separable) bipartite state remains
positive after transposition is applied to either one of the subfactors. In low dimensions,
this criterion is necessary and sufficient to detect entanglement: any qubit-qubit or qubit-
qutrit quantum state is separable if and only if it is PPT [Ste63, HHH96]. However, in
higher dimensions, there exist quantum states that are PPT but still entangled [Hor97].
Curiously, one cannot distill any pure entanglement from such PPT entangled states by
using local operations and classical communication (LOCC) [HHH98], even though the
entanglement cost of preparing such states under LOCC is non-zero [VC01, YHHSRO5].
Consequently, the existence of PPT entangled states is closely related to the irreversibility
of the resource theory of entanglement [VC01, LR23].

Another perspective on the complexity of entanglement is of a geometric nature. The

sets of separable and PPT states in a d ® d system are convex bodies in a high-dimensional
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(d* — 1) space. Consequently, these sets are difficult to characterize geometrically. One
way to tackle this problem is by imposing symmetries to reduce the dimension of the
state space, which makes the problem more tractable [Wer89, HH99, VW01]. The maximal
(local) symmetry one can impose on a d ® d system is that of invariance under the full

unitary group U(d):
VUeU(d): (UU)p(UeU)*=p or (UU)p(UxU)" =np.

Quantum states with this symmetry are known as Werner [Wer89] and isotropic [HH99]
states, respectively. These states can be described by a single real parameter. Crucially,
the convex sets of PPT and separable states coincide under this symmetry and can be
characterized completely (see [VWO01, Fig 1]). In other words, the constraint of full local
unitary invariance is too severe to accommodate the existence of PPT entanglement. Similar
results also hold for the class of states that are invariant under the full orthogonal group
O(d) [VW01, Key02]. It is then natural to relax the symmetry constraints by considering
subgroups G C U(d) and H C O(d) that are large enough to keep the dimension of
the corresponding invariant spaces tractable, but not too large, lest the problem becomes
trivial as above.

In recent work [NS21, SN21, Sin21], some of the authors of this work have considered
the subgroups of diagonal unitary and diagonal orthogonal matrices: G = DU (d) and
H = DO(d), respectively. States that are invariant under the local action of these groups
(called Local Diagonal Unitary/Orthogonal Invariant or LDUI/LDOI) can be parametrized
by a triple of d x d matrices (A, B, C') with a common diagonal, and the convex sets of
PPT and separable states can be described by imposing suitable positivity conditions on
these matrices. Except for d = 2, PPT is not equivalent to separability, and many examples
of PPT entangled states can be constructed with this symmetry [Sin21]. A well known
class of LDOI states are mixtures of the so-called Dicke states [Yu16] [TAQ 18], which
correspond to matrix triples of the form (A, diag(A), A) in the LDOI parametrization.
The problem of detecting entanglement for these states is equivalent to the well known

complete positivity problem from optimization theory [BSMO03], which is also known to
be NP-hard [TAQ " 18].

6.1.1 Summary of results

In this paper, we interpolate between the full unitary/orthogonal groups and their diagonal
counterparts by considering the cyclic phase and cyclic sign subgroups: G = €DU(d) :=
Cyc(d) x DU(d) and H = €DO(d) := Cyc(d) x DO(d), respectively. Here, Cyc(d)

is the abelian group of cyclic permutations of d elements and X denotes the semi-direct
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product. States that are locally invariant under these groups are called Local Cyclic Phase
Invariant (LCPI) and Local Cyclic Sign Invariant (LCSI), respectively. These states lie in
between the classes discussed above, satisfying reverse inclusion relations to those satisfied
by the symmetry groups (see Eqs (24),(25)). The cyclic symmetry forces the (A, B, C)
matrices in the LDOI parameterization of these states to be circulant. Consequently, these
states can be parameterized by a triple of vectors (a, b, ¢) with a common first entry,
allowing them to be expressed by 3d — 2 parameters for a given local dimension d. Despite
the highly symmetric form of these states, we will see that PPT entanglement still exists
in this class for all d > 3.

s D

DU(d) (LDUI states) < €DU(d) (LCPI states) < U(d) (Werner/isotropic states)
(24)

DO(d) (LDOI states) < €DO(d) (LCSI states) < O(d) (Brauer states) (25)

J

We study the convex structure of several cones with cyclic symmetry that are relevant
from the perspective of quantum information, such as the cones of positive semidefinite,
PPT, and separable matrices. Each of these cones can be characterized simply by imposing
some positivity conditions on the vector triples (a,b,c). In particular, we introduce
the notion of Circulant Triplewise Completely Positive vector triples that characterizes
separability for LCPI/LCSI states. This is inspired by the results in [SN21]. Crucially, the
circulant structure makes the Fourier transform a critical tool to analyze the positivity
properties of LCPI/LCSI states.

We study mixtures of Dicke states with cyclic symmetry in detail. We analyze PPT and
separable states of this form, providing explicit results in low dimensions and emphasizing
PPT entanglement when present. The problem of determining separability or PPT in this
class reduce to a circulant version of deciding if a given matrix is completely positive
or doubly non-negative, respectively [TAQ" 18] [BSM03]. For all d > 5, we prove the
existence of PPT entangled states in this class. Importantly, the PPT cone restricted to
this family is polyhedral; we enumerate the extremal rays in small dimension (d < 7) and
relate the general case to that of computing the semi-positive cone [ST18] of the Fourier
matrix. We explicitly compute all the extremal rays of the separable cone and its dual in
the first non-trivial case (d = 5) and provide some partial results for d = 6, 7, showing the
presence of PPT entanglement. Finally, we study the corresponding cyclic sign covariant

linear maps that are defined using three vector parameters, in the same fashion as the
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Group | Inv. Q. States Dim. Inv. | Abelian | 3 PPT ent. References
{id} | all states d* Y Y -
DO(d) | LDOI 3d? — 2d Y Y
[SN21]
DU(d) | (C)LDUI 2d% — d Y Y
Cyc(d) xDO(d) | LCSI 3d — 2 N Y
this paper
Cyc(d) xDU(d) | LCPI 2d — 1 N Y
Sym(d) xDO(d) | hyperoctahedral 4 N N [PTPY24]
O(d) | Brauer 3 N N [VWO01, Key02]
Werner (UU)
U(d) 2 N N [Wer89, HH99]
isotropic (UU)

Table 13: Families of symmetric bipartite quantum states and their invariance groups. In the third
column we list the dimension of the (real) vector space of invariant bipartite self-adjoint
matrices. The fourth and fifth columns list the commutativity property of the invariance
group and respectively whether the family of invariant matrices contains PPT entangled

states.

states. Using results from [SN21], we can characterize the property of complete positivity
and entanglement breaking in terms of the vector triples. Notably, we show that some

classes of covariant maps satisfy the PPT? conjecture [Chr12].

In Table 13, we present all the classes of symmetric states introduced above, emphasizing
the existence of PPT entanglement; see Section 6.3 for more details. Let us mention here
that circulant symmetry has received some attention in the literature, in particular with
respect to the Quantum Fourier Transform [ZLIW17, IV20, YHaJ23].

6.1.2  Outline of the paper

We provide some background on the separability problem, convex geometry and circulant
matrices in Section 6.2. In Section 6.3, we describe some known families of symmetric
states, as presented in Table 13. In Section 6.4, we introduce the families of LCPI/LCSI
states and explore some of their basic properties. The linear and convex structure of

LCPI/LCSI states is explored in Section 6.4.1 and Section 6.4.2, respectively. Some special



6.2 PRELIMINARIES

classes of LCSI states are discussed in Section 6.5. Section 6.6 contains results about an
important subclass of LCSI states: cyclic mixture of Dicke states. Finally, Section 6.7 contains

results about the corresponding cyclic sign covariant linear maps and the PPT? conjecture
[Chr12].

6.2 PRELIMINARIES
6.2.1 Notation

We start by defining the notation used throughout this paper. A vector v is an element
in either C% or R?, and is labelled using vector components starting from index 0. We
sometimes also use Dirac’s bra-ket notation to write vectors. In this notation, column
vectors v € C? are written as kets |v) and their dual row vectors (conjugate transposes)
v* € (C?)* are written as bras (v|. The standard inner product v:w = (v, w) on C is
denoted by (v|w) and the rank one matrix vw* is denoted by the outer product |v)(w|. The
standard basis in C? is denoted by {1#) }ic[a), where [d] := {0,1,...,d —1}.

We define M ;(C) as the set of d x d complex matrices and M¥(C) := {A € My4(C) :
A = A*} as the set of d x d self-adjoint complex matrices, where the conjugate transpose
of A € My4(C) is denoted by A*. M (R) and M (R) are defined similarly for real
matrices. The cone of positive semi-definite matrices in M;(C) is denoted by PSDy,
and the cone of entry-wise non-negative matrices by EWP,;. The set of all linear maps
P : My(C) — My(C) is denoted by T3(C). A map £ € Ty(C) is called positive if
E(X) € PSD, for all X € PSD,. We say that a map € is k-positive if the map id,, ® £ :
My, @ Mg — My, @ My is positive for all 1 < n < k, where id,, : M, (C) — M,,(C)
is the identity map. A map that is k-positive for all £k € IN is called completely positive.
The linear transposition map T : M(C) — M4(C) is positive but not 2-positive. Finally,
we denote by F : C? — C? the discrete Fourier transform, which maps

d—1

1 d=1 ]
r— Fr=|— L
(ﬂgo" )

k=0

2mi/d

where w = e is a primitive d-th root of unity.
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6.2.2 Separability and PPT entanglement

Definition 6.1. A bipartite positive matrix p € M;(C) ® My(C) is said to be

separable if

N
o= 2 [vi )vi| ® wi)w]

for some finite set of vectors |v;) , |w;) € C%, and it is said to be entangled otherwise.

We denote the convex cone of all separable matrices in M;(C) ® M 4(C) by SEP,.
By the Hahn-Banach hyperplane theorem, it is possible to separate this set from every
entangled state using a hyperplane. For any entangled state p we can find a Hermitian

operator W such that

« Tr(cW) > 0 for all o in SEP,

« Tr(pW) <0

This Hermitian operator is called an entanglement witness. Horodecki’s criterion
[HHH96] gives us a operational way to detect entanglement, by finding a positive map ®
such that (id; ®®)(p) is not positive semi-definite. One important positive map in this
regard is the transposition map T. The states which are not positive under transposition
are entangled, while the rest of the states are called PPT states, which also includes the
set of SEP states. This criterion to verify entanglement is called the PPT (Positivity under
Partial Transpose) criterion. In the case of d = 2, the reverse implication is also true, i.e.
any state that is PPT is also separable [Ste63, HHH96]. This is not true for d > 3. The
states that satisfy the PPT condition but are still entangled (for d > 3) are called PPT
entangled states [Hor97].

Definition 6.2 (Separability Problem). Given a bipartite density matrix p €
M4(C) @ My4(C), decide whether p € SEP or not.

It is well known that the membership problem (and the weak membership problem)
for SEP is NP-hard [Gur03, Gha10]. Unless P = NP, there is no computationally efficient
criterion to decide if a state is separable or entangled. In later sections, we will study the

SEP problem for the class of symmetric states.
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6.2.3  Circulant Matrices

Circulant matrices are highly symmetric matrices that appear naturally in many areas of

mathematics [Dav79]. We start with their basic definition.

Definition 6.3. The circulant matrix A € M (C) associated with a vector a € Ce,

denoted A = circ(a), is defined entrywise as follows

Aij = Q(j—i) mod d-

A matrix A € My(C) is said to be circulant if A = circ(a) for some a € C%. We
denote the set of all circulant matrices in M (C) by Circ.

If we define the right cyclic shift S : C¢ — C%as S : (ag, a1, ...ag_1) — (ag_1,a0, ... a4—2),
it is clear that the rows of the matrix A = circ(a) are a, S(a), S%(a) ... S ! (a):

ag a a2 -+ a4-2 Qg—1
ag—1 ag ar -+ Ad-3 Ad—2
A — ad.—2 ad.—l ap - Cld.—2 de.—3
as ag a4 -+ QQ a1
aj az a3z --- G4—1 ap

Remark 6.4. Circ; C M;(C) forms a d-dimensional commutative algebra with
the standard operations of matrix addition and matrix multiplication. Recall that
1) = (010 --- 0) T is the second canonical basis vector and let P = circ(|1)) €
M4(C) be a shift permutation. Then, any circulant matrix A € M;(C) can be
written as

-1

A= > a;P', wherea; = A,.
1=0

Recall that the Fourier transform matrix 7 € M (C) is defined entrywise as Fik =
Wk /\/d, where w = e2m/d s the Jth primitive root of unity. The 1/ \/d factor ensures that
F is unitary. The inverse Fourier transform 7~ = F* is given by (F 1), = w™7*/\/d.
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Proposition 6.5 ([Dav79, Chapter 3.2]). The eigenvalues {)\i}?;é of a circulant
matrix A = circ(a) € M (C) are obtained by taking the Fourier transform of a:

Vj € [d], A = (VdFa); =3 apw’®,
k

where w = ¢>™/4 is the d™ primitive root of unity.

Proof. This follows from the fact that the Fourier matrix diagonalizes circulant matrices:

F*-circ(a) - F = diag(VdFa)

Remark 6.6. A circulant matrix A = circ(a) € M (C) is Hermitian iff a; =

a;® = ag_;. The reversal operation a — aR, is defined as

Vi € [d] (a®); := @(—j) mod d-

In the case of circulant matrices, we have: circ(aR) = circ(a) .

Definition 6.7. The bilinear circular convolution map * : C% x C¢ — C% is defined

as
d—1
Vk € [d], (axd), = > ajbp_; = (a| P~ pF)
j=0

The circular convolution corresponds exactly to the multiplication of two circulant

matrices:
Ya,be C?: circ(a)circ(b) = circ(a x b) = circ(bx a) = circ(b)circ(a).

Finally, the Hilbert-Schmidt inner product of circulant matrices corresponds to the

euclidean inner product of vectors,

Tr(circ(a)*circ(b)) = d{ald)
6.2.4 Convexity

In this section, we introduce some basic notions from convex analysis.
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Definition 6.8. Let I/ be a real vector space. A convex cone C is a subset of V'

having the following two properties:
. ifr €Cand A € RT = [0,0), then Az € C.
e ifx,y€C,thenz+y € C.

In particular, 0 € C. The cone C is said to be pointed if C N (—C) = {0}; in other
words, C is pointed if it does not contain any line.

For a vector v # 0, the half-line Ryv := {\v : A € R4} C C is called an extremal
ray of C (we write Ryv € extC) if

v=x4+y withzr,yeC = z,y € Ryv.

Definition 6.9. Given a cone C, we define its dual cone by
C'={aeV":alz)>0,Vzel} TV

where V* is the vector space dual to V. If V' has an inner product structure, then

the elements of the dual are of the form a(z) = (vq, ) for some v, € V.

Definition 6.10. For convex cones C; C V and Co C V in the real vector space V,

we define have the sum of cones,
Ci+C5 = {x—l—y:x e (Ch,y € CQ}

This is again a convex cone.

The next theorem is a well known theorem about dual cones and sum of cones in convex

geometry. We give the proof for completeness.

Theorem 6.11. For any closed convex cones (1 and C, we have,

(CL+Cy)°=C{NCY




104

ENTANGLEMENT IN CYCLIC SIGN INVARIANT QUANTUM STATES

Proof. Let x € (C1 4 C2)°. Then, by definition, x € (C 4+ C2)° implies that = - (y1 +
y2) > O forall y; € C) and yo € Cy. Setting y2 = 0 gives x - y; > 0 for all y; € C1.
Similarly, setting y; = 0 gives x - y2 > 0 for all y2 € Cs. Therefore, x € C7 N C5.

To show the converse, assume z € CTNC5. Thenx-y; > Oforally; € Crandz-y2 > 0
for all yo € Cy. Forany y; € C and yo € Cy, we have z- (y1 +y2) = x-y1 +x-y2 > 0.
Thus, z € (C1 + Co)°. |

Example 6.12. The cone of entrywise non-negative d x d matrices is defined as
EWP; := {A € My(R) : 4;; >0 Vi, j e [d]},
and the cone of positive semidefinite d X d matrices is defined as
PSD,; := {B € M%(C) : (z|B|z) >0 Vz € C%}

play a fundamental role in this work. The two cones EWP; C M (IR) and PSD,; C
M (C) are self-dual. Their extremal rays are

ext EWPg = {R+ [i)j|}; jejq and  extPSDg = {Ru [2)z[},yecd, 12)20-

In this article, we will deal with some important cones in M ;(C) as their sections in
the circulant subspace, Circ; C M (C). Therefore we use the notation

K = circ (K N Cirey),

where the cone K is a cone in M ;(C). From the last section we also know that Circ, is

isomorphic to the space C¢ by the map circ(d) : C? 3 a + circ(a) € Circy.

Definition 6.13. Consider the following two cones

EWBd = circ_l(Cier N EWPd)
@d := circ™}(Circy N PSDy)

seen as subsets of C¢.

Proposition 6.14. For the cones EWﬁd and ﬁd the following are true.
¢ oxt(EWP,) = {R* [k}
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. ext(PsBd) = {RYF1k)}Z)

Proof. The first statement is obvious. For the second part, we observe that @d =
F_l(Ewgd), so that ext(ﬁd) = {RYF1E) VL |

Remark 6.15. The extremal rays of the PSBd cone Ry f;, = RyF1|k), for
k=0,1,...,d— 1, are just multiples of the columns of the inverse fourier matrix:

1

(fii = o =

(fiex ()"

9
S|

d

6.3 FAMILIES OF SYMMETRIC STATES

In this section, we explore different classes of symmetric states that have been previously
considered in the literature. Our classification starts from the symmetry group that leaves

invariant the bipartite quantum states. We consider unitary representations of a group G
G>g— U, elU(d)

and the corresponding families of bipartite quantum states p € M (C) ® My(C) that

are invariant under the following actions:

p=(Ug@Ug)p(Ug@Ug)" or p=(Uy@Ug)p(Uy®Ug)".
6.3.1 Unitary and orthogonal invariance

The unitary group G = U(d) with its standard representation gives rise to the isotropic
states
p € span{ly ® 14, wq}, (26)

where wy is the maximally entangled state
| A
wa = ) lii)ji] € Ma(€) ® Mqa(C),
ij=1
in the case of the U — U representation [HH99]. For the conjugate representation U — U,
one obtains the Werner states [Wer89]

p € span{ Py, P, } = span{ly ® Iy, Iy}, (27)
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where Ps, are, respectively, the orthogonal projections on the symmetric and anti-

symmetric subspaces of C?¢ @ C¢:

Ip+F, Ip—F
Ps:7d22 d Pa:7d22 d

with F;; € U(d?) being the flip (or swap) operator:

d
Fq= 2. |ji)iil.
ij=1
For the orthogonal group G = O(d), the normal and conjugate representations are
identical and give rise to the Brauer states [VWO01, Key02], which generalize isotropic and

Werner states:
p € span{ly ® Iy, wq, Fy}, (28)

The separable (or equivalently the PPT) states in these classes have been completely
characterized [Wer89] [HH99] [Key02] ; there are no PPT entangled states.

6.3.2 Local diagonal orthogonal invariance

Consider now the subgroup DU (d) < U(d) of diagonal unitary matrices and its orthogonal
counterpart DO(d) < O(d). The corresponding invariant states are called respectively
local diagonal unitary invariant (LDUI), conjugate local diagonal unitary invariant (CLDUI),
and local diagonal orthogonal invariant (LDOI) [SN21]. Since the invariance group is
smaller that the full unitary (resp. orthogonal) group, these families are larger then the
ones in Egs. (26), (27), and (28).

Acronym | Symmetry Condition

LDUI | local diagonal unitary invariant UeU)X(UU)" =X

CLDUI | conjugate local diagonal unitary invariant | (U@ U)X (U® U)* = X

LDOI | local diagonal orthogonal invariant ORO0)X(O0)" =X

The conditions above hold for all diagonal d X d unitary matrices U € DU, and all
diagonal orthogonal d x d matrices O € DO, . Any LDOI matrix is of the form [SN21]

Xapo) = 2 Aijlig)(ijl + ; Bijlii) (4] + ; Cijlig)(jil, (29)
ij i#] i#]
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where A, B,C' € M;(C), and diag A = diag B = diag C. If B (resp. C) here is diagonal,
then the resulting family of matrices form the LDUI (resp. CLDUI) subspace. These two
subspaces are linked via the operation of partial transpose, and hence the separability
results for one class apply identically to the other class as well. CLDUI matrices are of the

form:

Xapy = 2 Aglig)(ij| + ; Bijlii) {57l (30)
1,] 17£)

It turns out that separability of these matrices is closely linked with the cones of pairwise
and triplewise completely positive matrices, which we introduce now. We denote the

entrywise (or Hadamard) product between vectors v, w € C% by v ® w or [v ® w).

Definition 6.16. [SN21] Let A, B,C' € My(C).

« The pair (A, B) is called pairwise completely positive (PCP) if there exist a
finite set of vectors {|v;) , |wy) }rer € C¢ such that

A=Y | Ot (wp O W], B =" |vp © wy)vg ©wy|.
kel kel

« The triple (A, B, C) is called triplewise completely positive (TCP) if there exist
a finite set of vectors {|v;.) , |wy) }rer € C? such that

A=) |0 Q) (wr OwWg|, B =) |vp © wg)vg © wyl,
kel kel

C =3 |vp ©Wg)vg © W] .
kel

Theorem 6.17. [SN21] Let A, B,C' € M (C). Then,
* X(a,p) is separable <= (A, B) is PCP.

* X(a,B,c) is separable < (A, B, (') is TCP.

The set of all d x d PCP and TCP matrix pairs and triples form convex cones [SN21,
Proposition 5.6], which we denote by PCP; and TCP,, respectively.
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6.3.3 Semi-direct product constructions

We now consider intermediate subgroups
DU(d) < G <U(d)

that would give rise to intermediate families of invariant states. To do so, we shall consider
semi-direct products of the diagonal unitary group DU(d) (resp. the diagonal unitary
group DU (d)) with a subgroup H of the symmetric (permutation) group Sym(d):

G:=HxDU() with H < Sym(d). (31)

Recall that the semi-direct product H x DU(d) group endows the cartesian product
H x DU(d) = H x T? with the product rule

(o,u) - (m,v) := (om,u® (c.v)),
where the action of symmetric group on vectors reads
Vi € [d] : (0.0)i = Vp1(-

The unitary representation U, of G is given by permutation matrices with phases. Con-
cretely, forc € H and u € T, we have
{U‘T’“} ij = Li=o(j)Ui-
The same notions can be defined for the diagonal orthogonal group DO(d). Importantly,
one recovers the hyperoctahedral group as Hyp(d) := Sym(d) x DO(d).
The table below shows the states invariant under the action of classical groups that
are relevant to our study, using the construction above. For the permutation group H,

we consider either the full group Sym(d) or the (abelian) subgroup of cyclic permutations

Cyc(d).

X Sym(d) Cyc(d)

DU(d) axisymmetric states [SES16] generalized axisymmetric states [SBSGS22]

DO(d) | hyperoctahedral states [PJPY24] LCSI states (this paper)

Let us consider in more detail the hyperoctahedral group which can be defined as a

semi-direct product of group of permutation matrices with diagonal orthogonal group,



6.3 FAMILIES OF SYMMETRIC STATES

Hyp(d) = Sym(d) x DO(d). A bipartite matrix X is said to be hyperoctahedral if it
satisfies (O ® O)X (0O ® O)T = X for all orthogonal matrices in the group Hyp(d). This
class of highly symmetric states were considered in the recent paper [PJPY24] where they

were shown to have the form

X = a X Jiiil +a’ Y i)l + b S ii)igl + e X lig)il
i 1] 1] i#£]

for complex parameters a, a’, b, ¢ € C. This class reduces to the well-known Werner states

when a = @/ and b = 0 (resp. isotropic states when a = @’ and ¢ = 0).

In [PJPY24] it was also shown that all the PPT states in this class are also separable.

Theorem 6.18 ([PJPY24, Theorem 4.1]). A hyperoctahedral quantum state that is

PPT is necessarily separable:

X o SEP «— XM s PPT

a,a',b,c a,a',b,c

Remark 6.19. Instead of taking the complete group of permutation matrices, we
can restrict to subgroups that are 2-transitive (i.e if the orbit of (7 (i), 7(j)) =

{(l,m),l # m VI, m}), we get the same class of states.

Given the lack of PPT entanglement in the set of hyperoctahedral quantum states, one

is naturally led to consider larger families of symmetric states by reducing the size of the

symmetry group. One choice is to consider the group cyclic permutations for / in Eq. (31).

By replacing the diagonal orthogonal group with the larger group of all diagonal unitary
matrices, we obtain the states that are invariant under the group €Dl (d), that can be

defined as

CDU(d) := Cyc(d) x DU(d)

where DU (d) is the group of d x d diagonal unitaries.
We call these states as Local Cyclic Phase Invariant states (LCPI). These states have

also been introduced and studied as a generalization of axisymmetric states [SES16] in the
recent paper [SBSGS22]. They are special cases of LCSI states that we introduce in the
next section. Importantly, this class of states contain PPT entangled states in all d > 3
(see Example 6.35 and Remark 6.36).
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6.4 LOCAL CYCLIC SIGN PERMUTATION INVARIANCE

In this section, we will look at the basic definitions and properties of a new class of bipartite
invariant quantum states, which we call Local Cyclic Sign Invariant (LCSI) states. The
central group in this paper is the group of cyclic sign permutations, which we define below
and denote by €DO(d). We will denote the group of diagonal orthogonal matrices by DO,.
This is just a matrix group that includes all orthogonal matrices O such that O;; = +1,
and O;; = 0 for all 7 # j. The group of d x d cyclic permutation matrices is denoted by
Cycg. If we define P = circ(|1)) € M 4(C), then Cyc, is the (abelian) group generated
by P.

Definition 6.20. The cyclic sign group is defined as

€DO(d) := Cycy XDOy :={P -0 : P € Cyc(d) and O € DO}

We can understand the group €DO(d) as the group of cyclic permutation matrices, but
with the 1 entries replaced by +1. For example, the permutation matrix P%~! gives us

00 ---01 0 0 0 =1
10 ---00 =1 0 0 0
o1.--00¢ L 0O %1 0 0
_OO---lO_ o 0 --- £1 O

More precisely, recall from the previous section that a general element of the group
¢DO(d) corresponding to a cyclic permutation 0 = (12 --- d)* € Cyc(d) and a sign

vector ¢ € {£1}¢ is represented by a matrix U, having elements

[Uselij = Lico(jyei = lizjsasi-

Remark 6.21. The group €DO(d) is not abelian even though both the groups of
Cyc(d) and DO(d) are abelian:

00 1] (00 -1 01 0 0 -1 0 00 -1 |0 01
100|110 0}=1]00 —-1|#|0 0 1/=|10 0[-(1 00
010 (01 O 1 0 0 1 0 0 01 0 010
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We come now to the main definition of this paper.

Definition 6.22. A bipartite matrix X € M;(C) ® M,4(C) is called Local Cyclic
Sign Invariant (LCSI) if

YO €€DO(d):  (080)X(020)T =

In the remainder of this section, we will investigate several properties of LCSI matrices.

6.4.1 Linear Structure of LCSI matrices

Since the condition in Definition 6.22 is linear, it is easy to see that the set of LCSI matrices
(not necessarily quantum states) form a vector subspace of M;(C) @ M4(C). In this
section, we explicitly characterize the structure of this space in terms of vector triples. Let

us begin with a result from [SN21] to prove the following lemma.

Lemma 6.23. The linear space of LCSI; matrices can be parametrized by
(A, B,C) € My(C ) such that A, B, C are invariant under the action of Cyc(d):
PXP'=XforX=A,B,C.

Proof. The linear space of LDOI; matrices can be parameterized using (A, B, C') € M4(C) g;’;’

such that any state can be written as
Xoapc) = > Aijlighijl + D2 Bij lia)iil + Y Cij lig)Jil
ij i#j i#j
such that diag(A) = diag(B) = diag(C)
We begin the proof by noting that LCSl; € LDOIj. Therefore it is of the form X4 p )

and satisfies the invariance condition
(P P)Xapc(P '@ P ) =Xape

Looking at both the sides of the equation,

LHS = ZAU (@) (7)) (i) ()] + 22 Big [ () (0) X () ()] + 2 Ci | (6)7 () X () (4)
1] ]
_ZA ) 1130Ed] 4 32 Br-1 P 180T+ 22 Cr(iym1(5) [N
RHS = Z Aij lig)ag] + Bij liiXjj| + Cij |ij)}j1]
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This implies that A;; = A —1(;)—1(;) for all m in Cyc(d). This condition can be written as
PAP~! = Aforall P in Cyc(d), and similarly for B and C. [

Proposition 6.24. The set of matrices X € M(C) satisfying PX P~ = X for
all P € Cyc(d) is precisely the set of circulant matrices, i.e. X;; = a;_; for a vector

a € C¢ having entries (ag, a1, ..., a4_1) .

Proposition 6.25. The linear space of LCSI; is isomorphic to the vector space
(Cd)ég = {(a, b, C) c (Cd)X?) stag = by = Co},
where the isomorphism can be written as

Xape) = 20kl @k, )Tk, Gl+ D Bli®k,jOK)(, ]|
J.k J,k>1

J,k>1

and @ should be understood as sum mod(d)

Proof. The proof follows directly from Lemma 6.23 and Proposition 6.24. |

Remark 6.26. The dimension of the complex vector space of LCSl; is
dimg (LCSl;) = 3d — 2. The stated isomorphism with vector triples shows
that we have 3d parameters for 3 vectors, but since ag = by = cp, we get
dimg (LCSly) = 3d — 2. This should be compared with the dimension of LDOI,,
which scales quadratically in d: dim¢c (LDOI;) = 3d? — 2.

Symmetries of LCSI; subspace

In [SN21, Proposition 4.3], the authors analyzed the symmetries of this space under

permutations of wires. We write them here for the case of space of LSPI matrices. Recall

that we denote by a — aR the transformation a? = UJ—imod d-
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Proposition 6.27. The vector subspace of LCSI|; matrices is invariant under the

following tensor leg permutations:

T
FX(a,b,c)F - X(aR,b,cR) (X(a,b,c)) = X(a,bR,cR)
Re

(X(a,b,c)) "= X(GR7bR7C) (X(a,b,c)) - X(b,a,c)

where F' is the flip (or swap) operator, Re is the Realignment operator, and X

permutes the indices diagonally. The space LCSI; also has the following symmetries:

T

(Xa,b,c> = Xa,c,b FXa,b,c = XCRJMLR
T

(Xa,b,c) = X, R pR Xa,b,cF = Xc,b,a

a,ch,

where I' and T are the partial transposition of the tensor factor 1 and 2 respectively.

6.4.2 Convex structure of LCSI matrices

In this subsection, we will look at the cones of positive semi-definite LCSI matrices (by
which we will also mean states), the PPT cone and finally the cone of separable matrices.
Here, we prove some structure theorems on the vector triple (a,b,c) such that X,
belongs to each of these cones. We look at these cones as they are the most important
from the perspective of quantum information theory, particularly in entanglement theory.
In the next few sections, we will be interested in exploring PPT entangled states and the
separability problem in this class of quantum states. The next proposition characterizes
membership in the positive semidefinite cone for a matrix and positivity under partial

transpose.

Theorem 6.28. We define, for k € [d],

(ak + ag—i) = \/(ak — aq_r)? + dca_cy

+ .
AE = -

Then, the spectrum of X, ;, . is given by:

d—1
spec|Xgpc| = (\/Ei]:b) Uy {)\:kt}x(d_k).
k=1

Moreover, for any X, j . it holds that:
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« Xope €EPSDp <= a€RL, FbeRL, c=cRand Vi € [d], ajag_; >
2,

b

|ci

« XI' . €PSDp <= ac Ry, Fece Ry b=10Rand Vi€ [d], ajaq_; >

a,b,c

;|

« Xope € PPT <= a € R, Fb,Fc € RY and, Vi € [d], ajaq_; >
2 2
max(\bil ,|CZ'| )

Proof. We can use the following block decomposition of the matrix X, ; . to prove these

results, see [SN21, Proposition 4.1]:

-1/ , . ®(d—k)
Xabe = Circ<b) ® @ ( ) " ) :
k=1 \Cd—k Qd—k

For any circulant matrix circ(b) € My(C), we have spec|circ(b)] = v/dF(b). Finally,
from Proposition 6.27, we know that Xcl;b,c = Xuch [

Next, we look at the separable cone (SEP). Recall that (a x b), = >; a;bj,_;. For a € C4,
R R
i

the autocorrelation map. We now derive the necessary and sufficient conditions for the

we define the reflected vector a® € C% as a® = a,_;. The map a — axa" is called
separability of the LCSI matrix X, j .. For this we introduce another notion of positivity
for vectors a, b, c which will be called Circulant Triplewise Completely Positive, inspired
by the cone of Triplewise Completely Positive matrices introduced in [NS21, Definition

7.4], which, in turn, generalizes [JM19, Definition 3.1].

Definition 6.29. A vector triple (a,b,c) € (C?)&? is called Circulant Triplewise
Completely Positive if there exist a finite set of vectors {vy, wy } re such that

a=Y (v ©TF) * (W ©wy)", =3 (v, Owy) * (7 © wp)R,
kel kel
c=Y_ (v Owg)* (7 ©wg)",
kel

where we recall that * denotes the circular convolution and ® denotes the Hadamard
(entrywise) product of vectors. We denote the set of all such vector triples (a, b, ¢)

by‘ ﬁd.
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Theorem 6.30. The following holds true for LCSI matrices:

X is separable <= (a,b,c) € Tng.

Proof. Following Section 6.16, we know that for a separable LDOI matrix X E‘E%" ) there

exist finite set of vectors v and w;. such that
A=) o Oupfwp Owg| B =) | Quwp)fvp Qwy| C =) |vp © wp)vp, © W
k k k

From Section 6.4.1, we know that LCSI states with the triple a, b, ¢ are LDOI states with
A = circ(a), B = circ(b) and C' = circ(c). Recall that circ(a) = Y%} a; P, where P is
the shift permutation from Remark 6.4 satisfying PP/ = P*® and Tr(P") = d1;—modd-
Hence, we obtain

i1
Y aiP' =" |; © vp)wy © wy| .
=0 ;

Taking the trace of both sides after multiplying by P~/, we have:

d—1 d—1 , . d—1 , :
d Z az-di_j =Tr (Z aZ’PZP_j) = Z CLZ'TI“(PZP_])
1=0 1=0 1=0

= > Tr (|7 © v )(@r © wi| P)
k

=" (wp ©@wy| P77 |75 © vy) -
2

This simplifies to

a=;§WMMWMw®%ﬁ

We can do a similar calculation for B = circ(b) and C' = circ(c) to show that the
vectors (a, b, c) form a ﬁd triple of the form in Definition 6.29.

To show the converse, we begin with (a,b,c) € ﬁd that is of the form given in
Definition 6.29 and show that (circ(a), circ(b), circ(c)) € TCP,. Again, we will do an
explicit calculation for a, and a similar calculation can be done for b and c to show that
(circ(a), circ(b), circ(c)) is of the form in Definition 6.16. We start with the given expres-
sion:

a=> (v Oug)* (W Ouwp)® = a; = (T O v| P Jwg © wy,) -
k k
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Now, consider the circulant matrix generated by a:

d—1

circ(a) = 3 a; P’

1=0
d_l . .
=3 > (O ul P [wp © wy) P!
k =0
d—1 . ‘
=33 Tr (|ag © )i © v P~°) P!
k =0
(S| . AN
-5 b (S P o wim o w ror) P
k =0 J

=33 P! wg © wi vy © vy,| P77
k g

=3[ @5 © wi; X Tj © w
k.j

where vy; = P/|vg) and wy; = P/ |wy,). |

6.5 EXAMPLES OF LCSI| sTATES

We gather in this section several simple examples of LCSI states. This can be achieved by
considering special a, b, c vectors having equal entries or extra zeros. For similar results in
the LDOI case, see [SN21, Table 1].

6.5.1 Diagonal states

It is clear from the isomorphism in Proposition 6.25 that when a, b, ¢ € C¢ are such that
b= c = ag|0), the matrix X, ; . is diagonal. Hence the following is true for such vector

triples:

Xape €PSDy <= Xyp. € PPTy <= X, €SEP; <= a3, >0 Vk € [d].

6.5.2 States with a uniform diagonal

By analogy with the set of correlation matrices, we define

corrg := {x € Cl:zy=1, Fre ]Ri}.
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Theorem 6.31. Let C% 5 ¢ := (1,1,..., 1)T be the all-ones vector. Then,

Xepe € SEP <= X.p . € PPT <= b,c € corry.

Proof. The forward implications are trivial to prove. Hence, it suffices to show b,c €
corrg => X, € SEP. Let b, ¢ € corry. We expand Fb = >;(Fb); |i), so that

b= Y_(FO)F i) = S (Fb)ilfi) = WZ( )i lfi) 11"

and similarly for c. Note that since b, ¢ € corry, we have (Fb);, (Fc); > 0 for all ¢ and
VAYi(Fb); = Vdx(Fe); = d = Tr(circ(b)) = Tr(circ(c)). Now, for each i, j € [d],

we can find phase vectors v;;, w;; € T¢ such that
lvij ©wig) = Vd|f;) and o ©w5) = Vd|f;).
Then, we can write

— R 1 - R
(e, b,¢) ( 7 FO)i lfid 150, 22 == (Fe)j 1)+ 113) )
Z

J

F®): F(©); (e, 16« 1T 11« 1))
where (e, | fi) * |ﬁ)R S5 =1 f) ) € ﬁd for all ¢, j with the decomposition given as

1
7 (loij © 777) * [wiy @ @)%, Jogg © wig) * 055 © w5)" , gy © w5) * 75 © wig)) -
This shows that X, ; . € SEP, and the proof is complete. [
The above result shows that PPT entanglement does not exist in the subspace of
LCSI; formed by matrices with uniform diagonal. In the next theorem, we show that the

corresponding result for LDOI states is false, solving in the negative the question at the
end of [SN21, Example 3.6].

Theorem 6.32. In the case of LDOI matrices, we have:

s XE_IID]IOCIJ) € PPT; < C € Corrg:={Z € PSD, : diag Z = 14}

« Xt € SEPq <= C € conv{|2)(z| : |2) € T4} C Corrg.
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In particular, for local dimension d > 4, there exist PPT entangled LDOI matrices
with triples of the form (J,J, C').

Proof. The first point was shown in [SN21, see Example 3.6] and the discussion following it.
For the second point, assume that (J,J, C') is TCP so that it admits a decomposition given
in Definition 6.16 with vectors |v},) , |wy,) € C%. Since B = J is rank-1 and hence extremal
in PSDy, for all k, |v;, ® wi v © wi| o< [eXe] = |vp @ WgXvp © WE| o< |21 X2k
|21) € T? is a phase vector. Thus,

, where

C € conv{|z)z] : |z) € T}

However, for d > 4, there exist extreme points of Corr; that are not rank one [GPW90,
Loe80, LT94]. Hence, there exist matrices C' € Corry that do not belong in conv{|z)(z| :
|2) € T?} and for any such C, the triple (J, ], C') cannot be TCP. [ |

6.5.3 LCSI states with b or ¢ extremal

In a recent paper [SBSGS22], the authors completely characterize the SEP cone on the
facet {(a,b,ao [0)) : b= (ag,ap...ap) = aple))} C (C?)&>. In the theorem that follows,
we will prove a more general result in our framework that also reproduces the results

obtained in [SBSGS22]. Let us begin with a simple lemma.

Lemma 6.33. Let 2 € C? be such that for all [ € [d], |, Tizi_i| = | X Tiwil.
Then, z € T for some p € C, i.e., foralli € [d], |zi] = |u|-
Proof. We can rewrite the assumption of the lemma as
vield:  [alP el = [zlz),

where P is the shift permutation from Remark 6.4. Then, the equality condition of Cauchy

Schwarz shows that x is an eigenvector of P, i.e. x is a scalar multiple of a phase vector. W
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Theorem 6.34. Let X, . be such that a € ]R?lIr and b, c € PSBd (such that by =
co = ag) with either b or ¢ being extremal, and ag = by = cg. Then, the following
equivalences hold:

wag_y > al V€ [d <= Xy €PPT
ap>ayg Vle|d < Xgp. € SEP.

Proof. The PPT equivalence follows easily from Theorem 6.28 (note that since b is extremal,
Remark 6.15 shows that |b;| = by = ag for all 7).
Here, we prove the SEP equivalence. Assume that a; > ag > 0 for all [. We split

(a,b,¢) = (a—agle),0,0) + (agle), b, c),

where the former triple is in T—CF§d because a; — ag > 0 for all [ and the latter triple is
in ﬁd as ag |e) is a uniform vector and F(b), F(c) € R, see Theorem 6.31. Hence,
Xape € SEP (note that in the forward implication, we did not actually make use of
extremality of b or ¢).

To show the converse, assume (wlog) that b is extremal in ﬁd and X, . € SEP, so
that (a, b, ¢) admits a decomposition given in Definition 6.29 with vectors |vg) , |wy). Let

|z) = |vp © wy), so that we can write
b= |75) * [er)™ = |z5) * |eg)™ = A |b)
k

for some \;, > 0, where the implication follows from the extremality of . From Remark 6.15,
we know that |bg| = |b;| for all i. Hence, we can use Lemma 6.33 to deduce that |z;,) € 1, T%
is a scalar multiple of a phase vector for each £, i.e.,
ﬁd decomposition for a shows that

Vield: a=Y Y [llwgy = lml* Y i
ko k i

viwt| = |y for all 4, k. Now, the

1
I
|U/<;

zdzmkﬁ-n(
k 7
=dY |ul?

k
= ao,

where we used the AM-GM inequality. This completes the proof.
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Example 6.35. We borrow the example from [SN21, Example 9.1]: take d = 3,
a:= (2u,1,4u?) and b := (2u,2u, 2u) for € R. The condition b, ¢ € PSBd
reads ;1 > 0. We have now that

Xape € PPT <= p >0
Xape € SEP <= pu=1/2.

Hence, the matrix X, ;. is PPT entangled for any i € (0,00) \ {1/2}. Such an

example can be easily generalized to any dimension d > 3.

Remark 6.36. Theorem 6.34 gives a very simple recipe to construct PPT entangled

LCSI states in local dimension d > 3: take b = ¢ = ¢, and a such that
a1 =a,ay-1=1/a and a;=1fori=#1,d—1

for some o > 1.

If b or ¢ in the above theorem is of the form 3 |e) + (ap — ) |0), the above argument
doesn’t hold, as it was essential to use the fact that the vectors b, c are extremal. However,
the proof of Theorem 6.34.

Conjecture 6.37. Givena € RY and 8 € R, we have X Ble)+(ao—B)|0),a0]0) € SEP
iff a; > ag > B foralli € [d].

6.6 CYCLIC MIXTURES OF DICKE STATES

In this section we focus on a special subset of bipartite quantum states with circular
symmetry, those corresponding to mixtures of Dicke states. Such states have received a
lot of attention in the general (no circulant symmetry) case [TAQ" 18, Yul6, SN21], in

particular due to the connection to the theory of completely positive matrices [BSMO03].
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Definition 6.38. A state X € M;(C) ® M4(C) is said to be a mixture of Dicke

states if it can be written as

d
X = ) pij |DyXDijl (32)
ig=1

where D;; = %(h]) + |ji)) for i # j, Dy = |ii), pi; = pji > 0, and Z%{j:lpij =
1.

It has been well understood that characterizing PPT and separability for Dicke states
reduce to checking membership in the cones of doubly non-negative and completely
positive matrices, respectively [TAQ" 18, Yu16]. Recall that a matrix A € My(C) is
called completely positive if it admits a decomposition A = 3>, |v;v;| such that for each i,
v; € ]Ri [BSM03]. The cone of all completely positive d x d matrices is denoted CP,. The
cone of d x d doubly non-negative matrices is defined as DNN, := EWP ;N PSD,. Clearly,
CP4 € DNNy, where equality holds if and only if d < 4 [BSMO03]. Note that Dicke states
form a subclass of LDOI states with the corresponding matrix triples (A, B, C') satisfying
A;j = Ci; = pij and B = diag(A) [SN21], which can be used to prove the following

result.

Theorem 6.39. [TAQ " 18] The following equivalences hold true for Dicke states:
* X(Adiag A,4) is separable <= (A,diag A, A) € TCP; < A € CPy.

U X(A,diagA,A) is PPT < A - DNNd

Similarly, mixtures of Dicke states with the following additional symmetry,
(P P)X(P®P)*=(P2P)X(PoP)' =X

for all cyclic permutation matrices P € Cyc(d) can be understood as the subclass of LCSI,

states (see Section 6.4) with
af = Ck = Diit+k; Vi, k € [d]

In particular, this means that the symmetric matrix p defining the Dicke state mixture in
Eq. (32) is circulant, and the vectors a, ¢ in the LCSI writing are given by the first row of p,
while the b vector is trivial (only its 0-th coordinate being non-zero).

Below is the general form of a circulant mixture of Dicke states, in the cases d = 2,3

(dots represent 0 entries):
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ao
ay | a1
X(a07a1)7(a070),(a0,a1) - a1 | ay
ap |
ag
ai ai
as as
as a
X(aOaal»a2)»(a0,0,0)a(007a17a2) = ao
ai ai
ai ai
a9 a9
ao

We define the cones C?d and DNN, as the intersection of the cones CP,; and DNN,

with the circulant subspace:

Y
C?d :=cone{v*vR:v € R} and DNNj:= cone{a € R: : Fa e R1} =R%E N FRY,

—
Proposition 6.40. For all d > 2, we have C?d C DNN, C ]R‘i.

Proof. Consider an arbitrary element of the cone C?d
_ R
a =Y A\ * v
k

for non-negative vectors vy, € lRi and non-negative scalars A\, > 0. Clearly, a is entrywise

non-negative. Taking the Fourier transform of a we have

VdFa = VdS MF(vp o)) = dS \eFuop © F(of) = dS M\ Fu, © Fop € R,
k k k

proving that Fa is also entrywise non-negative and finishing the proof.

The connection to separability and the PPT property of the corresponding LCSI states

are given in the following result.
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Proposition 6.41. The following equivalences are true for vector triples of the

form (a, ag [0) , a)
e Xyasloa € SEP <= (a,a00),a) € TCPy <= a € CP,

—
. Xa,a0|0>,a € PPT <= a € DNNy

The remainder of this section is devoted to characterizing the geometr;r of these cones.
Importantly, for every d > 5, there exist C?d vectors that are not in DNN, signaling the

presence of PPT entanglement in the class of symmetric states we consider.

6.6.1 Euclidean formulation of the cones

In this section we are considering cones X C R¢ such that the F - X C R% or equivalently
we are looking at vectors X > a = aR. These conditions impose linear constraints on the
cones, hence they have, in general, empty interior in R%. To remedy the situation, we shall
consider their linear closure, hence reducing the total dimension of the underlying vector

space.

Let us introduce the new parameter n := 1 + [d/2], which counts the number of free

parameters of reflection-invariant real vectors. We can construct an orthonormal basis

{fj}jen for the space

Ej:={aeR?:a=d"}

as follows:

. N\ n—2 . yn—1
eotU Gt e U{en,_1} ifdis even; eotU &t e if d is odd.
=1

V2 V2 Ji=1

(33)
The space E is left invariant by the Fourier matrix F;; = w' /+/d. We denote by G the

restriction of F to the space E. One can compute the matrix elements of GG from those of
F. For example, in the case where f; = (e; +e_;) /2

(il 7115y = OISO = o (] ey
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Clearly, G is a symmetric matrix (G = G ) and we have

€ ifi=j=0,
J2 ifi=0and1<j<
. % ifi=0andj = % (for even d),
Zj %COS (QZU) if 1 <14,5 < %7
\/g(—l)i ifl <i< % and j = % (for even d),
(_1\/);/2 ifi =4 = g (for even d).
For d even, we have
1 V2 V2 V2
V2 2cos (deu) 2 cos (%dw) 2 cos (2 1d%_1
oo V2 2cos (27Td21) 2 cos (27Td22) 2 cos (QW 2d2_1>

Si-

1 V2 NG} V3

.1.d=1
\/§ 2 cos <2Wd1~1) 2 cos <2Wd1-2 9 cos (27T 1d 5 )

: 9.d=1
S et e 6 . 13

Below are the matrices GG, for d = 2, 3,4, 5 (and, respectively, n = 2,2, 3, 3):

G<d=2>:1[1 1] G<d=3>:1[1 ﬁ]

V2 |1 -1 V3 |V2 -1
1 V2 1 1 V2 V2
G(d—4):; V30 B G(d:5)_i ) \/52—1 /-1
1 —V2 1 V5 V2 ol /ol
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We shall identify in what follows the vector space F; with R” (recall that n = 1 +
s
|d/2]). Therefore, to every a € DNN, we have assign b € R™:

a+b << Fa<+ Gb

In this section, we prove some results to understand the geometry of the convex cones
——
DNN, and (?d that characterize completely the cones of SEP and PPT in the class of
states that we introduced in the preceding section. We will look at the convex geometry of

these cones as subsets of R".

6.6.2 Extremal rays of polyhedral PPT cone

Sy
Since DNN, is a polyhedral cone, it is generated by a finite number of extreme rays. As we
shall see, the analytical enumeration of all extreme rays of DNN is still difficult problem.
Here we prove certain results about this cone, and provide a simple algorithm to calculate
its extreme rays. In this section, we shall continue using the correspondence between
——

DNN,; € R? and the real vector space F; ~ IR™. We have

DNNg <+ {b € R” : Gbe R"}.

We are thus considering the so-called semi-positive cone of the matrix G. We recall below
the definition in the general case, see e.g. [ST18, HS20] and references therein, as well as
Fig. 11.

Definition 6.42. Let A be a real n X n square matrix. The semi-positive cone with

respect to A is the set

SPCy:={z R} : Az € R} }.

Hence, finding the extremal rays of the cone W\id (in RY) is equivalent to finding the
extremal rays of the semi-positive cone of the matrix GG (in IR"). We shall focus on the
latter problem in this section. For example, in the case d = 2 (resp. d = 3) the matrix
G corresponds to a /4 (resp. 7/6) clock-wise rotation in R2. The extremal rays of the
semi-positive cone of G are the first basis element fj and its image through G. We have the
following result, showing that the extremal rays of SPC come in (possibly degenerate)

pairs.
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RY

SPC4

A-R?

Figure 11: The semi-positive cone of a linear transformation A : R” — IR is the intersection of

the non-negative orthant R’} with its image through A.

Proposition 6.43. If € R"} is an extreme ray of SPCg; if and only if Gz € R} is

an extreme ray of SPCg.

Proof. Since G? = I, G leaves invariant its semi-positive cone G - SPC; = SPC. Hence
the set of extreme rays of SPCs must have the same G-symmetry. Indeed, assume that x
is an extreme ray of SPC;. Assume there exist vectors g1, g2 € SPCq such that G(z) =
g1 + g2. Then z = G(g1) + G(g2). Since x is an extreme ray and G(g1), G(g2) € SPCq,
it = G(q1),G(g2) x x = g1,92 x G(x). Hence G(z) is an extreme ray. [

The above proof shows that the extremal rays of SPC; either satisfy Ga = a (i.e. they
are eigenvectors of the matrix G with eigenvalue 1) or they come in pairs (a, Ga).

Let us now make some general observation about the semi-positive cones of real matrices.
We shall specialize these results in the following subsection to the matrices GG corresponding
to the DNN, cones. The next observation is that the supports of the vectors defining the
extreme rays are severely constrained. Recall that the support of a vector v € C" is the set

of indices of the non-zero elements of v:

supp(v) := {i € [n] : v; # 0}.

We start with a slightly technical lemma.
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Lemma 6.44. Let X be a real n x n matrix and a € SPCx. Assume that there
exists a vector b € R such that the following conditions hold:

« the vectors a and b are not colinear, i.e. Ra # Rb
» supp(b) C supp(a)
» supp(Xb) C supp(Xa)

Then R a is not an extremal ray of SPCy.

Proof. Put

> 0,

€ := min min <|a7’|> min (‘(XCLM)
iesupp(a) |bl| 7 i€supp(Xa) | (Xb)l|
where we use the convention |z|/0 = +o00. Using the condition on the supports, we have

a £ eb € SPCx, which provides a non-trivial decomposition of the ray R a inside the
cone SPCy, proving the claim. [

For the main result of this section, we shall denote by X[J, I] the submatrix of X
consisting of rows indexed by J and columns indexed by I (here, ) # I,J C [n]). We
have

X[J,1]: RT - R’.

Theorem 6.45. Let [ and J be subsets of {0,1,...,n — 1}. Define the integer
function

Bx(I,J) := dimker X [J, I].
We have then:

1. If Bx (I, J) > 2 for some index sets I and J, then any vector a € SPCy with
supp(a) = I and supp(Xa) = J is not extremal in SPCyx.

2. If Bx(I,J) = 1 and ker X [J¢, I] is spanned by a vector v such that v > 0
entrywise and X[/, []v > 0 entrywise, then the vector a := vy @ Oje is
extremal in SPCx with supp(a) = I, and supp(Xa) = J.

3. Conversely, let a be a vector lying on an extremal ray of SPC y with supp(a) =
I and supp(Xa) = J. Then Sx(I,J) = 1 and ker X[J¢, I] is spanned by
ay > 0 entrywise which also satisfies (Xa); > 0 entrywise.
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Proof. We will make repeated use of Lemma 6.44 to show this theorem.

1. Assume Sx(I,J) > 2 and let @ € SPCyx be a vector with supp(a) = I and
supp(Xa) = J. Since dim(ker X[J¢ I])) > 2, there exists at least one vector
b € ker X[J¢, I]) not colinear to a. Hence, setting b’ := b; & 0c, we have

XV = X[J,1)b® X[JE, 1)b = X[J, []b& 0e,
thus supp(X?') C J. We can now apply Lemma 6.44, proving the first claim.

2. We only need to show extremality, all the other claims being clear. Assume, a = b+-c¢
where b, ¢ € SPCx. We know that supp(b), supp(c) C supp(a) = I and similarly
supp(Xb),supp(Xc) C supp(Xa) = J, hence by,c; € ker X[J¢, I]. Since the
kernel has dimension 1, b; and ¢; must be colinear with v and thus b, ¢ must be

colinear with a, proving the claim.

3. For an extremal vector a with supp(a) = I andsupp(Xa) = J, wehave X [J¢, I|a; =
0, hence 8x (I, J) > 1. Moreover, since a is extremal, it follows from the first item
in the result that Sy (I, J) < 2 = fx(I,J) = 1. The strict positivity follows
from the fact that « € SPCx and the support conditions.

The result above essentially tells us that, for every pair of subsets () # I, J C [n], there is
at most one extremal ray a of SPCx such that supp(a) = I and supp(Xa) = J. Moreover,
the pairs (I, J) of supports of extremal rays have to satisfy Sx (I, J) = 1. Therefore the
function Sy (I, J) contains very useful information about the possible supports of the
extremal rays of the cone SPCx.

Lemma 6.46. The function Sx has the following monotonicity properties with

respect to the inclusion partial order on index sets:

ICT = Bx(I,J) < Bx(I',J)
JCJ = Bx(I,J) < Bx(I,J]).

Proof. For the first point, assuming I C I’,ifv € ker X [J¢, I| thenv & 0p_; € ker X [J€, I'],
hence 8x (1, J) < Bx(I',J).
For the second claim, let v € ker X[J¢, I]. Since J'® C J¢, we have thatv € ker X [J'¢, I],

proving the claim. |
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We have implemented a Mathematica routine to compute the extremal rays of SPCy
for an arbitrary matrix X by enumerating the possible support sets, see [Gul25]. For

example, in the case of the matrix

O ik O

which was also considered in [HS20, Example 3.3], our code correctly identifies the extremal

rays and their support:

supp(a) | supp(Xa) a
{1} {2p | (
{2} 2,3} | (

{1,3} {1y |

(

=
—_
)

U=

[S—
S
N[ —

~—_ | ~— | — N

{2,3} {1,3}

6.6.3 Enumeration of extremal rays

—
Facets of DNN for small d

Using the Mathematica routine [Gul25] we implemented for generating the extremal rays

of semi-positive cones, we can generate the extremal rays of the doubly non-negative
—

circulant cone DNN,; for small values of d, by first computing the extremal rays of SPCq

for the matrix G and then embedding these vectors of IR” into the larger space R? using

the reverse basis change from Eq. (33); note the factor v/2 that has to be taken into account.

Note how the two vectors

0) =(1,0,...,0) and |e)=(1,1,1,...,1)
————
d—1 times

are extremal for all d > 2. We present our results below, for d = 2, 3,4, 5, 6.
Ford = 2

supp(a) | supp(Fa) | a
{1} {1,2} | (1,0)
{1,2} {1 | (@1
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supp(a) | supp(Fa)
{1} {1,2,3}
{1,2,3} {1}
supp(a) | supp(Fa)
{1} {1,2,3,4}
{1,2,4} {1,2,4}
{1,3} {1,3}
(1,2,3,4} | {1}
supp(a) | supp(Fa) a
1) {1,2,3,4,5)}
{1,2,5) {1,2,5} (1
{1,3,4) {1,3,4} (1
(1,2,3,4,5) 1} 1,1,1,1,1
supp(a) supp(Fa)
(1} {1,2,3,4,5,6)
{1,2,6) {1,2,3,5,6}
{1,3,5} (1,4)
{1,4) {1,3,5}
{1,2,3,5,6} (1,2, 6}
{1,2,3,4,5,6} 1} 1,1,1,1,1,1
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s
Analytical enumeration of facets of DNN, with small supports

oy
Although the cone DNN, has a polyhedral structure, the analytical enumeration of the
extreme rays of this cone is still a significant challenge for general dimension d. In this
. = .
section, we make some progress to understand the extreme rays of the DNN, cone which
have support of size 3 or its Fourier transform (equal to the rank of the corresponding

circulant matrix) has support of size 3.

Definition 6.47. For every I C [0 : d — 1], we define a facet of the cone

— —
DNNJ = conv{a € ext(DNNy) : supp(a) C I}.

Since extremal rays of facets are extremal in the cone, we have the following result.

—

Proposition 6.48. The extreme rays of the cone DNN{Z are also extreme rays of
——

the DNN, cone.

Lemma 6.49. For every subset I = —I C [d] and any positive integer k, we have
I ~ 1
DNN™> = DNNj.

Proof. The matrix G satisfies the scaling property, Gy, [mJ, I] = G|, J]. Since the
extremal rays depend only on ker(G),[J¢, I]), we can show that the cones are isomorphic
with

a € DNNJ «— b € DNN™J such that b,,,; = a; Vi € [d] and b, = 0 otherwise.

—
Proposition 6.50. In the case of trivial support I = {0}, we have DNN;{lO} =

cone{|0) }. Hence both |0) and e are extremal rays of the DNN,, cone. Moreover

these are the only extreme rays for DNNy and DNN.

Since the analytical enumeration of the extremal rays is a difficult problem, we pro-

vide some partial results when the supports of the rays are small. We look at the facet
H s .
DNN;{ZO’Z’d " for each i and d.
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—
Proposition 6.51. For i # d/2, the extreme rays of the DNNJ for I = {0,4,d — i}

are:
« Ry [0)
d(e¢,d . .
R (2 cos <gc(cll’)7T> 1, 1) if W‘Ii’d) is odd,
. {0,3,d—i}
R (1, 1, 1) if m is even.
{0,4,d—i}

where ged(p, ¢) denotes the greatest common divisor of two positive integers p, g.
For d even, and i = d/2 the extreme rays with the support I = {0,d/2} are
]R_|_(1, 1) and ]R_|_(1, 0)

% S
Proof. Let us start by considering the case i # d/2. The facet DNN(EO’z’d % is described
by the inequalities a9 > 0, a; = a4_; > 0, and ag + QCOS(QZU>CLZ' > 0 for all 5. Let

k = ged(i,d), and write i = ka and d = kb. We have then

. <27Tz'j> ) < 27Ta> ) <27rj> -1 if b is even
min cos|{ —= | = mincos|j+-—— | = mincos| —= | =
Jjeld] d jeld] b JE(b] b — coS (%) if bis odd,

where in the second equality above we have used the fact that exp (27ri%) is a primitive

root of unity. We conclude by plugging this minimum value in the inequality

o
ao/a; > —2 mincos( m‘]>‘
jeld] d

In the case of d even, 1 = d/2, we can use the fact that DNNilO’d/Q} = DNN%O’l} = DNNy

by Lemma 6.49.
[

—
Corollary 6.52. The extremal rays of the DNN; cone are exactly {|0) , e, a!), a(?)},

where

a(l) = (2 COS(TF/5)7 17 07 07 1) ) a(2) = (2 COS(W/E'))? 0’ 1’ 1’ O) '

Proof. These extremal rays have already been computed using computer assisted routine

based on supports in Section 6.6.3. We provide below a full analytical proof of this result.



6.6 CYCLIC MIXTURES OF DICKE STATES

By Theorem 6.45 we know that the unique extremal ray having full support is e; we get
for free its dual |0), see Proposition 6.43. The only other possible supports are {0, 1,4}
and {0, 2, 3}. These fall under Proposition 6.51, and we recover the vectors a12) which

can be rewritten as

a(l):(l,\/g_l \/5—1)7 a(z):<1707\/3—1’\/5—170)’

2 0,0, 2 2 2

obtaining expressions that match the results from the previous subsection. |

6.6.4 Geometry of separable states and entanglement witnesses

This section contains the exact description of the cones C?d for d < 5 and some partial

results for d = 6, 7. The main result is the complete characterization of the cone CP5 (and
P

also of its dual), that is not equal to the larger cone DNN5, see Fig. 14, which allows us to

construct examples of PPT entangled states.

Dimensions d < 4

In this case, the following proposition for the equality of the two sets (separable and PPT)

can be shown

T
Proposition 6.53. For d < 4, C?d = DNN: a circulant mixture of Dicke states is
separable if and only if it is PPT.

Proof. This follows from the more general statement in [TAQ 18, Yu16] that (general)
mixtures of Dicke states in local dimension 4 or less are separable if and only if they are
PPT. In turn, this is a consequence of the well-know fact that a matrix of size 4 or less is
completely positive if and only if it is positive semidefinite and entrywise positive [SMB21,
Theorem 3.35]. [

We display in Fig. 12 a slice through these cones, showing how randomly generated
elements from the @4 cone slice fill the polyhedron spanned by the 4 extremal elements
H .
of the DNN4 cone from Section 6.6.3.

Dimensiond = 5

In this section, we discuss the geometry of the set C?d in the simplest non-trivial case
e
d = 5. Indeed, for d < 4, since ﬁ;d = DNNy, the ﬁ;d cone is a polyhedron that was
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05

¢ L L L L 1 L L L L 1 X

0.5 1.0 1.5 2.0

—
Figure 12: The slice (2, x,y, z) through the cones DNN,4 = @4. In blue, 10 randomly generated
points inside C?Z;; in red, the 4 extreme points of DNN4 from Section 6.6.3 and the
polyhedral slice they generate

completely described via its (finitely many) extremal rays in the previous two sections.
For d > 5, the C?d cone has more complex structure inside the md which is still a
polyhedral cone. We shall completely characterize the geometry of the @5 cone and
its dual, providing a list of its (infinitely many) extremal rays. The main results of this
section are Theorem 6.58 and Theorem 6.60, which are summarized in Fig. 13 and Fig. 14
respectively. To discuss the more interesting cases of d > 5, let us first introduce in the

general case the dual objects needed in our analysis.

Definition 6.54. We can define the dual cone of C?d as follows:

(@d)* ={acR?: (a,(v+R)) >0 VveRL}

Recall that copositive matrices [SMB21] are the dual of completely positive matrices:
COPy:={Ac M$(R) : (v,Av) >0 YuecRL}.

The following proposition simply states that vectors in the dual of C?d correspond to

circulant copositive matrices; we leave the proof to the reader.



6.6 CYCLIC MIXTURES OF DICKE STATES

Proposition 6.55. We have

C? = circ Cﬁd.

CII’Cd N COPd)

Therefore, elements of COﬁd behave like entanglement witnesses for circulant mixtures
of Dicke states. An important example of a circulant copositive matrix is the Horn matrix
[HJN63]:

1 -1 1 1 -1
-1 1 -1 1 1
~1,1,1,-1)=| 1 -1 1 -1 1
1 1 -1 1 -1
-1 1 1 -1 1

H = circ(1, € COPs. (34)

Note that elements in COﬁd can have negative elements; there are however some simple

necessary conditions for membership in COBd that we gather in the following lemma.

Lemma 6.56. Let a € COgd. Then
«ag > 0;

« forall k € [d], 2ap + agx + a_9 > 0.

Proof. The result follows from the definition of the set COBd using vectors v of the respec-

tive forms:
cv =k

v =1k)+|-k).

One can define similarly the dual cone of DNN,:

(DNNy)* = circ™}(Circy N (PSDR + EWP,))) =: SPN.

We call such matrices circulant SPN matrices, where
SPN,; = PSDX + EWP,

is the cone of SPN matrices, see [SMB21, Theorem 1.167].
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-
Proposition 6.57. The cone SPNj5 has 4 extremal rays, generated by the following

vectors:

(0,1,0,0,1), (0,0,1,1,0),
(1, —cos(m/5),cos(2m/5),cos(2m/5), — cos(m/5)),
(1,cos(27/5), — cos(m/5), — cos(m/5), cos(2m/5)).

"
Proof. Recall from the previous sections that the DNN,; cone was defined via the conditions

a € R% and Fa € R%. Hence, there are at most 2(1 + |d/2]|) = 6 extremal rays of
—
SPN5:

(1,0,0,0,0),(0,1,0,0,1), (0,0,1,1,0), (1,1,1,1,1),

Y Y Y Y

(1, —cos(m/5),cos(2r/5),cos(2m/5), — cos(mw/5)),
(1,cos(2m/5), — cos(m/5), — cos(m/5), cos(2m/5)).

One can easily see that the first and the fourth elements in the list above can be obtained
by positive linear combinations of the four others and that the remaining four rays are

extreme. [ |

We characterize extremal circulant copositive matrices (or circulant entanglement wit-

nesses) in local dimension d = 5 in the result below, see also Fig. 13.

Theorem 6.58. Define, for 0 € R, the vectors

hg := (1, —cos 6, cos(20), cos(26), — cos ) (35)
hy := (1,cos(20), — cos 6, — cos 8, cos(26)). (36)

The extremal rays of the COgg, cone are given by:

ext COP5 = R, - {(0,1,0,0,1),(0,0,1,1,0)} Li{hg : 0 € [0,7/5]} Li{hp: 0 € [0,7/5]}].

Proof. Let us first show that the proposed rays are extremal. We start with the ray generated
by the vector (0,1, 0,0, 1), leaving the proof for the ray generated by (0,0, 1,1,0) to the
reader. First, note that (0,1,0,0,1) € SPN; C COPj since it is entrywise positive.

Consider a decomposition

(0,1,0,0,1) = a+1b, with a,b € CO|35.
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1.0+ \ ,,,,,,,,,,,

-1.5-

Figure 13: The slice (1,x,y,y,x) through the cones Sﬁ\l>5 - Cﬁ& The red dots
are the 2 extreme points (1,—cos(w/5),cos(2w/5),cos(2n/5), —cos(n/5)),
(1,cos(27/5), — cos(m/5), — cos(m/5),cos(2m/5)) of SPN5 belonging to this slice.
The red dashed lines correspond to the boundary of the (unbounded) slice. Solid green
curves correspond to the extremal rays of @5 belonging to this slice: hy and hy, for
6 € [0,7/5]. Dashed green lines depict the boundary of @5.

Using Lemma 6.56, we have ag, by > 0 hence ag = by = 0. Moreover, taking k = 1, we
obtain ag, bs > 0 and thus also ao = by = 0. We conclude that the vectors a is of the form
(0,a1,0,0,a1) and similarly for b, thus they are proportional to (0,1, 0,0, 1), proving the
extremality of the ray.

Let us now move on to the infinite families generated by the vectors hy and hj. Consider
the characterization of the extremal rays of the copositive cone from [Hil12, Theorem 3.1].
Note that the first infinite family we propose correspond to the choice 7'(1)) from [Hil12]
with ¢; = 6 € (0,7/5) fori = 1,2,3,4,5. The value # = 0 corresponds to the Horn
matrix (which is extremal [HJN63]), while the value § = 7 /5 will be addressed later in
the proof. The second family and the first family are conjugated by the (non-circulant!)

permutation matrix

10000
00100
0000 1,
01000
000 10

hence theses are again extremal rays by [Hil12, Theorem 3.1].
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To finish the proof, we need to show that the proposed family are the only extremal rays.
First, we claim that the only extremal rays a with ap = 0 are the ones in the statement.
Indeed, we have already shown that the slice ap = 0 of the C—Olgg, cone contains the
extremal rays (1,0) and (0, 1), in the (z,y) parametrization of the (0, z,y,y, z) slice.
A cone in IR? cannot have more than two extremal rays, proving the claim. To discuss
extremal rays with ag # 0 (hence ap > 0 by Lemma 6.56), we can restrict our attention
on the slice ap = 1, see Fig. 13. Using Lemma 6.56, we obtain x = a1 = a4 > —1 and
y = ao = a3 > —1. Hence, there are no elements of @5 (and thus no extreme points)
below the y = —1 and to the left of the z = —1 lines in Fig. 13. Let us now show that
(1,—1,1,1,—1) (i.e. the Horn point) is the only extremal point on the x = —1 line. This
follows from the fact that any other point (1, —1,y,y, —1), with y > 1 can be decomposed
as

(1,-1,y,9,—-1)=(1,-1,1,1,-1) + (y—1) - (0,0,1,1,0),

—_——

cext @5

hence it cannot be extreme.
Consider now the fact that (1,1,1,1,1) € @5, as it can easily be seen by considering
the convolution e * eR. Hence
(L, z,y,y,7) € @5 = ((1,1,1,1,1),(1,7,y,y,2)) >0 <= v+y > _;-
Graphically, this means that there are no (extreme) points of @5 strictly below the

slanted red dashed line x + y = —1/2 in Fig. 13. Let us now consider the (extremal) points
of COgg, lying on this line. Clearly the two points

hy 5 = (1, —cos(m/5),cos(2m/5), cos(2r/5), — cos(m/5))

and 77,5 = (1,cos(27/5), — cos(m/5), —cos(m/5),cos(2m/5)) are elements of @5
since they are (extremal) elements of SPN5. Note that they are the only elements of the
families hg, hy lying on this line, so they must be extremal (the contrary would contradict
the extremality of the other elements in the family); this proves the only remaining case
from the beginning of the proof. Since they are extremal, no other points on the line
x +y = —1/2 can be extremal, finishing the proof. [ |

For d = 5, as we only need three parameters to describe the cones of @d and md, it
is possible to visualize the complete cone after normalization. This visualization helps us
gain more intuition about the set of separable as well as PPT entangled states in d = 5.

To do this, we look at the convex set of SEP states as the section obtained by setting
ap = 2inthe @5 cone. Essentially, the convex set we obtain provides us all the information

as the any ray of the cone is Az where x is the extreme point of this set. From the last
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section, we know that the @5 cone can be described as the intersection of all the half-
planes parametrized by the parameter 6 € [0, 7/5]. In the next step, we explicitly calculate
the extreme rays of the cone generated by these half planes.

We shall need the following basic convexity lemma.

Lemma 6.59. Let K C IR? be a convex set. Consider a C! family (Pt)te(—1,1) of

extremal points of the dual, /; € ext K°, parametrized in a regular way such that

Let 9 € K be an element of K lying on the supporting hyperplane defined by h:
(ho, o) = 1. Then x( is extremal in K: xg € ext K.

Proof. Assume that 7 is not extremal in K, that is there exists A € R2, A # 0, such that
xo £ A € K. First, note that A cannot be colinear to x(:

1> (hg,z0 £ A) =14 (hy,A) = (ho,A) =0,
while (hg, z9) = 1. Define, for t # 0, &; := (hy — hg) /t. We have, for ¢ # 0:
1> (he, 20 £ A) = 14 H{6, 20 £ A).
Hence, we have

Vt € (—1,0) (0,0 =AY >0
vt € (0,1) (8¢, w9 =AY < 0.

Taking directional limits  — 0, respectively ¢ — 0, we obtain:
(00,20 £ A) =0 = (dp,z9) =0 and (dp,A) = 0.

This, together with the fact that g and A span R2, contradicts the assumption oy # 0,
finishing the proof. |

Theorem 6.60. Define, for § € R, the vectors

zg := (2co0s(20) +4,4cos6,1,1,4cosb)
zy = (2co0s(20) +4,1,4cos,4cosb,1).
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The extreme rays of the @5 cone are given by:

ext CPs = Ry - [{(1,0,0,0,0), (1,1,1,1,1),(2,1,0,0,1), (2,0,1,1,0)}L
{xg : 0 €[0,m/5]}L{xp : 0 € [0,7r/5]}}.

Proof. Nonzero elements a of the @5 cone must have ag > 0, so it is enough to study the
slice ag = 2 of this cone, see Fig. 14.
Let us first show that the points in the statement are actually elements of @ We have

1,0,0,0,0

(1,0,0,0,0) * (1,0,0,0,0)R

1,1,1,1,1

2,1,0,0,1
2,0,1,1,0

1
(1,1,1,1,1 (1,1,1,1,1)R

(

) *
(0 0,1,1,0) % (0,0,1,1,0)R
(0,1,0,0,1) % (0,1,0,0, 1)R.

( )
( )
( )
( ) =
For the infinite families, write, for all 6 € [0, 7/2],

Ty = v * U, with vg := (2co0s6,1,0,0,1) € R’..

Hence zy € C?5 forall 0 € [0,7/2] D [0,7/5]; a similar result holds for xj. See the solid
and dashed green curves in Fig. 14.
Let us now prove that the points in the statement are extremal. Since the coordinates of

elements of CP5 are non-negative, e is clearly extremal. Consider now the face
{acCPs: ((0,1,0,0,1),a) = 0}

defined by the extremal point (0,1, 0,0, 1) of the dual cone CO|35. Extremal points on this

face must satisty
vov4 + V1vg + VU1 + V3V + vav3 = 0, where v; > 0.

Since we can shift cyclically the entries of the v vector, assume vg # 0 =— v = vq4 = 0.
Moreover, one of v9 3 must be zero. Again, by cyclic permutation, we can assume v3 = 0.

Hence, this face consists of vectors
R 2 2
(U()a 07 V2, 07 0) * (UOJ 0; U2, 07 0) — (UO + Uy, 07 vov2, VU2, O)
Thus it is equal to the set

{(#,0,y,9,0) : 0 <2y <z}
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The slice x = 2 of this face is the segment y € [0, 1] so it corresponds to the extremal rays e
and (2,0,1,1,0). In a similar manner, considering the extremal hyperplane (0,0, 1,1,0) €
ext COPs5, one shows that (2,1, 0,0, 1) is also an extremal ray of @5. The ray supported
on (1,1,1,1,1) is an extremal element of DNN5 and an element of @5 so it must be

extremal in @5. For the continuous families of points, observe that
(ha,25) = 4(cos a — cos 3)*.
Hence, for all € (0,7/5), we have
vVt e (0,7/5) (ht,zg9) >0 with equality iff t=4.

Note that the slice corresponding to setting the first coordinate of the vector to 1 is
a convex set of R?, see Figs. 13 and 14. Thus, we can apply Lemma 6.59 to conclude
that the point zy is extremal (in that slice), using the fact that the family of extremal
hyperplanes (hf)tE(O,ﬂ /5)1s € L. The non-vanishing gradient condition is satisfied for the

chosen parametrization:
Vi(—cost,cos(2t)) = (sint,—2sin(2t)) #0 Vit e (0,7/5).

Finally, let us prove that the points in the statement exhaust the set of extremal points
of @5. This follows, on the level of the slice ag = 2, from the analysis of the faces defined
by the extremal rays of the dual cone C035, studied in Theorem 6.58:

(0,1,0,0,1) — 1-dim. face [z, (2,0, 1,1,0)]
(0,0,1,1,0) — 1-dim. face [x¢, (2,1,0,0,1)]
ho — 1-dim. face [z¢, (2,0,1,1,0)]
hy — 1-dim. face [x(, (2,0, 1,1,0)]
hy /5 — 1-dim. face [z;/5,(2,2,2,2,2)]
'o/5 — 1-dim. face [27 /5, (2,2,2,2,2)]

hy — 0-dim. face {zp}

hy — 0-dim. face {zy}.

e

Note that in Fig. 14, the region between the DNN5 and C?g) corresponds to quantum
S =

states that are PPT entangled. The two extremal DNNj5 rays that are not elements of CP5

play an important role as extremal PPT entangled states.
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Figure 14: The slice (2, z, y, y, =) through the cones (?5 - W\I@,. In blue, 10* randomly generated
points inside @5. In red, the 4 extreme points of mg, from Section 6.6.3 and the
polyhedral slice they generate. Solid green curves correspond to the extremal rays
xg and x for § € [0, n/5], while the three green points are the extremal rays in the
directions (1,0,0,0,0), (1,1,1,1,1), (2,1,0,0,1), (2,0,1,1,0). Dashed green lines
are non-extremal elements of CP5 corresponding to ¢ and x} in the parameter range
0 e (n/5n/ 2]. The two brown lines fill in the missing (non-extremal) part of the
boundary of @5.

Dimensionsd = 6 andd =7

In these cases, the cones (due to symmetry) can be described by 4 independent parameters.
When we normalize the first parameter (a9 = 1), we have a convex set to describe in
3 dimensions. Although we do not have the complete geometry of the Eﬁd cone, we
characterize in this section the geometry on the three faces of this convex set with a; = 0
fori € {0,1,2}. To do this, let’s define the face of the C?d cone,

CP = {z € CP, | suppw C I}

Looking at the slice of the @6, and @7 cones with ag = 1, there are 3 free parameters
that form a convex set. The next theorem completely characterizes these convex sets on
each such face. The proofs can be found in Section 6.8; we use that the fact that the 0 in

R

the vector restricts the possible supports of the terms = * 2" in the decomposition, making

it possible to characterize the duals completely.
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—

Figure 15: The slice (2, z, vy, 0, y, x) through the cones 636 and DNNg. In blue, randomly generated
points inside the CPg cone. In red, the four extreme points of DNNg on this face, and
the polytope they generate. The solid green curve is the continuous family of extremal
points, while the four other green points are also extremal. The PPT entangled states
are present in the small “corner” formed by the continuous family extremal rays of C?G

—
and the point (2,3/2,1/2,0,1/2,3/2) (which is the only extremal DNNg point that is
not in CPg).

Theorem 6.61. Let zy := (2cosf,1,0,0,0,1). The extreme rays of the faces

corresponding to a zero entry of ﬁﬁ are of the following form:
ext CP 245 — R [{ag#aff ¢ 6€ [0,7/3]}U{(2,1,0,0,0,1),(1,0,1,0,1,0),]0)}]

ext CROM3T — R, - {(2,1,0,0,0,1), (1,0,0,1,0,0), [0)}
ext CR#* — R, - {(1,0,1,0,1,0), (1,0,0,1,0,0), [0)} .

From Proposition 6.51, we can conclude that the latter two the faces of the EBG are
——

equivalent to the faces of DNNg as they have the same extremal rays. Hence, PPT en-

tangled states are present only on the face @é0,1,2,4,5}. In particular, X, ;i|¢0), With

—
a = (4,3,1,0,1,3) is PPT entangled (and the only vector in ext DNNg \ ext @6). In
Fig. 15, we show this face of the cone with ag = 2.

We now study the @7 cone. We postpone the proof of the following theorem that
characterises completely the facets of @7 to the Section 6.8.
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by a real parameter 6:

3) .

:cé (2cos(20) 4+ 4,4co0s6,1,0,0,1,4 cosf),

:cél) = (2cos(20) +4,0,4cos0,1,1,4cos0,0),

ZCé2) = (2co0s(20) +4,1,0,4cos 0,4 cos6,0,1).

Then the faces of the @7 cone can be completely characterized as:

Theorem 6.62. Consider the following continuous families of vectors parametrized

ext CPLO1258} _ R, . '{xg?ﬂ L0 e [0,7?/2]} U{(2,1,0,0,0,0,1),]0)}] ,

ext CPI02345} _ R, . '{xg” . 0e [O,7r/2]} L {(2,0,1,0,0,1,0),]0)}] ,

ext CRLOL346} _ R, . '{xg% L he [o,w/z]} U {(2,0,0,1,1,0,0),]0)}] .

Figure 16: The slice (2, z, v, 0,0, y, z) through the cones @7 (corresponding to separable matrices)

and DNN7 (corresponding to PPT matrices). In blue, randomly generated points inside
the face of the CP7 cone. In red, the four extreme points of DNN7 on this face, and
the polytope they generate. The solid green curve is the continuous family of extremal
points xég), 6 € [0, /2], while the three other green points (big green circles) are also
extremal. All the extremal md states (red dots) except |0) are not in C?d. For M7
and @7, all the other slices (2,0, z,y,y,%,0) and (2,v,0, z,z,0,y) are identical to the

one above, up to permutation of the coordinates.



6.6 CYCLIC MIXTURES OF DICKE STATES

s
We display the slice of @7 and DNN7 by setting ag = 2 (as ap > 0 for all non-zero

elements of this cone) in Fig. 16. We leave the question of describing completely @7 cone

for future work. Analyzing the geometry of the C? cones discussed in this section, we

arrive at the following simple result (see also Fig. 17).

Theorem 6.63. For every dimension d, and for the slice agp = 1 there exists a ball
—
of radius ¢ > 0 around the point |e) = (1,1,...,1)" € @d such that all DNN,

vectors in this ball are also in CP.

Proof. Define the vector |z). = |e) + (0,¢,¢,...)". Then, we can do the following
computation

) )R = () + (0,2,2,..) ) % (le) + (0,2,2,..) )"
= Je) +e(d—1) |e) +2(d, (d—2), (d = 2),...,(d—2)) |

Rewriting this, we have:
@), # |o)R = ((d+ (d—1)e) + de?) |e) — £2(0,2.2,...,2) .

By definition, this vector belongs to C?d for alle > —1. Let us define:

2 2¢” >0, Ve>0
8'_d+(d—1)g+de? Ve

T
Then, for any € DNN; such that the Euclidean norm ||z — |e) ||2 = \/Zg__ll lz; — 12 <

£, we can ensure that x admits a C?d decomposition. [ ]

Remark 6.64. This result is analogous to the existence of a ball of separable matrices
around the maximally mixed state p = 1 /d [GB02]. Determining the maximum
radius of such a ball for the C?d, as a function of the local dimension d, remains an
open question. Notice that the previous result cannot be obtained from the result in
[GB02] because X, /g ¢yc/a 7 1/d.

We finally present in Fig. 17, a partial geometry of the @7 cone using the previous

results, leaving the full case to be addressed in future work.
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—
Figure 17: The figure shows the (2, z,y, 2, z, y, x) slice of the the 637 and DNN7 cone. The polytope
A
with the red edges/red vertices is the slice of DNN7. In blue, the faces with zeros of the
(:?7 cone and randomly generated points on the faces of C?T The geometry of the bulk

is an open question.

6.6.5 Detecting PPT entangled mixtures of Dicke states

In this section, we address the question of detecting PPT entangled mixtures of Dicke
states, which is equivalent to detecting if a matrix does not belong to the CP cone. Note
that we address here the general (i.e. not circulant) case, using techniques for the circulant
case developed in this paper. This question has been addressed in the some of the previous
papers relating entanglement and completely positive matrices, see e.g. [TAQ"18]. We
propose a new strategy to do this, by first projecting the matrices into the circulant subspace,

and then testing if they are in not in CP,.

Definition 6.65. We define the projection to the circulant subspace as P,
M4(C) — Circg(C) as X + 5, P7FX Pk,

Itis easy to check that this operation preserves all the cones P,;(CP;) C CP4, P;(DNN,) C
DNNy and also their duals P;(SPN;) € SPN, and P;(COP,;) C COP,. This allows us to

conclude the next proposition,
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-
Proposition 6.66. Let a € DNNd\C?d. For any matrix X € DNN, such that

—
circ 1 (Py(X)) = a, we have that X ¢ CP,. Similarly for a € COBd\SPNd, for
any matrix X € COP such that circ ™! (P;(X)) = a, we have X ¢ SPNj.

Example 6.67. In [TAQ " 18], it is shown that the following 5 X 5 matrix is not in
CPs:

11001
12100
A=101210
00111
1001 3

We can recover this result using Proposition 6.66 as follows. First, project the matrix
A to the circulant subspace and extract the vector a = (9,5, 0,0, 5). We claim that
a ¢ (:?5. Indeed, since a has a zero coordinate, it lies on the z axis in Fig. 14, with
z = 10/9. We note that 1 < 10/9 < /5 — 1, proving the claim. Since a ¢ @5,
we conclude by Proposition 6.66 that A ¢ CPs.

6.7 CONCLUSION AND FUTURE DIRECTIONS

We introduce and investigate bipartite mixed quantum states with local cyclic sign invari-
ance. By leveraging the associated symmetry conditions, we show that these matrices
can be parametrized in terms of triples of vectors. Exact conditions are derived for these
vector triples to ensure that the corresponding matrices lie within the cones of positive
semidefinite matrices and the PP T matrices. For vector triples, we define the concept of
Circulant Triplewise Complete Positivity (ﬁ), which provides a comprehensive charac-
terization of separability. This framework enables the construction of simple examples of
PPT-entangled states in all dimensions d > 3. In the context of mixtures of Dicke states,
the PPT is shown to correspond to the semi-positive polyhedral cone of the Fourier matrix.
We further establish new results regarding semi-positive cones and their supports, which
may have independent significance for developing algorithms to enumerate extreme rays
of these cones. One of the principal contributions of our work is the complete analytical
characterization of the PPT and the set of separable states for d < 5 in mixtures of Dicke

states with cyclic symmetry. Substantial progress is also achieved for the cases d = 6 and
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d = 7. Several examples of entangled mixtures of Dicke states available in the literature

can be detected using the methods outlined in Section 6.6.5.

This work opens numerous avenues for future research. A key open problem is to
understand the cone of circulant TCP vectors and to derive some better conditions for
membership in this cone. This might be essential to provide new techniques to resolve the
PPT? conjecture for channels with cyclic sign covariance. The concept of factor width
of PCP/TCP cones, introduced in [SN22a], has already been instrumental in proving the

conjecture for DUC maps and is likely to play a significant role in addressing this problem.

Since Choi’s discovery of the first example of a positive non-decomposable map in the
1970s, there has been sustained interest in understanding its generalizations, particularly in
light of their connections to Entanglement Theory. In this work, we observe that all Choi-
type maps are special cases of a broader class of maps defined by cyclic sign covariance
property. A comprehensive characterization of positive maps within the class of cyclic

sign-covariant maps could enable further generalizations of these results.

Furthermore, it would be valuable to explore the entanglement properties of states
invariant under other semi-direct product constructions with the diagonal orthogonal
group. These additional symmetry constraints impose further structure on the matrix
triples (A, B, C) defining the LDOI states [SN21]. A particularly intriguing research
avenue is to investigate the relationship between symmetry and PPT entanglement,
particularly how much symmetry can be imposed on quantum states while ensuring
the presence of PPT entanglement. As far as we are aware, the hyperoctahedral states
[PJPY24] are the most general class of invariant states for which the PPT condition implies
separability, see Table 13 for reference. Is there even a larger class of states where this is

true?

Acknowledgments. We would like to thank Sang-Jun Park for many insightful discussions
and Jens Siewert for directing us to reference [SBSGS22]. A.G. and I.N were supported by
the ANR project ESQuisses, grant number ANR-20-CE47-0014-01. A.G is also supported by
the EUR-MINT doctoral fellowship. S.S. is supported by the Cambridge Trust International
Scholarship

6.8 GEOMETRY OF SEPARABLE CYCLIC MIXTURES OF DICKE STATES FORd = 6,7

Recall that a circulant graph is a graph such that its adjacency matrix is circulant. A
circulant graph with a connection set / = —I on d vertices has edges 7 <> ¢ ® s where
s € I. We denote this graph by C’é . We do not consider graphs with loops so 0 ¢ I. We
display in Fig. 18 the example of the circulant graph 051 A,
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2 3

Figure 18: A cycle on 5 vertices is the circulant graph C’;A. The connection set I = {1,4} signifies

that the vertex 0 is connected to vertices 1 and 4 = —1.

A vertex cover of a graph is a subset of vertices such that every edge is incident to
at least one vertex of this set. A clique of a graph is a subgraph that is complete. A
maximal clique is a clique that is not contained in any strictly larger clique. Vertex covers
correspond to cliques of the complimentary graph. For more details on graph properties,
see [BM08, Die24]. Using this, we prove an important lemma that uses the fact that when
the support is not full, any element z * 2% € C?d will have only some allowed possible
supports for supp (). This approach is inspired by the results in [BSM03] about completely

positive matrices, and A-free graphs.
Lemma 6.68. For all terms z * z% € CPL , the supp(x) is a clique in the circulant
graph with the connection set C’é\{o}. Therefore,

@gl = cone{x * o> 0, supp z is contained in a maximal clique of Cé\{o}}

Moreover, z * 2% = Plx x (P'2)R where P! = circ(|1)).

Proof. We denote I¢ = [d — 1]\ . Let us denote a := x * 2R e C?cll Since the support of
a is I, this means that means that a; = 0 for all [ € °. Using the fact that these terms
are non-negative, this means that x;z;,; = 0, so either z; = 0 or z;;,; = 0 for all [ € I°.
Consider now C°, the circulant graph on d vertices labeled as [d] with the connection
set /. Recall that the edges of this graph connect the points ¢ <+ 7 4 [. Let there be
some assignment of 0 to z; such that a; = 0 for [ € I°. It will imply that there exists
a vertex cover of the circulant graph where z; = 0. Recall that the complement of the
vertex cover of graph is clique of the complementary graph. Moreover, we can show that

oMo}

if supp() is a clique of the graph C;''"”, then supp(z * 2R) € I. In case of circulant
graphs, (C’dc)c = C’é\{O}. Therefore, the support (non-zero entries) of x is any clique of

the circulant graph C’é . Since all cliques are contained in maximal cliques, we are done.
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The second statement follows from the fact that Pl * (PZ:L’)R = Y TipTipl—k =
S Tz = @ * X for all z. u

Notice that since the cone @CIZ does not have full support, the relint in the real vector
space of symmetric vectors, Q7™ := {a € R? : a = aR} is empty. Since we will
be computing the polar dual of this cone, we start by defining the the vector space that

accurately captures the dimensions of these faces of the C?d cone:
Qr = {z € R?: x = 2R such that supp(z) = I}.

For any index set /, the dual of the cone @?l will be computed in the space ()7 and not
with respect to the vector space Q3". We will use the following important result called

the Fejér-Riesz theorem, with important contributions by Szeg6 [Fej16, RN12].

Theorem 6.69. Let a = (ag, a1, a, . .., aq) satisfy the following inequality for all

0:
d
> ay cos(kf) > 0.
k=0
Then there exist coefficients cg, c1, . .., c; € IR such that

d—k
ajp = Z CiCitk-
j=0

Define the following continuous families of vectors:

hég) := (1, —cos b, cos(20),0,cos(20), — cos 0)
zg:= (2c0s6,1,0,0,0,1).

We can state now the main result of this appendix, regarding the dual of the face of the

C?G cone given by setting to zero the fourth coordinate.

Theorem 6.70. The extremal rays the cone (C?é)o corresponding to the face given
by I = {0,1,2,4,5}, are:

3
o {RyAy )}OG[O,W/Zi]
. R.(0,0,1,0,1,0)

- R.(0,1,0,0,0,1)
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Proof. We first begin by analyzing the graph C{ for I = {1,2,4,5}. We observe that
all the maximal cliques of this graph are of the form {0, 1,2} @ p; and {0, 2,4} @ ps for

P1,P2 € {07 17 .- 75}

3

Figure 19: The graph C’é 2

By defining

K1 := cone{z %2R : 2 >0, supp(z) C {0,1,2}}
Ky := cone{z * 2R : 2 >0, supp(z) C {0,2,4}}

we can use Lemma 6.68 to show that, C?[ = K1 + K>. Using the results about convex
cones in Theorem 6.11, it follows that (C?é )¢ = K{ N K3. We claim that the following is

true
Ky =cone{a € Qr : a >0, (hé‘o’),a) >0 V8e|0,m)}. (37)

This is easy to see. The elements of K are of the form z * 2R for z = (co,c1,¢2,0,0,0)
(which has the support {0,1,2}) for ¢, c1, co > 0.
a:=zxx" = (A + 3+ A, cocr + crea, coca, 0, coca, coct + c162).
Each such vector satisfies the inequality,
(B) \_ 2., 2., 2
(hy”’,a) = cf + cf + ¢ — 2(cocr + c1e2) cos O + 2¢pca cos(26)
. on12
= Re ’co — 01610 + 026129’ >0

R are non-negative for x > 0. This is also true for any element K7,

and elements x * x
which is just a sum of elements of this form. Now assume that some vector a € (J; that

satisfies @ > 0 and also the continuous family of inequalities
Vo € [0,7), ((1,—cos b, cos(20),0,cos(20), — cosb),a) > 0.

By the Fejér-Riesz Theorem 6.69, we can write a = (cg, ¢1, ¢2, 0,0, 0) * (co, c1, ¢a, 0,0, 0)R
for ¢; € R. Since a > 0, we have that all the parameters ¢; > 0 or ¢; < 0. In the first
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case, it shows that a € Kj. In the latter case, we can flip all the signs to show that

a = c*c® = (—c) x (—c)R € Kj, proving the claim in Eq. (37).

Eq. (37) implies that the dual cone (remember that the duals are taken in ()7) of K7 is
given by the inequalities defining K itself:
K7 = cone { {1 }gefom) U1(0,1,0,0,0,1),0,0,1,0,1,0)}}.

For 6 € (0,7/2), note that

3= +2c0s0-(0,1,0,0,0,1).

T—

h
We now claim that (see Fig. 20, left panel, black curve)

ext Kf = cone {{hég)}QE[O,W/Q] L {(07 17 07 07 07 1)7 (07 07 ]-7 07 17 O)}} :

The “C” inclusion is clear. Fix § € [0,7/2). To show that hé‘g) is extremal, assume
hy = S A 4 11(0,1,0,0,0, 1) + (0,0, 1,0, 1,0) with A;, s1; > Oand6; € [0,7/2).

Considering the scalar product with
zgxxly = (24 4cos’0,4cos0,1,0,1,4cos6),
we get:

0= (hég), Lo * L)

=Y Ai(hg), zg* xy) + p1((0,1,0,0,0,1), 2 % ) + 12((0,0,1,0,1,0), zg * z§)
1

="\ -4(cos0; — cos0)% 4 g - 8cos b + g - 2.
{

This implies ; = 6 for all i and us = 0; the case § = 7/2 can be easily dealt with
(3)

separately. Thus, i, is extremal. The extremality of the rays generated by the vectors
(0,1,0,0,0,1) and (0,0,1,0,1,0) follows easily from their zero-pattern.

Let us analyze now the cone K9 and its dual. The elements of K5 are of the form x x R

for x = (¢p,0,¢1,0,c2,0) with ¢p 12 > 0. Expanding this, we have

a:=x*a" = (0(2) + c% + C%, 0, coc1 + c1ea + eac, 0, coer + c1c2 + cacp, 0).
Such vectors a are of the form a = (ag, 0, a, 0, ag,0) and satisfy ap2 > 0and ap > ao.
Conversely, it is easy to see that any such vector a satisfying these inequalities can be
factorized as a := z * 2R with z € Q1, * > 0. Therefore, Ko = cone{a € Q7 : a >
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0 and ag > as} hence its dual (in @7, which is the vector space of b € R® with b3 = 0) is

easily computed:
K3 = cone{{(1,2,-1/2,0,—1/2,2) : 2 € R} U{(0,1,0,0,0,1),(0,0,1,0,1,0}}

Note that support of K is a strict subset of the support of K7, and the dual of K is not
pointed. Putting everything together, we arrive at the following result,

ext(CPL)® = ext(K? N KS) = {]I{+h( )}0 oy RE(0.1,0,0.0.1) Ry(0,0,1,0.1,0)},
c|0,m

hence completing the proof. We plot in Fig. 20 the illustration of the geometry of the slice
(1,2,9,0,y, ) of this cone. [ |

Theorem 6.71. The extremal rays the cone C?I , corresponding to the face given
by I = {0,1,2,4,5}, are:

. (1,0,1,0,1,0)
. (1,0,0,0,0,0)
. (2,1,0,0,0,1).

. xg*ngorGE [0, 7/3]

—
Proof. The first three vectors are extremal as they belong to ext DNNg and have the
following C?g decompositions

(1,0,1,0,1,0) = 1/3-(1,0,1,0,1,0) = (1,0,1,0,1,0)R

(1,0,0,0,0,0) = (1,0,0,0,0,0) * (1,0,0,0,0,0)R
(2,1,0,0,0,1) = (1,1,0,0,0,0) % (1,1,0,0,0,0)R

For the continuous families of points, observe that
(h(3), 25) = 4(cos a — cos B)*
Hence, for all 6 € (0,7/3), we have
vVt € (0,7/3) <h§3),:)§9> >0 with equality iff t=4.

Note that the slice corresponding to setting the first coordinate of the vector to 1 is

a convex set of R?, see Fig. 15. Thus, we can apply Lemma 6.59 to conclude that the
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point xy is extremal (in that slice), using the fact that the family of extremal hyperplanes
(h,§3))te(0’ﬂ /3) 1s C'. The non-vanishing gradient condition is satisfied for the chosen

parametrization:

Vi(—cost,cos(2t)) = (sint,—2sin(2t)) #0 Vit e (0,7/3).

L—

e
N
1
/}/
i
N
e
x
N
1
1
N
EN

-2t -2f

(a) (b)

Figure 20: Visualization of the geometry of the slice (1, z,y,0,y, ) of C?g cone. The left panel
shows the individual boundaries of the slices of K7 (black) and K35 (red, dashed), while
the right panel highlights their intersection (green boundary) and its relation to ﬁﬁ
(blue boundary)

Similar computations can be done for the faces of the cone d = 7. We provide the basic

steps needed for characterizing the geometry of the face C?% for I ={0,1,2,5,6}. Again,

we proceed by looking at the maximal cliques of the graph C’}{m} and using Lemma 6.68.

3 4

Figure 21: The graph C’él’z}
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2

Figure 22: The following figure describes the slice (1,x,y,0,0,y, z) of the @7 cone. In green, we
—
have the boundary of the cone C? In blue, we have the cone SPN7 which is the dual
of the cone DNN7

The maximal cliques of the graph are {0, 1,2} @ pforallp € {0,1,2,3,4,5}. Using the
same arguments as for the @6 con, one can show that the dual cone (w.r.t. the space ()7)

is completely characterized as

ext(CPLY° {1R+h U{R.(0,1,0,0,0,0,1),R.(0,0,1,0,0,1,0)}

'}

60,7 /2]
where h( v = (1,cos0,cos(20),0,0,cos(20), cos §). This allows to completely deter-
mine the face of the cone C? By defining vy := (2cos 6, 1,0,0,0,0, 1) it can be shown
that for I = {0,1,2,5,6}

ext CPL = {m(vgwg)}g oy DR 100 R4 (2.1,0,0,0,0,1))
€0,

which is shown in the Fig. 16. Moreover, the following graphs are isomorphic C’%{w} =

, allowing for the same computations to be done for all faces.
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Rank-based entanglement detection
for bound entangled states

This is the reproduction of the article Rank-based entanglement detection for bound
entangled states by Aabhas Gulati. Phys. Rev. A 113, 022415 (2025). [Gul26]

7.1 INTRODUCTION

With the advent of quantum information, entanglement is now recognized as an essential
resource, enabling tasks such as quantum cryptography [Eke91], quantum teleportation
[BBC 93], and measurement-based quantum computation [RB01]. Despite significant
progress in this field, the theoretical understanding of entanglement in mixed quantum
states remains challenging. Even the fundamental question of deciding if any given mixed
quantum state is entangled or separable is NP-hard [Gur03, Ghal0]. This fact alone points
to a fundamental hardness in detecting entanglement in arbitrary states, implying that
a complete characterization in terms of necessary and sufficient conditions that can be
checked efficiently is unattainable (of course, unless P=NP). Still, several algorithms whose
complexities scale quasi-polynomially in the system size have been developed [BCY11].
The complexity of this problem led to the strategy of necessary separability criteria, such
that any state that violates any of these criteria is certainly entangled. Many such criteria
to detect entanglement in mixed quantum states have been identified; for a comprehensive
review, see [GT09].

The PPT (Positive under partial transposition) criterion, [Per96], sometimes also referred
to as the Peres-Horodecki criterion, is arguably the most popular criterion to detect
entanglement. This test can be applied to quantum states by checking if the matrix
obtained by partial transposition on one subsystem is positive semidefinite. If not, the
state is entangled. Surprisingly, this test is also sufficient in two-qubit and qutrit-qubit

systems [Ste63, HHH96]. In quantum systems of other dimensions, there exist states
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that are PPT but are still entangled. The first few examples of two qutrit and a qubit-
ququart were constructed in [Hor97]. The PPT criterion is also sufficient for the class
of quantum systems with complete unitary symmetries, the Werner states, the isotropic
states [VWO01], and their generalizations with weaker symmetries [PJPY24]. Although
the PPT criterion originally had purely mathematical motivations, the states that are PPT
entangled were found to satisfy quite interesting physical properties. Particularly, these
states cannot be converted into pure entangled states under LOCC operations [HHH98],
a fact that is intimately connected to the fundamental irreversibility of entanglement
[VCO01]. For this reason, they are sometimes called bound entangled states. Although
for high enough dimensions, random-matrix arguments imply that these states have
significant volume for some chosen noise thresholds [ASY14, LDB25, NP25], the systemic
construction of examples of PPT entangled states remains open, and highly researched
[Bre06, SHB 12, PM07, Sin21, GWKB23]. Recently, some bound entangled states with
high Schmidt numbers were also constructed in [PV19, HLLMH18, KG24].

In this article, we present a new technique in entanglement detection, which we use
to find novel examples of PPT entangled quantum states. We do this by making useful
connections between PPT entanglement and the so-called “rank-1 generated property"
for conic subsets of positive-semidefinite (PSD) cones. This area of research has been
prominent in matrix analysis and optimization theory, see, for example, [AKKW23, Hil16].
It is well-known that the convex cone of PSD matrices has extremal elements of rank-1, and
any element in the PSD cone is a finite sum of such rank-1 elements. In general, this is not
true for conic subsets of PSD, i.e, by imposing appropriate constraints on the matrices, the
ranks of some of the extremal elements of the corresponding conic subset can be strictly
greater than 1. Many examples of such conic subsets can be found in [AKKW?23, Hil16].
In general, this problem is usually understood on a case-by-case basis [AKKW23], and
only a few general conditions for a cone to satisfy this property are known, only when the

number of constraints is small.

Let us briefly summarise our approach here: We map the bipartite PPT states to a
constrained PSD convex cone that is not rank-1 generated. The main observation is that
whenever a state is separable, this mapping results in a rank-1 generated matrix, i.e, a sum
of only rank-1 elements of a constrained PSD cone. As we show, this provides a non-trivial
necessary condition for separability, since any matrix that is mapped to any element that
is not rank-1 generated can only arise from a PPT entangled state. To test the validity of
the considered approach, we provide constructions of such a mapping to convex cones
where the rank-1 generated property has already been studied in the literature, and for
different faces of the PSD cone, we can detect PPT entangled states. Although the core

idea of the method is quite simple to state, we achieve a wide variety of constructions
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within this approach, with a high number of free parameters. In effect, this approach is
analogous to the range criterion for entanglement, which detects PPT entangled states in

various cases, but is not as easy to compute for arbitrary states.

We now provide the outline of this article. In Section 7.2, we discuss the preliminary
topics to understand this article. In particular, we focus on separability of quantum states,
local diagonal orthogonally invariant (LDOI) states, the rank-1-generated property of
convex cones, and some graph-theoretic notions. In Section 7.3, we discuss the core ideas,
along with the main result in Theorem 7.15, that provides a method to detect entanglement
by checking whether an element in a convex conic subset of PSD is rank-1 generated. In
Section 7.3.1, we show that the method can be applied to successfully detect entanglement
in various families of states, and construct PPT entangled states in high dimensions and
with a large number of parameters. These families of states we construct are connected to

conic subsets of PSD for which the rank-1-generated property is well-studied.

7.2 PRELIMINARIES

7.2.1 Notation

The sets of complex, real, and non-negative real numbers will be denoted as C, R and R
respectively. Let [d] denote the finite set {1,2...d}. We adopt Dirac’s bra-ket notation to
denote vectors, elements of IF? where IF € {R, C} and, the notation ]R‘_iIr will denote the
set of d dimesional non-negative vectors. We denote the standard basis vector ¢; € C?
with the ket |i), and its dual vector, e} as (i|. For vectors v,w € C¢, the linear map
vw* : C? — C? is written as |v)(w|, and it represents a rank-1 matrix. To denote complex,
and real matrices of size d x d’, we use the notation M  and, M #(IR), respectively.
If the dimensions d = d’, we shorten it to M, := M, 4 and to My(R) := M, 4(R).
The rank and range of a matrix will be denoted by rk(A) and ran(A), respectively. The
set of self-adjoint matrices is denoted by M?'. The set of complex (resp. real) positive
semidefinite matrices is denoted as M (resp. M (IR)) and the set of matrices with
non-negative entries as M (R4 ). For bipartite positive semidefinite matrices, we use
the notation, (Mg ® M)+, We use supp(v) to denote the support of the vector v € C,
i.e, supp(v) := {i € [d] | v; # 0}. We use ® to denote the entrywise product of vectors
(v®w); := v; - w; and matrices (A ® B);; := Aj; - Bij. We use I, and J,, to denote

n X n identity matrix, and all ones matrix, respectively.
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7.2.2  Convex analysis

In this section, we provide a brief introduction to convex analysis. As is usual in mathe-
matical literature on entanglement theory, we work with convex cones rather than convex

sets. Consider the following definition.

Definition 7.1 (Convex cones). Let V' be a real vector space. A convex cone C is a

non-empty subset of I having the following two properties:
« Ifz €Cand A € Ry = [0,00), then Az € C.
e Ifz,y e C,thenx+y €C.

In particular, 0 € C.

The cone C is said to be pointed if C N (—C) = {0}; in other words, C is pointed if it
does not contain any line. The important elements of a convex cone are those that cannot
be decomposed into other ones, called extremal rays. For a vector v # 0, the half-line
Ryv:={ v: € Ry} CCiscalled an extremal ray of C (we write Riv € ext C) if

v=x4+y withzr,ye(C = z,y € Ryv.

The set of non-negative matrices, M (IRt ), and the set of positive semidefinite matrices,
M, are two well-studied convex cones in the literature. The extreme rays of both
these cones can be completely characterized, as ext M = {Rj|v)v||v € C?} and
ext Mg(R4) = {IR4|i)(j|}i ; respectively. Moreover, the extremal rays of both these

cones consist only of matrices that are rank-1.

In this article, cone(X ) denotes the smallest convex cone containing X. We call this
the cone generated by the set X. In finite-dimensional vector spaces, a closed convex
and pointed cone is generated by its extremal rays [Roc70], but the same result is not

necessarily true for infinite dimensions.

Definition 7.2. Let C be a convex cone. Then, the convex sub-cone F C C is called
a face of C, if for any element o € C, and for all decompositions, & = a1 + a9 such
that both a1, ag € C, it implies that a1, a0 € F.
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This means that any element in the face of a convex cone has a possible conic decom-
position only into the elements of the face itself. An extremal ray of the cone is a face of
dimension 1.

For the PSD cone, it is well-known that the faces have a one-to-one correspondence
with the subspaces of C?. This result can be found in [Bar25, Corollary 12.4].

Theorem 7.3. The following statements are true :

1. Let L be a linear subspace of C¢, then,

Fr:={A € M |ran(A) C L} (38)

is a face of the PSD cone.

2. Any face of the PSD cone is of the form F7, for some linear space L.

3. Let X € ./\/l;; Then, F

ran(X) 1s the smallest face containing X..

Rank-1 generated cones: Let £ := {M; € M5}, be a finite set of complex self-adjoint

matrices of size d X d. Let us define the convex cone of PSD matrices with linear half-space

constraints,

MI(L):={XeM}| VM eL, (M,X) >0}

To deal with the case of (M, X) = 0, we can also impose the constraint —M along

with M, since,
(M, X)>0and (M,X) <0 < (M,X)=0.

If £ is the empty set, M;{(ﬁ) corresponds to the full set of PSD matrices ./\/l;lIr Since
M (L) € M, any rank-1 element of the the M (L) is an extreme ray of M} (L), as
it is extremal in the larger cone MC}L. For /\/l;r matrices, we know that all the extremal
rays are only rank-1 elements. This result is not true generally for the cones ./\/l:lr (L),
which may have extremal rays of higher rank.

We now focus on the rank-1 generation property of convex conical subsets in PSD. Any
such cone is said to satisfy the rank-1 generated property if all the elements in the cone
have a conic decomposition into rank-1 elements. Formally, for every convex matrix cone
C C M, let R1[C] denote the cone generated by its rank-1 elements.

R1[C] := cone{|v)v| € C}. (39)
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Definition 7.4 (Rank-1 generated cones). A matrix cone C is said to be rank 1

generated if

R1[C] = C. (40)

Clearly, the PSD cone satisfies Eq. (40), and is rank-1 generated.

We consider an example of a conic subset of 2 x 2 PSD matrices in which the rank-1
generated property does not hold. Recall that 2 x 2 PSD matrices with trace 1 can be
mapped to the bloch sphere in R? with the coordinates,

ry = (X,0),
ry = (X, 0y),
r, = (X,0.).

Let us consider the following set of self-adjoint matrices,
;C :: {0-2, _0-27 0‘3’;7 ay}
For the set M} (L), this corresponds to the half-space constraints,

ry > 0,
ry > 0,

r, = 0.

In Section 7.2.2, we represent the set of matrices satisfying these constraints, Mj (L).
Note that the rank-1 elements lie on the boundary of the sphere, and hence, R1[M] (£)] C
ME(L).

Any closed, convex, and pointed matrix cone is rank-1 generated if and only if all the
extremal rays of the cone are rank-1. We phrase it as the next lemma.

Lemma 7.5. A closed convex cone C C ./\/l;lF is rank-1 generated if and only if

ext C consists of only rank-1 elements.

Proof. ( = ) To prove the implication, we assume that R;[C] = C, i.e C is rank-1

generated. Let there be any element X in ext C. Since the cone is rank-1 generated, by
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Figure 23: We plot the slice of the (normalised) Bloch sphere with r, = 0 and represent the
constraints r, > 0 and r, > 0 in (light purple and light green, respectively). The

extremal points (points on the boundary of the sphere) are the rank-1 extremal elements.

The region in pink is the set M (£) and in orange is the R1[M ] (£)].

definition, there exists a decomposition of X = >_;. X} such that each X}, is rank 1. Also,
since X is extremal, we have X} o< X for all £ which implies X is rank-1.

( <= ) We assume that the extremal rays of C are rank-1. Then the proof follows
from the fact that a closed convex pointed cone is the convex hull of its extreme rays
[Roc70]. [

The rank-1 generated property of matrices is related to problems in optimisation theory,
see [AKKW23] for more details.

7.2.3  Graph theory

A (simple and undirected) graph GG consists of a finite vertex set V, and a finite set
E of two-element (unordered) subsets of V, which is called the edge-set. For k > 3,
a k-cycle in a graph is a sequence of edges {vg, v1}, {v1,v2}, ..., {vr_1,v;} such that
V] # U2 # ... # vk, and vg = vg. 3-cycles in a graph are called triangles. A graph which
does not contain any triangles is called triangle-free (or triangle-free). A graph is termed
cyclic if it contains a cycle and acyclic otherwise. A graph is called chordal if all cycles of
size > 4 have a chord, i.e, an edge connecting two vertices not in the cycle. The adjacency
matrix Ag € M4({0,1}) of a graph G on d vertices is defined as follows: diag Ag = 0
and (Aq)ij = (Ag)ji = 1if {4, j} is an edge for i # j. (Implicitly, (Ag)ij = (Ag)ji =0

otherwise for ¢ # j). The adjacency matrix is hermitian, and for isomorphic graphs G
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and H, the adjacency matrices are related as P (Ag) P* = Ap. where P is a permutation

matrix.

Figure 24: The figure represents a cycle of the graph v1 — vo — v3 — v4 — v1 and v1 — v3 is the
called the chord of the graph.
U1 V2

V4 U3

7.2.4 Separability, PPT and PPT-edge states

Definition 7.6 (Separability and Entanglement). A bipartite positive matrix p €
My(C) @ My4(C) is said to be separable if
N
p =2 |vi)vi| ® |wi}wi|

1=1

for some finite set of vectors |v;) , |w;) € CY, and it is said to be entangled otherwise.

We denote the convex cone of all separable matrices in M;(C) ® M (C) by SEP,.
By the Hahn-Banach hyperplane theorem, it is possible to separate this set from every
entangled state using a hyperplane. For any entangled state p we can find a Hermitian

operator W such that

« Tr(cW) > 0 for all o in SEP,

« Tr(pW) < 0.

This Hermitian operator is called an entanglement witness. Horodecki’s criterion
[HHH96] gives us an operational way to detect entanglement, by finding a positive map
® such that (idg ®®)(p) is not positive semi-definite. One important positive map in

this regard is the transposition map T. The quantum states that are not positive under
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transposition are entangled, and are called NPT (Non-Positive-Transpose) states. The
states satisfying the PPT condition are called PPT states, which also include the set of
separable states. This criterion to verify entanglement is called the PPT (Positivity under
Partial Transpose) criterion. In the case of d = 2, the reverse implication is also true, i.e.,
any state that is PPT is also separable [Ste63, HHH96]. This is not true for d > 3. The
states that satisfy the PPT condition but are still entangled (for d > 3) are called PPT
entangled states [Hor97].

Definition 7.7 (Separability Problem (Informal)). Given a bipartite density matrix
p € My(C) ® My(C), decide whether p € SEP; or not.

It is well known that the membership problem (and the weak membership problem)
for SEP is NP-hard [Gur03, Gha10]. Unless P = NP, there is no computationally efficient
criterion to decide if a state is separable or entangled. We mention here one such important

approach for detecting PPT entangled states using the range of the density matrix.

Definition 7.8 (Range criterion [Hor97]). A bipartite mixed state is said to sat-
isfy the range criterion if there exist vectors |a;), |b;) € C? such that ran(p) =
span(|a;) ® |b;)) and ran(p') = span(|a;) ® |b;)).

Let p be a separable state. Then,
p = vp)Xvg| @ [wy)wpl,
k

and its partial transpose,

p= Ek: v v| @ | X | -

Clearly |v;,) ® |w;) span the range of p and |vy,) ® |wy;) span the range of p', hence all
separable states trivially satisfy this criterion. There has been considerable interest in

studying the states that maximally violate this criterion.

Definition 7.9 ([LKCHO00]). A PPT entangled state is called an edge-state if there
is no product vector |a) ® |b) € ran(p) such that |a) ® |b) € ran(p).
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These edge states lie on the boundary of the PPT cone. There is another equivalent
characterization of edge states that will be useful for constructing new examples of such

states.

Proposition 7.10 ([LKCHO00]). A PPT entangled state p is an edge-state if for all
(un-normalized) |ab) := |a) ® |b), |ab) # 0 that

p — |ab)ab| & PPT.

Remark 7.11. There exist particular faces of quantum states well-suited to the
application of the range-criterion, i.e, the set of states that have the range only in
entangled subspaces. This face can be constructed using “Unextendible Product
Basis", or UPBs. Any PPT state that is orthogonal to the UPBs is automatically PPT
entangled as it violates the range criterion [DMS ™' 03, Ter01, Bra04].

It is clear from the definition that all extremal PPT states are edge-states. But it is
known that not all edge states are extremal [LKCHO00]. There are only a few systematic
constructions of PPT entangled edge states [CKK20] known in the literature. The ranks
of PPT entangled edge states have been amply scrutinized, and a complete classification
obtained in 3 ® 3 [KO12]. Such states are also useful to construct entanglement witnesses
[LKCHO00], and any PPT state can be decomposed into a PPT edge state and a separable
state [LKCHO00], making them useful to analyse from the perspective of entanglement
theory.

7.2.5 Local Diagonal Orthogonal Invariant States

In this section, we provide a small introduction to local diagonal orthogonal invariant

states, or in short, LDOI states. These states are characterized by their local invariance,

(0®0)X(0®0) = X

for all O in the diagonal orthogonal matrices. This is the group of matrices,

DOy = {diag(x1,x2...2p) | 7, € {—1,1}}.
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These are exactly the states parametrized by a matrix triple (X, Y, Z) with equal diagonals.
pxy,z =D Xij lijXij| + >_ Yij lid)jj|
0] i#j
+ 2 Zij ligkiil

i#j
In particular, their PSD and PPT properties can be readily inferred from the matrices
(X,Y,Z). The matrix is PSD if and only if Y is self-adjoint, Vi, j € [d], X;;Xj; > |Z;j|?

and Y € PSD,. For the PPT property, we have the following result,

Theorem 7.12 ([SN21]). The family of quantum states px y 7 is PPT if and only if,

2

e Vi, g eld XXy > Vil 2

b

- Y, Z € PSDy.

Theorem 7.13 ([SN21]). The family of quantum states px y 7 is separable if and
only if there exists a finite set of vectors {|v;.) , |wy) Yrer € C? such that

X =" v © vg){wy, © Wy

kel

Y = Jup ©wglog © wyl,
kel

Z =73 |v @ Wg)vy, © Wx| .
kel

In particular, deciding if a LDOI state is separable or entangled is still NP-hard [SN21],
and there exist PPT entangled states. For properties of LDOI states and the separability
problem, we recommend [SN21, Sin21, GNS25]. Even in the smallest non-trivial 3 ® 3

system, there is still no complete characterization of entanglement available for these states.

Finally, we show that the popular CCNR (computable cross norm or realignment) criterion

for LDOI states can be understood as a positivity condition on the triple of matrices.
Theorem 7.14 ([SN21]). Let || X||; = Z?,j:1 | Xi;| and || X ||z = tr(vV X*X). Then
the LDOI state px y 7 satisfies the CCNR criterion if and only if

1 XIh =1 X]le =2 >, max|Bjjl, |Cyl.

1<i<j<d
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7.3 MAIN RESULTS

Let p be a mixed (but un-normalised) bipartite quantum state in M ;(C) ® M 4(C). Our
goal is to provide the necessary conditions for separability using the rank-1 generated
property. Note that a rank-1 PSD matrix |v){v| is PPT if and only if |v) = |v1) ® |v2).
Hence, the cone of separable states, or SEP, is exactly equal to R [PPT], that is, the rank-1
generated matrices in PPT states.

The constraint of PPT is not a linear matrix constraint. We want to look at mappings of
these cones to n X n matrices that allow us to reduce the PPT condition to linear constraints.

Let us state our main idea as the next theorem.

Theorem 7.15. For all K € M, ;», we define the following positive map Zx :
MgO@Mg=EMp — M,

Zg (p) == KpK".

Let F be a face of the bipartite psd matrices (Mg ® M) ™ and Fppr := F N PPT.
Furthermore, assume that Zx (Fppr) € M:F'(L). Then the following statements

are true.

1. We have for all separable states on F, the matrix Zx (p) € R1[M; (£)]. This

is a necessary criterion for separability for states in F.

2. If for a PPT state on JF such that, Zx (p) € ext M7 (L) and has rank > 2, the
state p is a PPT entangled edge state.

Proof. Firstly, note that Zx maps positive matrices into positive matrices, and rank-1
matrices to rank-1 matrices as Zx ([v)(v]) = (K |v)) (K |v))*. If p is a separable state, it
has a decomposition into rank-1 states that are PPT.

N

p= kZ v Xk | @ [wiXwy] - (41)
=1

Define py := |vp {vg| @ |wg {wy| , that is a rank-1 PPT state. Moreover, if we assume that p
is separable and lies on the face F, it implies that each p;, € F, hence by assumption in the
theorem, each Zx (py,) € M, (L). Therefore, combined with the rank-1 preserving quality
of the map, we conclude that Zx (p) = X8| Zx (pr) € R1[M](L)] as py, and hence
Zx (pi) is rank-1. This concludes the proof of the first part of the theorem. For the second
part, note that for any product state |ab), the matrix Zx (|abXab|) = |v)v| € M (L). Let

p satisfy the condition in part 2. Assume the converse, that there is some product state |ab)
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such that p — |ab)Xab| = 6 € PPT. Then p = |ab)ab|+§ = Zk(p) = |v)Xv|+ Zk(0).

Since Zk (p) is extremal, Z (p) o [v)v

, that violates the fact that it is rank > 2. [ |

We also state the analogous theorem that maps the partial transpose of the state. The
proof of this theorem is similar to that of the Theorem 7.15.

Theorem 7.16. For all K € M, o, we define the following positive map 7
(Mg My) = Mp — M,

Zic(p) := (Zg oT)(p) = Kp' K*

Let F be a face of the bipartite psd matrices in My ® M  and Fppr := F N PPT.

Furthermore, assume that Z%-(Fppr) € M, (L). Then the following statements
are true.

1. We have for all separable states on F, the matrix Z}-(p) € R1[M,(£)]. This

is a necessary criterion for separability for states in F.

2. If for a PPT state on F, Z%-(p) € ext M, (L) and has rank > 2, the state p is
a PPT entangled edge state.

7.3.1 Detection of PPT entangled quantum states

We use the following strategy based on the Theorem 7.15 to detect PPT entangled states.
1. Let F be a face of the bipartite (My ® M) matrices.

2. We choose K such that Zx (Fppr) € M;S (L) or ZY(Fppr) € M (L).

3. By Theorem 7.15, when the state p is separable, Zx (p) € Ri[M}(L)] or Z%-(p) €
Ri[M7(L)] (resp.).

4. We use the gap in the inclusion R1[M,} (£)] € M, (L) to detect PPT entangled
states.

In some cases that we consider in this article, this problem of rank-1 generated cones
has been well-studied in the literature, even though the connection to PPT entanglement

has not been considered.
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Sparse States

For a n x n matrix X, we define the (undirected) graph of a matrix G(X) with vertices in
[n] and the edge set {{7,j} | Xij - X;j; > 0}, i.e the graph has an edge whenever X;; and
X; are both non-zero. This allows us to define the linear space of self-adjoint matrices

with a sparsity pattern given by an undirected graph H,
My (H) ={X e M,(C)|X*"=X,G(X)C H}

Note that for the complete graph on d vertices, which we denote by K, this space M, (K},)
is the real vector space of n x n self adjoint matrices. In the other extreme case, when the
graph is empty (denoted by E,,), M,,(E,,) is the vector space of diagonal matrices with
real entries. We denote the set of sparse PSD matrices [AHMR88, PPS89] as

MI(H) := M7 0 M, (H)

Let {[i4)};1 and {[j4)}/=; be two orthogonal sets of vectors of size n each. We define

the following n x n matrix D(p) entrywise as
D(p)ij = (iajplpliajp) -

To understand the sparsity pattern of this matrix D(p), we look at the graph G(D(p)).
Note that elements of D(p) are just the diagonal elements of the density matrix. Then,
we define the face of the cone using the sparsity pattern of matrix A, and a graph H on n

vertices.

F[H] :={p € (Mg@My)"|G(D(p)) C H} (42)

For the case of triangle-free graphs in [Sin21], this class of states was referred to as
triangle-free quantum states. Let us quickly show that this is a face of the cone. Firstly,
note that D(p) is a non-negative matrix for all PSD matrices p. Let us pick an element

p € Fm, and write a decomposition into PSD matrices,

p=p1+p2 = D(p) = D(p1) + D(p2)

If D(p);j = 0, it implies that k& = {1,2}, D(p;);; = 0, and hence G(D(pk)) C
G (D(p)) C H, showing that p1, p2 € Fpg. We show that for all PPT states on this

face, the following constraints hold.
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Theorem 7.17. Let p € Fp be a bipartite quantum state satisfying the PPT condi-

tion, then, by choosing,
« K =0 |ifiaip] = Zk(p) € M} (H)

o K =7 |iXiain| = Zk(p) € M} (H)

Proof. Let p € Fp be a bipartite quantum state satisfying the PPT condition. We have,
n
Zg(p) = > (iaiglpliajs) li)il.
ij=1

For any PPT state, p! is PSD. Hence, any 2 x 2 block of p is PSD. This implies for all , j,
. — . — . -~ . -~ . — . - 2
(iadlo"|iajs) (jaiBlo"|jais) > |(iajBlo"|jain)
(iajplpliajp) (jaislpliain) = [iaiplpliain)|
2
<= D(p)ijD(p)ji = |Zk(p)]i;

Therefore, we have G(Zx (p)) € G(D(p)) € G(H). The proof of the second statement

is similar. [}

Note that the intersection M (H) is a convex cone with constraints encoded in the
sparsity pattern of this matrix using the graph H. Now, by using our main theorem,
Theorem 7.15 and applying it to the previous result, Theorem 7.17, we can derive the

following necessary criterion for separability.

Corollary 7.18. Let K := YI" ; |i)Xiaip|. Let p € Fp be a separable quantum

state, then,

Zk(p) € Ri[M;} (H)] (43)

Therefore, we find that the matrix >7';_; (i4ip|p|jajp) |i)(j| is rank-1 generated in
M (H) for all separable states in the face of sparse states, Fp. For the empty graph, E,,
on n vertices, R1[ M, (E,,)] is the set of diagonal matrices with positive entries. On the
other extreme, for the complete graph, which we denote as K,, we have R1[M T (K,)] =
M = M (K,) is the set of PSD matrices. In both of these cases, the cone is equal to
its rank-1 generated sub-cone. There is actually a complete characterization of all such

graphs.
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Theorem 7.19 ([PPS89]). The cone M (G) is rank-1 generated, i.e R1[M; (G)] =
M (G) if and only if the graph is chordal.

For all non-chordal graphs, these results allow us to detect entangled states by checking
that the matrix Zx (p) is not rank-1 generated. Although in general a complex problem, a
semi-definite characterisation of this rank-1 generated property can be shown for triangle-
free graphs based on the so-called comparison matrices. This characterization has also
recently been made in [Sin21]. For every matrix X, we can define the comparison matrix
M (X)) entrywise such that [M (X)];; = | Xy;| and [M (X)];; = —|X;| foralli # j. Then,

we have the following result.

Theorem 7.20 (Triangle-free graphs). Assume G is a triangle free graph, and
X € M} (QG). Then it is true that,

X e Ri[MI(G)] <= M(X)>0

Proof. The proof of the implication follows the strategy in [Sin21, Theorem III.2]. For
any rank 1 element |v)(v| € M. (G), the supp(v) has to be a clique of the graph G.
Therefore, for triangle-free graphs, since we only have the largest cliques of size 2, we
have | supp(v)| < 2. Therefore, for all X € R1[ M (G)], i.e rank-1 generated elements,
we have (denote supp(v) =: o(v))

X= > lodul+ > [zXal (44)
o (vi) =iy o (zk)={ik.ir}
and hence the comparison matrix can be computed as,
MX)= > Juefol+ > M(l2)zkl) (45)
o (v) =ik o (z)={ik.Jr}

For any matrix with a support ona 2 x 2 block, B > 0 <= M (B) > 0. Hence, from this
we conclude that M (|z)z;|) > 0, and hence also M (X ) > 0. This shows the implication.
To show the other direction, we use the result from [SN22a, Theorem 3.9] which states that
for any matrix X € M}, M(X) >0 <= X = DBD where B € M,! is a diagonally
dominant matrix such that G(B) = G(X) and D is a strictly positive diagonal matrix.
Then by expanding, B = 3y; jyep(q) BUJ) 4 C where
Bli) = ['?g" éﬂ] — 1Byl (1) Gl + 1) (1)
iJ LI
¥ Byl Gl + B 1)
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Figure 25: The graph C; is the smallest non-chordal graph. It is also triangle-free, hence for any
state with G(A) C C4, we can apply the theorem Theorem 7.20 to detect entanglement

Figure 26: The graph in the figure is not triangle-free, but it has a triangle-free induced subgraph
(the subgraph in red), allowing the application of Corollary 7.21

and C' is a diagonal matrix with Cj; := B;; — >, | B;j|. Note that Cj; > 0 as B is
diagonally dominant. Also for all B (i4), we have det (B(i,j )) = 0, which implies it is
rank-1 and hence B(1) = |2i;)(%i;| for z;; € C™ with the support {7, j} € E. Now for any

positive-diagonal matrix D, D |z;;)Xzi;| D € M} (G) as D |z;;) has support {i, j} € E.

Moreover, DC'D is a diagonal matrix, and hence trivially belongs to M, (G). |

Corollary 7.21. Assume that graph H on vertex set [ is a triangle-free induced
subgraph of GG. Then, for every X € Ry [Mﬁ}m (G)], we have

M(X[Ig]) >0

Proof. 1t is easy to see that X [Iy] € Ry [MIJ}HI (H)], and hence the result follows from
Theorem 7.20. [

Since every non-chordal graph contains a graph which is triangle-free (because it
contains a cycle without chords), these tests provide an easy-to-implement family of tests
for inclusion into the rank-1 generated cone (and also, novel necessary conditions on
separability in the face of quantum states). We want to point out that these tests are not
complete, in the sense that some matrices that are not included in R1[ M (G)] possibly
satisfy all the conditions in Corollary 7.21. The complete family of matrix maps that
characterize the inclusion into the rank-1 generated cone of sparse PSD matrices has been

completely characterized in [PPS89]. These tests are based on checking positivity of the
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matrix after application of certain Schur maps, and this apparatus is intimately connected
to the problem of positive-semidefinite completions [GJSW84]. For any matrix Z € M,
we define the map 77(X) = Z ® X where © is the entrywise (or Schur) product of
matrices (Z ® X);; = Z;; X;;. It is well known that this Schur product map is a positive
map if and only if Z € M. Recall that a matrix is PSD if and only if all its principal
submatrices are PSD matrices. We extend this to define the convex cone of matrices that
have few principal minors PSD. To do this, recall that a clique of a graph is a subgraph
that is complete. For any graph G, let cliq[G] denote the set of cliques. For any matrix in
X € My, and I C [n], we define the principal submatrix X [/] € M| on the indices in /.

Then, we define the following notion,

Definition 7.22. For a graph G,

M (G) :={Z e M,, | VI € cliq|G], Z[I] > 0}.

Note that for a complete graph, i.e, G = K, this reduces to the PSD matrix cone, as
all the principal submatrices are PSD. We show that this is the dual notion to the rank-1
generated cone Ry [ M, (G)], in the next theorem.

Theorem 7.23. Let X € M, (G). Then the following is true,

X eR[MI(G)] <= Tz(X)>0

forall Z € M (G).

Proof. For the forward implication, let |z)(z| € M’ (G). Then, |z) must have the support
x)x| must be supported in /.

only on a clique of the graph G, say I, and therefore,
Moreover, we claim that Tz (|x)z|) = |x)z| ® Z > 0 for all Z € M (G). This holds
because Z[I] > 0. This proves the implication. For the reverse implication, we refer the
reader to [PPS89, Lemma 2.3]. [

Therefore, it directly follows that for X ¢ Ri[ M, (G)], there exists a Z € M (G)
such that 77(X) # 0. By Corollary 7.18, this also detects entanglement in the class of
sparse states we consider. This result also allows us to provide another proof of the forward

implication in Theorem 7.20.
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Corollary 7.24. For a triangle-free graph, G, X € M (G) = M(X) > 0.

Proof. Choose Z;; = ¢~"*8(Xij) We show that this matrix belongs to M (G). Since the
graph is triangle-free, all its cliques are of size 2. Hence, the matrix Z[i, j] > 0 for every
2 X 2 principal minor of the matrix. Applying Theorem 7.23, we get 7z (X) = M(X) >
0. [

Let us proceed with defining the notion of PSD-completable matrices. A matrix X €
M (G) is called to be PSD-completable if there exists a matrix X € M, such that
X[I] = X[I] forall I € cliq[G].

Theorem 7.25. T;(X) > Oforall X € M:F'(G) if Z is PSD-completable. Therefore
X ¢ R1[M;(G)] can be detected only by non-completable matrices.

Proof. Let Z' be the completion of the matrix Z. Then Tz(X) = Z 60X =Z'0 X >
0. [

Note that these witnesses are analogous to decomposable ones, which do not detect PPT
entangled states. It is important to note that in this dual picture, we have the analogous
theorem for chordal graphs. (See also [PPS89, Theorem 2.4)).

Theorem 7.26. The following are equivalent for a graph G,

1. All Z € M (G) are completable.

2. The graph is chordal.

Let us summarise our results in the following slogan. If the graph of the matrix A is
non-chordal, then the gap between the sparse PSD cone and its rank-1 generated version
detects PPT entanglement. This result provides a huge diversity for the construction of
such states, each of which has ~ O(d?) free parameters. We show that this is very useful
for constructing families of PPT entangled LDOI states. Select a non-chordal graph G
on d vertices. Take Y ¢ Ri[M(G)], and select Z > 0 such that diag(Z) = diag(Y)
and G(Z) = G. Then, select a non-negative X (ensuring diag(X) = diag(Y)) such that
G(X) = (7 and Xinji 2 |Zij|2.
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Then, the following state is PPT entangled.
pxy,z = > Xijligij| + > Yij|ii)(jj]
i,] i#]
+ > Zijlig)iil -
i#]
Proof of entanglement. The PPT property can be readily verified from Theorem 7.12. To
check that the state is entangled, note that these states lie on the face F¢, and for K =

Sy 1) (idl, Zg (p) ¢ Ri[Ma(G)]. u

Example 7.27. We select the smallest non-chordal graph, the cycle graph C4, and
we use the extremal matrix of C that has rank 2 [AHMRS8, Example 1]:

11 0 1
1 2 1

Y = 0

01 1 -1

10 -1 2

Then, by using the following free parameters,
. Xo1 2 Xo3 0 7 — Zik2 2 Zos O
0 Xo3 1 Xy 0 Zi3 1 Zz

X1 0 Xu3 2 Zix 0 Z3y 2

such that Z > 0 and X;; X;; > |Z;; 2 resultsina PPT entangled state. Note that due

to extremality, the constructed matrix forms a family of PPT entangled edge-states.

7.3.2  Restricted Rank-1 States

In this section, we provide another face of PSD bipartite matrices for which our result in
Theorem 7.16 detects PPT entangled states. Let V' = span/__;{]é¢) }. Then, we can define

the following face of quantum states,

Figy=1{p € (Mg@Ma)™ | p|, o loXel}-

This is the face in which all the density matrices restricted to V' are proportional to

the rank-1 matrix, |©)(¢| . It is easy to see why these matrices form a face of the convex
cone. Particularly, let’s assume p € F|y has a conic decomposition into sum of two PSD

matrices, i.e p = p1 + p2 | p1,p2 € (Mg ® My) ™. Then, it implies that,
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ply = pily T paly-

Since p|,, | )| that is extremal, we have, p1ly and py|,, also are o |©) ]| . This shows
that this is a face of the bipartite states.

We now define the key convex cone for this section, that is, the cone of positive semidef-
inite matrices that have diagonal elements with some fixed proportions. Note that the cone
of positive-semidefinite matrices with all diagonal elements equal has been well-studied in
the literature, under the name of complex correlation matrices [CV79]. In the case of real
matrices, this cone is sometimes referred to as the elliptope. Let us define the linear space
of matrices for which the diagonal of the matrix is proportional to some fixed non-negative

vector.

Definition 7.28. Let v € R"} and,

Mn[x] = {X| 3N, Vi, X = \x;}. (46)

Let e be the vector with all elements 1.

Definition 7.29 (Correlation matrices). M [e] = M;* N M,][e] is the cone of

PSD matrices with the diagonal elements equal.

For any vector ¢ € C", we can embed the vector into a diagonal matrix, D, :=

diag(q1,q2 - . - qn). We proceed with the following definition.

Definition 7.30 (Scaled correlation matrices). For any vector x > 0, the scaled

correlation matrices,

M z] = Dﬁ/\/l:{[e] D

is the convex cone of positive semidefinite matrices with the diagonal o< z.

Moreover, the ranks of the extremal matrices in the cone M, have been completely
characterized. It is known that any extremal matrix has a rank-r if and only if 7> < d.
[GPW90] [LT94]. Hence, we want to point out that the maximum ranks that are achieved
by such extremal matrices are [/n|. Also, it follows that,
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Theorem 7.31 ([LT94]). For all n > 4, we have

Ra[M [e]] & My e].

This means that the cone of such matrices is not rank-1 generated for any n > 4. The
same holds for the scaled correlation matrices M} [x]. We show that these sets can also be
connected to detecting PPT entanglement in the face J .. Let us define K := Y7i, [i) (ii| .
Let p be a bipartite PPT state in the face ﬂ o) Then, we can see that,

Z3(p)ii = |pil* (47)

This implies that Z}-(p) € M, [ ® ¢]. Then, the following proposition follows from the
application of Theorem 7.16.

Proposition 7.32. If the state p is separable in F ., then the matrix,

Zi (p) € RilM o © ¢]]

Therefore, we find that if such a state in , is separable, the necessary condition on the
matrix Z% (p) is that it has to be a rank-1 generated element of the M} [¢ ® ¢]]. This also
allows us to construct new PPT entangled states. We first provide an example of a witness
to detect the violation of the rank-1 generated property in the first non-trivial case of
n = 4, which we borrow from the [JLLL20], which outlines a general strategy to witness
the separation between correlation matrices and their rank-1 generated version. To this
end, note that for complex correlation matrices, i.e, M’ [e], we also have the following

characterization,

Ri[M [e]] = cone{|z)z| | z € T"}.

Consider the following 4 x 4 matrix,

0 —2 2 1
0 —1 1
W— 1 | 1
—1 1 0 1
1 1 1 0

Then, it is shown [JLLL20] that (z|W|z) < 6 forall z € T* and hence we have Tr(WZ) <
6 Tr(Z) for all Z € R1[ M [e]]. Let us consider the following parametrized matrix,
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1 —wx i =z

7 | 1 —x =z
(v) = —ix 1T 1 =z
x x r 1

It is easy to verify by direct computation of its eigenvalues that H(z) > 0 <= |z| <
1/+/3 and also Tr(H (z)W) = 120 <6 <= x < 1/2. Hence, for the parameter range
1/2 < 2 < 1/+/3, the matrix H(x) is not a rank-1 generated correlation matrix. Note
that,for 1/2 <x <1/ \/g, the matrix also has full rank 4, and is not extremal.

Theorem 7.33. The matrix H (x) is rank-2 and extremal in M [e] for z =

i

Proof. The rank-2 property can be immediately verified by the computation of eigenvalues.

For extremality, we use the results of [LT94, Theorem 1]. Consider the matrix X whose

columns are the eigenvectors of the matrix. We need to show that the following holds.

span{z;z; | z; € X} = M3 (48)
. * 1 o1 /3 .. )
Here the matrix, X™* = L L2 where w := €7/ ? Thenitis easy to verify that
W w
the Eq. (48) is satisfied for 21 = = (1l,w),z4 = (—V/3,0). |

Finally, we provide examples of PPT entangled states using extremal matrices with rank

> 2. We consider the following parametric family of quantum states (Vi, A;; = 1),

4 4
wiwl + > Aij i) 4+ > H (2)ij |17)il (49)
i#j i#]

where w = Y; |i7) is the maximally entangled Bell state (un-normalized). These states
belong to the face F|.). The PPT property can be verified readily from Theorem 7.12 by
having Vi, j, A;jAj; > 1. Moreover, it is easy to show that by choosing K = "}, |i)(i|
we have Z K( ) = H(x). Since this matrix is not a rank-1 generated correlation matrix for
1/2 < x < 1/+/3, the state is PPT entangled by Proposition 7.32. Moreover, for z = %

this is also a PPT entangled edge-state by Theorem 7.33.
Note that the states considered in the equation Eq. (49) are exactly the LDOI states with
the triple (A, J4, H(x)). We have the following theorem from [SN21], which shows our

necessary condition is also sufficient in the case of A =].
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Theorem 7.34 ([SN21]). The LDOI state in My ® M with the triple (J4,J 4, X)
is separable if and only if X € Ri[M] [¢]].

We also show that two commonly used criteria for detecting entangled states fail to do
so. CCNR criterion: From Theorem 7.14, it follows that the states we consider in Eq. (49)
satisfy the CCNR criterion if and only if

Al = [[Alle = 12.

For the case A = JJ; we have ||A||; = 16, and || A||; = 4, so the state satisfies the CCNR
criterion. Moreover, by choosing A = I 4 ¢t(J4 — 1), we have that the state satisfies the
realignment criterion if £ > 1, which is also ensured by the PPT criterion. This shows that
the rank-based criterion is more powerful than CCNR (and also PPT) for some classes of

states.

7.3.3 Bose-symmetric states

In this section, we analyze another class of quantum states for which our main result,
Theorem 7.16, provides a method of detecting entanglement. We consider the states for
which the range lies in the symmetric subspace, which we denote by C?\ C¢, \ being
the symmetric product. Clearly, this forms a face of the bipartite PSD cone, due to the
restriction of its range (see Theorem 7.3). Let F' denote the flip operator,

d
F= 2 lij)jil
ij=1

and I := ]HTF denote the projection into the symmetric subspace. Then, for a bipartite

PSD matrix, the following are equivalent,
. ran(p) C C?v CY,
« Hpll = p,
« pF=Fp=p.

Interestingly, for all bosonic states, all the usual entanglement criteria, like PPT, re-
alignment, and the covariance criterion, are equivalent [TG09], hence, any PPT entangled
bosonic state cannot be detected by such criteria. Let us call the bosonic PSD matrices as

Fv. Let us consider the convex cone of doubly non-negative matrices,

DNN,, := M7 N M, (R4).



7.3 MAIN RESULTS
Then, we have the following proposition.

Proposition 7.35. Assume p € F\, is PPT. Let {|i) }!"_; denote the orthonormal set
of vectors of size n. Let K = X" ; |4) (7, ¢| . Then, the following is true,

7% (p) € DNN,,.

Proof. Let p be a PSD state in F\,. Moreover, we have,

Zi(p) = ZZ (@, ilp" |4, 7) 1) (j]
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[
Mz

@
I

—
.
I

—

(i, jlplg, i) 1i) (]

(i,7|pFli, 3) |i) {J|

I
M3

N
|

—_
.
Il

—_

|
Ms

S
|

—_
.
|

—_

(@,3lpli, 3) 1) (J1

Since p is PSD, we have (i, j|p|i,j) > 0 = ZL(p) € My(R;). Moreover, this matrix
is PSD by Theorem 7.16. L

Using our result in Theorem 7.15, we can provide another necessary criterion for the

separability of bosonic states.

Corollary 7.36. Assume p is a separable state in F. Then, by choosing K :=

we have

Z%-(p) € R1[DNN,,].

The ranks of the extremal rays of the doubly non-negative cone have been scrutinized
in [HJL96].

Theorem 7.37 (Ranks of extremal DNN matrices). Let A # 0 € ext DNN,,. Then,

we have,
« Ifn=2,1k(A4) < 1.
« If n > 2iseven, rk(A4) <n—3.

« Ifn > 2isodd, rk(A4) < n—2.
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Face of PSD | PPT — SEP —

Sparse States (7.3.1) | Sparse PSD matrices (7.17) | Rank-1 generated (G-sparse
PSD matrices (7.18)

Restricted Rank-1 States | Scaled correlation matrices | Rank-1 generated scaled
(7.3.2) | (47) correlation matrices (7.32)

Bosonic states (7.3.3) | DNN matrices (7.35) Rank-1 generated DNN

matrices (7.36)

Table 14: Summary of the considered faces of the state space and the mappings of PPT states on
these faces. The separable states are mapped to the corresponding rank-1 generated

convex cones.

Moreover, we have elements A € ext DNN,, for all ranks satisfying the conditions

above.

Moreover, the rank-1 generated version of this cone is the well-known cone of completely

positive matrices.

R1[DNN,.] = {[o){o] | v € R%} := CP,.

Theorem 7.37 implies that R1[DNN,,] = DNN,, if and only if n < 4. For more details on
these cones and examples of doubly non-negative matrices that are not rank-1 generated
(i.e, not CP), we refer you to the book [SMB21]. The extremal DNN matrices also allow us to
construct PPT entangled edge states (that are also bosonic). In general, it is computationally
NP-hard to decide whether a DNN,, matrix belongs to CP,,. Lots of results are known
about these matrices in special cases, like matrices having sparsity patterns corresponding
to triangle-free graphs [SMB21].

Let us also briefly introduce the witnesses for detecting states that are not rank-1
generated. These are well-known under the name of copositive matrices, denoted as COP,,,

that is, exactly the set of all matrices satisfying,

Vo e R (v|X|v) > 0.

It is clear from the previous definition that if a matrix is the sum of a non-negative

matrix and a PSD matrix, then it is copositive. Such matrices are called SPN,, matrices.
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This convex cone is the conic-dual to DNN,, matrices [SMB21], and hence if X € SPN,,
then

VY € DNN, Tr(XY) > 0.

To detect non-rank-1 generated matrices, we can construct a witness that is copositive

but not SPN. The paradigmatic example of such a matrix is the Horn’s matrix.

To construct an example of a DNN5 matrix that is not rank-1 generated, we borrow the
example from [GNS25].

2cos ¢ 1 0 0 1
1 2cos ¢ 1 0 0
A= 0 1 2cos § 1 0
0 0 1 2cos ¢ 1
1 0 0 1 2cos %

By computing Tr(AH) = 10(cos /5 — 1) < 0, we can verify that the matrix A is not

rank-1 generated in the doubly non-negative matrix cone.

Example 7.38. Let us present an example of a family of PPT bosonic edge states

that we can detect using the entanglement criterion in Corollary 7.36.

> Aig ligXigl + > Yig lit)ig| + >_ Aij ligKiil

] i) i)
for any A € ext DNN, such that rk(A) > 2,Y > 0 and | 4;;| > Yj;. We can obtain
these states as soon as d > 5, for constructions see [HJL96]. It can be verified to

be PPT entangled, bosonic, and an edge state by choosing K := >%_, |i) (4, 4| . and
applying the previous results (Corollary 7.36, Theorem 7.16).

We want to point out that for ¥;; = 0, the states considered above are called mixtures
of Dicke states [TAQ" 18, SN21], which are separable if and only if A € R1[DNN,].
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7.4 DISCUSSION AND OUTLOOK

In this article, we presented a rank-based criterion to detect PPT entanglement in mixed
bipartite quantum states by mapping PPT states to cones that are not rank-1 generated.
This allows us to use a variety of results and examples of matrix analysis, optimization,
and graph theory to construct new methods and examples of PPT entangled states.

Our work definitely opens avenues for future research. The entanglement-theoretic
properties of the states constructed by the above methods should be scrutinized (for
example, Schmidt numbers and entanglement measures). It remains to be seen whether
PPT entangled states can provide meaningful advantages over separable (unentangled)
states in quantum protocols, some evidence for which has been recently obtained in
[TTV 25, TV18, PTBV21] in the area of quantum metrology and non-local games. We
hope that the methods used in this paper and examples of PPT entangled states are useful
test states for such advantages. It will also be useful to analyse whether the witnesses
that detect matrices that are not rank-1 generated in all cases considered in this paper
can be used to construct positive indecomposable maps, an important topic of research in
operator algebras. This was recently accomplished for copositive matrices [GNP25b], the
witnesses discussed in Section 7.3.3.

Finally, the faces of the PSD cone we consider can be mapped to known convex cones
that are not rank-1 generated. In general, it would be useful to understand how this
machinery can be expanded to other faces of the PSD cone and appropriately chosen
mappings, to construct new interesting examples of PPT entangled and PPT edge-states. It
might be useful to first understand this question in low-dimensional quantum systems, i.e,

in the case of two qutrits, or qubit-ququarts.
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8.1 INTRODUCTION

The study of positive linear maps between matrix algebras is a cornerstone of modern func-
tional analysis and operator theory [Ste63, Cho75a, Wor76]. A linear map ® : M,,(C) —
M., (C) is called positive if it maps positive semidefinite matrices to positive semidefinite
matrices. A stronger condition is that of complete positivity [Pau02], where the amplifica-
tion @ ® I, remains positive for all ancilla dimensions k. While completely positive maps
admit a simple structural characterization via the Choi-Kraus representation, the set of
maps that are positive but not completely positive possesses a far more intricate structure.

Originating in operator algebra, the distinction between positivity and complete positiv-
ity turns out to have profound implications for quantum entanglement theory [HHHHO09].
The celebrated Horodecki criterion [HHH96] established that a bipartite quantum state p is
entangled if and only if there exists a positive but not completely positive map & such that
[P ® I (p) is not positive semidefinite. Consequently, such maps ® are synonymous with
entanglement witnesses [Ter00], and the challenge of constructing and classifying them
is one of the foremost problems in quantum information science [NC10, AS17, Wat18].
Within the set of positive maps lies the important convex cone of decomposable maps,
that can be written as the sum of a completely positive map and a completely co-positive
map (the composition of a completely positive map with the matrix transpose). Maps
that are positive but not decomposable, known as indecomposable maps, are of particu-

lar interest as they can detect subtle forms of entanglement, such as that found in PPT
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(positive partial transpose) entangled states [Hor97]. While it was shown by Stermer and
Woronowicz that every positive map Ma(C) — M3 3(C) is known to be decomposable
[Ste63, Wor76], Choi [Cho75c] provided the first example of a positive indecomposable
map M3(C) — M3(C), which was later generalized in various related forms (see, e.g.,
[CL77, TT88, Osa91, Kye92, CKL92, Ha03, SBSC24]). However, a general theory has re-
mained largely out of reach. Unextendible Product Bases (UPBs) underpin a range of
methods for constructing positive indecomposable maps in quantum information theory.
DiVincenzo et al. [DMS'03] define UPBs using orthogonality graphs, tiling patterns,
and algebraic constructions; they show that the complement of a UPB yields a bound
entangled state with a positive partial transpose that furnishes indecomposable maps.
Terhal [Ter01] leverages these UPBs to generate positive maps that resist decomposition
by standard methods. Bravyi [Bra04] classifies three-qubit UPBs and demonstrates that
uncompletable product bases yield bound entangled states, while Alon and Lovasz [ALO01]
employ graph-theoretic techniques to construct multipartite UPBs and derive bounds from
orthogonality graphs. Several studies focus on explicit algebraic constructions of positive
indecomposable maps: Chruscinski and Kossakowski [CK06, CK07] introduce classes of
maps based on cyclic bistochastic matrices and generalizations of the Choi map, as well as
atomic maps characterized by their action on rank one projectors. Sarbicki and Chruscinski
[SC12] construct exposed indecomposable maps in 2n X 2n matrices using reduction maps,
generalizing the Robertson map. Ha and Kye [HK16] present parameterized families of ex-
posed indecomposable maps, with explicit conditions for exposedness and the bi-spanning
property. Collins, Hayden, and the second author [CHN16] employ random matrix and
free probability techniques, constructing k-positive maps via free convolution and ran-
dom matrix models. Marciniak and Rutkowski [MR17] introduce a geometric “merging”
technique, systematically combining two positive maps with additional operators and
functionals to produce new positive, often exposed, indecomposable maps. Miiller-Hermes
[?] uses symmetrization and tensor product techniques, particularly with Werner maps, to
analyze decomposability under tensor powers and construct new non-decomposable maps.
Siudzinska [Siu22] uses symmetric measurements (positive operator-valued measures) and

operator bases to construct positive maps and indecomposable entanglement witnesses.

Other than or beyond the PPT criterion, the study of bipartite entanglement has also mo-
tivated the study of the notion of extendibility [DPS04, CKMR07, NOP09, Doh14, HNW17].
In particular, the notion of bosonic (or Bose-symmetric) extendibility plays a central role in
the study of quantum entanglement, providing one of the most powerful and systematic
separability criteria. Introduced in the seminal work of Doherty, Parrilo, and Spedalieri
[DPS04], the hierarchy of r-extendible states forms an increasing sequence of convex

sets that converges to the set of separable states. This completeness ensures that every
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entangled state eventually fails some level of the hierarchy. Moreover, each level can be
efficiently tested using semidefinite programming (SDP), making the DPS hierarchy not

only theoretically elegant but also computationally tractable.

A stronger version of this idea arises when one focuses on bipartite bosonic systems. In
this setting, one may further require that the Bose-symmetric extensions simultaneously
include both original subsystems, leading to what is called r-PPT bosonic exchangeability
[CKMRO7] or PPT extendible with respect to the complete graph K, [ACG ™ 26]. This refine-
ment yields a sharper and still complete hierarchy of tests that interpolate between the PPT
and separability conditions. Thanks to the monogamy of entanglement [Ter04], a state
passing all these tests behaves as if it could be consistently extended to many identical
copies while maintaining only a weak amount of entanglement across any bipartition.
Despite the natural formulation of this criterion, explicitly constructing entangled states
that satisfy such strong extendibility conditions remains a challenging problem, even for
the simplest cases [DPS04].

A powerful approach to understanding cones of maps and states is through duality. The
cone of positive maps is dual to the cone of separable states, while the cone of decomposable
maps is dual to the cone of PPT states [EK00, SSZ09, Kye23]. Duality also connects map
properties to cones of matrices. The cone of completely positive matrices CP,, [BSM03],
consisting of matrices that can be factored as X X ' for some entrywise non-negative
(rectangular) matrix X, has as its dual the cone of copositive matrices COP,, [SMB21]. A real
symmetric matrix M is in COP,, if (x, Mx) > 0 for all non-negative vectors x € R'}. Just
like the set of positive maps, the cone COP,, is notoriously difficult to characterize, with
membership being a co-NP-complete problem [MK87]. The subset of COP,, comprising
matrices that are a sum of a positive semidefinite and an entrywise non-negative matrix,
denoted SPN,, is tractable and corresponds to the first level of a sum-of-squares (SOS)
hierarchy that approximates COP,,. The strict containment COP,, 2 SPN,, for n > 5,
exemplified by the famous Horn matrix [SMB21], mirrors the distinction between positive
and decomposable maps. Let us point out here that the use of copositive matrices for
entanglement detection dates back to [MATS21], see also [Mar23, RPAR" 25, MMRRP " 25].
On the dual side, the connection between completely positive matrices and separability
dates back to [Yul6, TAQ " 18], see also [JM19, SN21, Sin21, Ber23, GNS25, Gul26]. Finally,
the dual of (PPT-) bosonic extendibility hierarchy admits a natural interpretation in terms
of sum-of-squares (SOS) representations of Hermitian forms [DPS04, FF21]. This duality
connects the feasibility of an r-extendibility test to the existence of SOS certificates of
block-positivity for corresponding entanglement witnesses. In this context, a fundamental

open question was raised in [DPS04, Sec. VI], which we state informally,
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Can the cone of entanglement witnesses (i.e. block-positive operators or elements of the

dual of the separable set) be obtained as the union of the witnesses of these DPS levels?

We refer to Section 8.8.1 for further details. Any counterexample to this question could
be used to detect entanglement of quantum states that are 7-PPT bosonic extendible for
arbitrarily high » > 1. While partial results are known (e.g., inclusion of its interior), a full
resolution remains open, reflecting the deep interplay between convex geometry, operator
algebras, and optimization in the characterization of quantum entanglement.

On the other hand, a fruitful strategy for finding PPT entangled states and positive
indecomposable maps is to impose symmetries on the states and maps under consideration
[VWO01, EWO01, SN21, PJPY24]. A particularly rich and physically relevant class is that of
diagonal unitary covariant (DUC) maps [Liul4, SN21], which commute with conjugations
by diagonal unitary matrices. Such maps, and their close relatives the conjugate diagonal
unitary covariant (CDUC) maps, have recently been the subject of intense study due to
their structured algebraic properties [SN22b, KMP18, SDN24]. Recent work established a
fundamental isomorphism between the space of DUC/CDUC maps and the vector space of
pairs of matrices (A, B) sharing a common diagonal [JM19, SN21]. Within this framework,
a cone of pairwise completely positive matrices PCP,, was introduced, which was shown
to correspond precisely to the class of entanglement breaking DUC/CDUC maps. This
breakthrough provided a complete description of the strongest form of positivity for these
maps. However, a corresponding characterization for general positivity was left as a

significant open problem. This gap motivates the central questions of this paper:

Q1| Can we define and characterize a cone of matrix pairs that corresponds precisely to
the set of all positive DUC/CDUC maps?

Q2| Can we leverage the well-understood theory of classical matrix cones, such as COP,,

and SPN,,, to systematically construct elements in these new pairwise cones, similarly

to the correspondence between the CP,, and the PCP,, cones?

Q3| Can such a framework be applied to generate vast, explicit families of positive

indecomposable maps, thereby providing new tools for entanglement detection?

Q4| Can these findings be further leveraged to construct families of entangled quantum

states that nevertheless display separability-like properties, such as being PPT or
possessing high-order symmetric extensions? More precisely, are there explicit
examples of entangled bosonic states that are XC,.-PPT bosonic extendible? On the
dual side, can we construct entanglement witnesses that admit no SOS certificate of

any finite order?
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This paper provides affirmative answers to all these questions. We introduce a com-
prehensive framework for understanding positivity and decomposability of DUC/CDUC
maps by defining and analyzing novel cones of matrix pairs. Our main contributions are

as follows:

 The Pairwise Copositive Cone: We introduce in Section 8.3 the cone of pairwise

copositive matrices, denoted PCOP,,. Our first main result is that this cone is the
dual of the PCP,, cone and provides the sought-after characterization: a DUC/CDUC
map parameterized by a pair (A, B) is positive if and only if (A, B) € PCOP,,. This

completely resolves the problem of characterizing positivity for this class of maps,

answering | Q1 |

+ A bridge between the classical and pairwise cones: We establish a powerful construc-

tive result, Theorem 8.26, which provides a canonical way to “lift” any matrix
M e COP,, to a family of pairs in PCOP,,. This theorem enables the transfer
results about copositive matrices into the domain of operator algebra and quantum

information theory. These results, discussed in Section 8.4, and the results discussed

in the next point (see Section 8.5) answer | Q2 |

« Characterization of (in)decomposability: We extend our analysis to decomposability

by introducing the cone of pairwise decomposable matrices, PDEC,,. We show this
cone precisely characterizes decomposable DUC/CDUC maps and prove an analogous
constructive theorem (Theorem 8.35) that links PDEC,, to the tractable cone SPN,,. In

2_ n)/2-dimensional

particular, for each matrix in COP,, \ SPN,,, we construct an (n
family of positive indecomposable linear maps (Corollary 8.38). Interestingly, we
further show that when the underlying copositive matrix is extremal, the lifted
family translates directly into a family of optimal entanglement witnesses, yielding
an (n? — n)/2-dimensional collection of “edge” objects (Corollary 8.39). The gap
between PCOP,, and PDEC,, thus corresponds to the domain of indecomposable
positive maps, and our results bridge this gap to the one between COP,, and SPN,,,
which has been studied extensively in the literature. Markov-Choi maps (discussed
in Section 8.6) correspond to LDUI maps having a special form. We characterize
positivity, decomposability, and other properties of such maps in Proposition 8.41. In
Propositions 8.43 and 8.46, we further provide new conditions for identifying positive
indecomposable linear maps within this family. As a consequence, in Section 8.6.1
and Examples 8.44, 8.47, and 8.48, we present several examples of indecomposable
Markov-Choi maps that significantly extend the known classes described in [Kye92,

CKL92, Ha03].
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« Positive maps from graphs: As a primary application of our framework, we introduce

in Section 8.7 a one-parameter family of linear maps ®¢' associated with any simple
graph G. These maps act like the completely depolarizing channel on the diagonal
of the input, and as a scaled Schur product on the off-diagonal entries of the input
corresponding to edges in (5; a similar construction has been proposed in [KMP18].
We derive sharp, analytic thresholds for the parameter ¢ that separate the regimes of
complete positivity, decomposability, and positivity. These thresholds are expressed
in terms of fundamental graph parameters of the underlying graph G: the largest
eigenvalue \(G), the clique number w(G), and a new graph parameter o (G) which
we define and relate to the SPN,, cone; see Theorem 8.52. This general constructions
serves as a tool for generating new positive indecomposable maps. We prove in
Proposition 8.57 that any triangle-free non-bipartite graph yields such maps; this is
the case for odd cycles, see Proposition 8.59. More significantly, by exploiting the rich
algebraic structure of rank 3 strongly regular graphs, we derive an exact formula for
the parameter () in Theorem 8.61. This allows us to prove that infinite families
of strongly regular graphs, including the classical Paley graphs (see Corollary 8.63),

generate positive indecomposable maps, providing a wealth of new, highly structured

examples and thus answering | Q3 |.

Connections to quantum state extendibility: In the final part of the paper, we con-

nect our results to hierarchies of quantum state extendibility. We show in Proposition
8.67, Theorems 8.72 and 8.74 that the well-known sum-of-squares (SOS) hierarchies
for copositive matrices (K%r), see Section 8.7 and also [DKP02, Sch79b]) correspond
directly to witnesses for different levels of PPT-bosonic extendibility of quantum
states, such as (mixture of) Dicke states. In particular, such connections allow us
to construct a surprisingly wide family of entanglement witnesses which do not
have SOS properties of any order (Theorem 8.68), thus providing counterexamples to
the question dating back to [DPS04]. Furthermore, on the dual side, we completely
characterize the PPT bosonic extendibility of Dicke states (with respect to the com-
plete graph K, 9) in terms of the dual set (Kﬁfﬂ))o (Theorem 8.79), which allows us

to provide explicit examples of bosonic entangled states that are arbitrarily highly

extendible whenever the local dimension 7 is not less than 5. This answers | Q4| As

a byproduct, we also prove in Corollary 8.81 the existence of r-partite entangled

bosonic (Dicke) states of which are PPT with respect to all bipartitions.

The paper is organized as follows. Section 8.2 establishes our notation and reviews the
necessary preliminaries on matrix cones and positive maps. Section 8.3 introduces the

central object of study, the pairwise copositive cone PCOP,,, and proves its duality with
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PCP,, as well as some other basic properties. Section 8.4 establishes the main constructive
theorem linking the PCOP,, cone to COP,,, hence providing a characterization of positivity
for large classed of (C)DUC linear maps. Section 8.5 develops the analogous theory for
the pairwise decomposable cone PDEC,,. In Section 8.6 we discuss Markov-Choi linear
maps and their positivity properties. Section 8.7 applies this framework to define the
graph-based maps and determines the exact positivity and decomposability thresholds; we
also specialize this analysis to the case of strongly regular graphs. Finally, in Section 8.8 we
put forward the remarkable connection between hierarchies of quantum state extendibility

and hierarchies of sum-of-squares programs for membership in the COP,, cone.

8.2 PRELIMINARIES
8.2.1 Notation

We start by defining the notation used throughout this paper. A vector v is an element
in either C" or R". We sometimes also use Dirac’s bra-ket notation to write vectors. In
this notation, column vectors v € C" are written as kets |v) and their dual row vectors
(conjugate transposes) v* € (C")* are written as bras (v|. The standard inner product
v*w = (v,w) on C" is denoted by (v|w) and the rank one matrix vw* is denoted by
the outer product |v)(w|. The standard basis in C" is denoted by {l) };[,,), where [n] :=
{0,1,...,n—1}.

We define M,,(C) as the set of n X n complex matrices and M?*(C) := {4 € M, (C) :
A = A*} as the set of n X n self-adjoint complex matrices, where the conjugate transpose
of A € M,,(C) is denoted by A*. M,,(R) and M*(IR) are defined similarly for real
matrices. The cone of positive semi-definite (PSD) matrices in M,,(C) is denoted by
PSD%, while the cone of real positive semidefinite matrices in M,,(IR) is denoted by
PS Df. The cone of entry-wise non-negative matrices by EWP,,. The set of all linear maps
P : M, (C) - M,(C) is denoted by 7,,(C). In this paper, we shall overload the diag

notation to denote three different things:

« For a matrix A € M,,(C), diag(A) € M, (C) denotes the diagonal matrix ob-
tained by setting the off-diagonal entries of A to zero. In other words, diag(-) is the
conditional expectation from n X n matrices to the set of diagonal matrices.

« For a matrix A € M,,(C), diag[A] € C" denotes the vector containing the diagonal

elements of the matrix A.

« Foravector a € C", diag{a} € M,,(C) denotes the diagonal matrix with the entries

of the vector a on the diagonal.
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In general, the meaning of the operator can be inferred from the context, but we shall
consistently use the appropriate brackets for the sake of clarity. We use I, to denote the
identity matrix, and J,, to denote the matrix with all entries equal to 1. We define the
vector of all ones as |1,,) := >I"; |¢) such that |1,,)(1,| = J,. Finally, we introduce a
specific notation that will be used frequently throughout this paper: the removal of the

diagonal part of a matrix, denoted by

A= A—diag(4) = ¥ Ayli)(jl, A€ Ma(C).
i#]

8.2.2 Convex properties of matrices

In this section, we discuss some important convex conic subsets of matrices. Recall that

the cone of real positive-semidefinite matrices can be characterized in two equivalent ways,

PSDR — cone{ o) s v e ]R”} - {X e M2(R) : (] X|v) >0, Vo € 111"}.

We use IR"} to mean the set of all vectors with non-negative entries in the computational

basis. Similarly, we denote by EWP,, the set of entrywise non-negative n X n matrices
EWP, := {X € Mu(R) : Xi; >0, Vi, j € [n]},
as well as its symmetric counterpart EWP$* := EWP,, N M?*(R).
Next, we define set of completely positive matrices [BSM03]
CP, := cone{ o) v| @ v e ]Ri}
The extremal rays of CP,, are easily characterized:
ext CP, = {Ry |u)(v| : v € R} }.

It is clear from the definition above that completely positive matrices are positive-semidefinite
and entrywise positive; we call the latter set doubly non-negative matrices. Thus we have

the inclusion,

CP, C DNN,, := PSDRNEWP,,. (50)
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It is a remarkable fact that the above inclusion is an equality for n < 4 [BSM03, Theorem
2.4], but it is strict for n > 5 . Below is an example of a doubly non-negative matrix that is
not completely positive, see [BSM03, Example 2.4]:

11001
12100
X=10121 0.
00121
100 1 6

We also introduce the set of copositive matrices [SMB21]
COP, := {X e M (R) : (v X|v) >0, Vo € m}

which is dual to the cone of completely positive matrices CP;, = COP,,. We recall here
that the dual of the cone C' C R¥ is the cone

C°:={zeRY : (z,y) >0, VyeC}.

The complete characterization of the extremal rays for copositive matrices is still an open
question, and the complete solution has only been found up to dimension 6 [Hil12, AHD21].

In particular, the cone of positive-semidefinite matrices is self-dual PSD; = PSD,,, as
are the cones on entrywise non-negative matrices ENP; = EWP,,, (EWP*)° = EWP?,

The dual of doubly non-negative matrices is the set
SPN,, := PSDR + EWpPs?. (51)

Applying duality to Eq. (50) we obtain the reversed inclusion COP,, O SPN,,, which is an
equality for n = 4 and strict for n > 5, see [SMB21, Chapters 2.9, 2.10]. The paradigmatic
example of a copositive matrix that cannot be decomposed as the sum of a real positive

semidefinite matrix and an entrywise (symmetric) non-negative matrix is the Horn matrix

H=|1 -1 1 -1 1]. (52)

Combining all the following observations and dualities, we obtain the following chain

of inclusions of cones, where the blue arrows indicate a duality relation:
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PERD

CP, C DNN,, € PSDR, EWP;* C SPN,, C COP,,.

Note that all the cones above are subsets of M3?*(IR) and are proper cones: they are

closed, have non-empty interior, and are pointed (they contain no line).

We provide a generalization of the completely positive cone CP,, to matrix pairs recently
introduced and studied in [JM19, SN21]. Consider the convex cone of pairwise completely

positive matrices [JM19, Definition 3.1]:

PCP, := cone{(|v®z‘;)(w®w|,|v®w>(v®w|) DU, W EC"}

where @ denotes the Hadamard (or entrywise) product of vectors: (v ® w); = v;w;. This
cone lives in the vector space of pairs of matrices having the same (real) diagonal (see
[SN21])

Mu(R) x M;(C) = {(A, B) € Mp(R) x M3(C) : diag[A] = diag[B]}.
as a proper cone. Indeed, we will see later that (J,, + A, I,, + B) € PCP,, whenever

(A, B3 = Al + 1B = X [A4y1* + X 1Byl < 1,

] i#]

which implies that (J, I,) € int(PCP,,), from the correspondence with the separability of
diagonal unitary invariant states (Proposition 8.13) and the separability criterion in [GB02,
Theorem 1]. Moreover, it is obvious that PCP,, cannot contain any line, proving that it is a
proper cone.

The extremal rays of the convex cone PCP,, have been characterized in [SN21, Theorem
5.13]:

ext PCP,, = {]R+( lv® o)w © |, |v @w)(v®w|) DU, W E C"}. (53)

The connection between the sets CP,, and PCP,, is given by the following result, proven
in [JM19, Theorem 3.4].
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Proposition 8.1. Given a matrix A € M??(IR), the following equivalence holds:

(A, A) € PCP, «<— A€ CP,.

The convex dual of the cone PCP,, will be introduced and studied in detail in Section 8.3,

with the goal of constructing positive maps.

8.2.3 Convex properties of linear maps

In this section, we provide a background on properties of linear maps that play a significant
role in entanglement theory:.
Definition 8.2. We define the following notions of linear maps,

1. Alinear map € € T,,(C) is called positive if £(X) € PSDS for all X € PSDS.

2. A linear map £ € T,(C) is k-positive if the map id;, @ E : M @ M,, —
My, ® M,, is positive, where id; : M, (C) — My (C) is the identity map.

A positive map is trivially 1-positive.
Definition 8.3. Let T be the transposition map. We define the following properties
of linear maps,
1. Alinear map € € T,(C) is completely positive if it is k-positive for all &£ € IN.

2. Alinear map € € T,(C) is called completely copositive if £ o T is completely

positive, or equivalently, £ = X o T where X is completely positive.

3. A linear map &€ € T,(C) is called PPT if it is completely positive and com-
pletely copositive.

4. A completely positive linear map £ € 7,(C) is entanglement breaking if
€ ®1id,,(X) is separable for all X € PSD(C" @ C")
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A linear map £ € T,(C) that is n-positive is completely positive. Positive, Completely
positive maps, and PPT maps are closed under composition, while the completely copositive

maps are not.

Definition 8.4. A linear map £ € 7,(C) is said to be decomposable if it a sum
of completely positive and a copositive map, i.e £ = &1 + €20 T where &1, & are

completely positive

The paradigmatic examples of decomposable map is the identity map id, the transposition
map T, and the depolarizing map £(p) = Tr(p)I, and their convex sums. The convex
properties of linear maps have dual connection to the convex properties of bipartite
matrices. We provide these well-known duality conditions in the next theorem [HHH96,
Kye23].

Theorem 8.5. The following duality conditions are true for bipartite quantum

states p € M,,(C) ® M,,(C) and linear maps in 7,,(C).

« p is positive-semidefinite if and only if £ ® id,, (p) > 0 for all completely
positive maps € € 7,(C).

« pis PPT if and only if £ ® id,, (p) > 0 for all decomposable maps £ € T, (C).

« p is separable if and only if £ ® id,, (p) > 0 for all positive maps € € T, (C).

Remark 8.6. A linear map is positive if it is decomposable, and in 73(C) all positive
linear maps are decomposable. On the dual side, by Theorem 8.5, it implies that all

PPT states are separable.

The convex properties of linear maps can also be understood in terms of the matrix
properties with the Choi-Jamiotkowski Isomorphism that provides a bijection between

linear maps in matrix algebras to bipartite matrices.
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Lemma 8.7 (Choi-Jamiotkowski Isomorphism [Cho75a]). Define the linear bijection
J : Ta(€) = Ma(C) ® My(C) as J(@) = £, D(|i)(j]) ®[i)(j|. Then,
d e 7,(C)is

1. hermiticity preserving if and only if J(®) is self-adjoint,

2. positive if and only if J(®) is block positive, ie., (z ® y|J(P)|z @ y) >
0Vlz),ly) € CY

3. completely positive if and only if J(®) is positive semi-definite,
4. completely copositive if and only if .J(®)! is positive semi-definite,
5. decomposable if and only if 3X1, Xo > 0 such that J(®) = X; + XT

6. entanglement breaking if and only if J(®P) is separable.

In Lemma 8.7, part (5) appears in [Ste82], while part (6) is due to [HSR03].

8.2.4 Linear maps and matrices with diagonal unitary symmetry

We provide some background about the class of quantum maps and matrices that play
an important role in this paper, because of their nice symmetry properties. Let us denote
the group of diagonal unitary matrices with DU,, C U, i.e the group of matrices with

complex phases on the diagonal.

DU, = {diag{ewl, . .,eien} ‘ 01,...,0, € ]R}.

Now, we introduce two notions of maps covariant with the diagonal unitary symmetries,

Definition 8.8. A linear map £ € T,(C) is called

1. diagonal unitary covariant (DUC) if

VX € M,(C)and VU € DU,, E(UXU*) =UEX)U*

2. conjugate diagonal unitary covariant (CDUC) if

VX € M,(C) andVU € DUY,,, EUXU*) =TEX)U'

197
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These classes of linear maps were first introduced in [Liul4, LS15]. In [JM19, SN21]
, the structure of these channels was characterized completely in terms of matrix pairs,
with common diagonals. Let M,,(C)&2 := {(A, B) € My(C)*? | diag(A) = diag(B)}

denote the set of such matrix pairs.

Proposition 8.9. The linear space of (conjugate) diagonal unitary covariant chan-
nels is isomorphic to matrix pairs, Mn(C)ETZL = DUC,, = CDUC,,, with the corre-
spondences (A, B) — ®RY and (A, B) — O3

for X € M;,(C), where 64(X) := diag{ Adiag[X|} = 3",y Ai; X;5]7)(il.

Remark 8.10. Note that our naming of DUC/CDUC map is opposite to that of
[SN21, Definition 6.3]. Also note that,

 the DUC/CDUC maps CDE4C33DUC are hermiticity preserving if and only if the

matrix pair (A, B) € M, (R) % M2 (C).

« the notions of DUC and CDUC maps are connected by the composition with
the transpose mabp, i.e,
PR o T = dFHC

In relation with (C)DUC linear maps, we further introduce the following invariance
properties of matrices.

Definition 8.11. A bipartite matrix X € M,,(C) ® M,,(C) is called

1. local diagonal unitary invariant (LDUI) if

YU € DU,, (UU)X(URU)* = X.

2. conjugate local diagonal unitary invariant (CLDUI) if

YU € DU,, (UU)X(U®D)" = X.
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We denote these linear spaces by LDUI,, and CLDUI,,, following the terminology of
[SN21]. We then further identify M,, (C)ETQL = LDUI,, = CLDUI,, via the Choi-Jamiotkowski
isomorphism (Lemma 8.7) described below (see also Proposition 8.14 for related adapted

notation).

Proposition 8.12 ([SN21]). For ® € 7,(C),

« ® is DUC if and only if J(®) is CLDUL In particular, we have

J(@RF) = X Ay lis)is| + ; Bij liiXjj) =: X538, (A, B) € Mu(C)&;
Y ()
(54)

« ® is CDUC if and only if J(®) is LDUL In particular, we have

J(@GF) = 2 Ay lig)ij| + ; Bij li)jil =: X4B's (4, B) € Mu(C)&r.
1] 17£]
(55)

Under the correspondence above, pairs of matrices in PCP,, have been shown in [SN21,
Lemmas 6.10, 6.11] to correspond to entanglement breaking (conjugate) diagonal unitary

covariant maps.

Proposition 8.13. Given a pair of matrices (A4, B) € M,,(R) X M2 (C), we have

(A,B) € PCP,, <~ CDELE%;DUC is entanglement breaking <~ XQ%LDUI is separable.

We end this section by recalling the following definition and result from [SN21], charac-
terizing the stronger notion of complete positivity for (C)DUC maps.

Proposition 8.14. Consider the following cones:

LDUL := {(A,B) € Mu(R) x M(C) : A€ EWPy, AyjAji 2 |By[*Vi # j }

CLDUIF : {(A,B) € Mu(R) x M(C€) : A€ EWP,, B € PSD, }
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Then we have

(A,B) € LDUI} <= CIDi%JC is completely positive

— CID%JBC is completely copositive <= Xhl?éj >0,

(A,B) € CLDUI «— CDQPBC is completely positive

— CDICLPBL,J Cis completely copositive <= Xﬁ!‘g Ul'> 0.

Proof. The inclusions follows from easily from Definition 8.16, while the equivalence is
proven in [SN21, Lemma 2.12], see also [NS21, Lemma 7.6] or [JM19, Theorem 5.2] W

Proposition 8.15. Consider the following cone of pairwise doubly non-negative

matrices:
PDNN,, := {(A,B) € Mu(R) X M3(C) : A€ EWP,, B € PSDS, Vi, j Ayjd;i > |Bij|2}.
Then we have

(4, B) € PDNN,, = (P is PPT = x|V isPPT.

Proof. The equivalence follows from [SN21, Lemma 6.11,6.12] [

Finally, we introduce a subclass of LDUI states called the (mixture of) Dicke states
[Yul6, TAQ ™18, SN21], which will be of our main interest in Section 8.8. Recall that the
symmetric space C" V C" C (C")*? has an orthonormal basis {|;;) }1<i<j<n (called

Dicke basis) where
i) == (lig) +14i)) /vV2 ifi < j,
; @) ifi = j.

Bipartite positive semidefinite matrices which are diagonal in the Dicke basis

X= > Yyli)(byl € BC"VC"), Y €Ry,

1<i<j<n
are called Dicke states (or diagonal symmetric matrices). By taking P € M5*(IR) as
Y;j/Q if1 < 7,
Pij=1Y;/2 ifj <i,
Yii if1 =7,
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we have X = X}a?lyl. From [SN21, Example 3.4], we conclude that

le‘g?ly ' is positive semidefinite <= P € EWPS®,

Xpp'isPPT <= P € DNN,,

X]Lg?]g” is separable <= P € CP,,.

In particular, when n < 4, every bipartite Dicke state is separable if and only if PPT while
when n > 5, every P € DNN,, \ CP,, gives rise to a PPT entangled Dicke state X]Lp?]y !

8.3 PAIRWISE COPOSITIVITY

We introduce and study in this section the set of pairwise copositive matrices, which is the
generalization of the cone of copositive matrices COP,, to the setting of pairs of matrices,
in the same way as pairwise completely positive matrices PCP,, generalize completely

positive matrices CP,,. Recall that to a matrix X we associate its diagonal-less version X

o

)O( =X — diag(X) or Xij = ]li;éinj-

Definition 8.16. Define the set of pairwise copositive matrices as PCOP,, :=

Proposition 8.17. The set PCOP,, is a proper convex cone, dual to PCP,;:

PCOP,, = PCP°.

Proof. The convexity property follows immediately from the definition. For the duality
claim, let us first write down explicitly the (natural) scalar product on the vector space

Mu(R) x M;(C):

<(A1, Bl), (AQ, Bg)> = (A1, Ao) + <BO1, B°2> = <fil,/iz> + (B1, Ba), (56)

using the Euclidean (or Hilbert-Schmidt) scalar product on n x n matrices. The duality
follows now directly from the from of the extremal rays of the PCP,, cone (53) and from

the fact that (X, V) = (X, V') for arbitrary matrices X, Y. Finally, the fact that PCOP,, is
a proper cone follows from the established duality and the fact that PCP,, is proper. W
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Proposition 8.18. Given a pair of matrices (A, B) € M,,(R) x M3 (C), we have

]R
(vw|XLDUI|vw> = (VO U|Alw W) + (v @@]é!v@@), (57)
(| XTBV ow) = (v O T|Alw O W) + (v O w|Blv O w), (58)
for v,w € C" and |vw) := |v @ w).

Proof. We first consider the LDUI-twirling
Tioul(X) = Tpyea(X) = [ (U@U)X(U@U)'dU, X € My(C)F,  (59)

where dU denotes the normalized Haar measure on DU,,. Then 7| py; can be considered as a
orthogonal projection of M, (C)®? onto the linear space LDUI,, (we refer to [SN21, PJPY24]

for general properties of twirling maps). Furthermore, we have

VX € M,(C)®? X elLbUl, < Tpu(X)=X,
VXY € M,(©)*, Tr(XTipu(Y)) = Tr(Tipui(X)Y) = Tr(Tipu(X) Tiou(Y)),

Vo, weC", 7-LDU|(|Uw> <Uw|) X|v®v><w®w\ [vOw) (vOw|

where the first two facts follows from [PJPY24, Section 2.3] and the last fact is from [SN21,
Remark 5.16]. Now we show the proof of the first equation by the following computations.

(vw | X"DUI | vw) = Tr( lvw) (vw| XLDUI)

= Tr( |ow) vw!TLDUl(XAB ))

(
:Tr(7[DU| lvw) Uw|)XLDUI>
= Tr(

LDUI
|v®v (wEW|,|veOw) (VO XA,B )

= (1O T|Alw O W) + (v O W|Blv O w).
The second formula can be shown similarly via the CLDUI-twirling
Teloul (X) = /Dun(U U)X (UU)dU, X € My(C)%2, (60)
which is left to the reader. |

In [SN21, Theorem 6.6] it was shown that elements in PCOP corresponds to positive

conjugate diagonal unitary covariant maps, a dual result to Proposition 8.13.
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Proposition 8.19. Given a pair of matrices (A, B) € M, (R) X M?3(C), we have

(A, B) € PCOP,, <= CI>1(4C739DUC is positive <= X1(4 I)BLDUI is block-positive.

Proof. Assume that (A, B) € PCOP,,. Then, by Proposition 8.18, we get
Vo, w e C" (vw|X"DUI|vw> = (v OTAlwO®) + (vOW|Blv O W) >0

This is equivalent to the condition that that X 5 LY is block-positive <= q)i'?gc is
positive [EK00]. [

We further collect in the following proposition some simple results about the convex
cone PCOP.

Proposition 8.20. For every pair (A, B) € PCOP,, the following implications
hold:

1. A€ EWP,,.

2. Vi# jen] \JAuAj+ /AiAz —|Bij| > 0.
3. (A+B)+ (A+B)T = A+ AT +2Re(B) € COP,,.

4. (DiD1AD3s Dy, DfD5BD1D3) € PCOP,, for any complex diagonal matrices
Dy and D».

Regarding diagonal elements of the pair and the connection to the PCP cone, we

have:
5. (A,diag(A)) € PCOP,, <= A € EWP, < (A, diag(A)) € PCP,.
6. (diag(B), B) € PCOP,, <= B e PSDS.
7. (diag(B), B) € PCP,, < B = diag B.

Regarding identical elements in the pair, we have:

8. (A,A) e PCOP, < AcEWP} — XV >0.

Proof. From the definition of PCOP,, we have

(O B|Alw e D) + (Ve w|Blvow) >0, Vo,w € C". (61)

203
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For Items 1 and 2, we refer to [SN21, Proposition 6.7].
To show Item 3, we replace in Eq. (61), v = z,w = Z € C".We get

— 2 _ n o NT n
(z02|[A+B|lz©z) >0, VzeC" < (p|/(A+B)+(A+B) ' |p) >0, ¥YpeR].
(62)

This implies (A + B) + (A4 B)T = A4+ AT 4 2Re(B) € COP,,.

Item 4 follows from the substitution v — Djv = diag[D1] ® v and w — Dow =
diag[D2] ® w in Eq. (61), in which case Djv ® Djv = DiDi(v®7) and Djv ® Dow =
D1Ds(v ©w).

Item 5 follows immediately since B = 0, while Item 6 and Item 7 follow from 4 = 0.

Finally, Item 8 follows from Item 1 and Proposition 8.14. |

Remark 8.21. The results regarding pairs of matrices (A, B) where either A or
B are diagonal can be understood in terms of the corresponding linear maps as

follows.

« Item 5: A “classical” map q);czlig(c A (X) = diag{ A diag[ X} is positive <=

it is completely positive <= it is entanglement breaking.

. Item 6: A (transpose-)Schur product map Cbgigg( B) g(X) = BoX
(resp. q’ﬁﬁ&%),g (X) = BO X ") is positive <= it is completely posi-

tive (resp. completely co-positive).

o Item 7: A (transpose-)Schur product map q)ggg(%) p(X) =Bo X' isen-
tanglement breaking <= it is “classical” (i.e. only takes into account the

diagonal of the input).

Remark 8.22. We have seen in Proposition 8.1 that (A, A) € PCP,, < A ¢
CP,,. From Item 8 above, it follows that a similar property does not hold for PCOP,,
and COP,,. In the language of linear maps, the result from Item 8 translates to the
fact that the linear DUC map

PRYE(X) = diag{Adiag[X]} + Ao X

is positive if and only if it is completely positive.
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Recall that @3% (resp. (Da’%c) is completely positive (resp. completely copositive), if
(A, B) € CLDUL!. An important example of element in the PCOP cone, different that the

ones one might construct using Proposition 8.14, is given below.

Example 8.23. We have (N, —~N) € PCOP,, for any N € EWP$*, Indeed, for

v,w € C", one has

(v OB|INwOB) — (vOw|NvOw) = Nyjlvil*lwy[? = > Nijtidivjw;

i#j i#j
= i \|Vi| |W;j V|7 |wi|T — D;Wivw — UjW50;W;
> Nij(Jvil* e + o wi]* )
i<j
= 3" Nijlvaw; — vjs)* > 0.
1<j

In particular, (.J,,, —.J,,) € PCOP,,. Note that since —N ¢ PSDC unless N' = 0, we
have

(N,—N) € PCOP,, \ CLDUI;.

This example is the main motivation for the rest of the paper: we shall consider per-
turbations of the N matrix appearing the first and in the second slot of the pair, yielding

interesting examples of PCOP pairs, and in effect, positive maps.

We complete this section by providing the characterizations of pairwise copositivity in
terms of copositivity, which generalize Item 3 of Proposition 8.20. First, for A € EWP,,, let
us denote by

A= (A0 AT)V2 = (/A Aji)1<i j<n.

Theorem 8.24. If a pair (A, B) € M,,(R) b M?3(C) satisfies A € EWP,, and

A+Re(U*BU) € COP,, forevery U € DU, then (A, B) € PCOP,,. In particular,
for A € M52(IR) real symmetric,

(A, B) € PCOP,, <= A € EWP, and A + Re(U*BU) € COP,, YU € DU,
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Proof. For v,w € C", let us write v © w = Up where p € R} and U € DU,,. Then we
have

(v @ 0| Ajw© @) + (v O w|Blv ©w) = Y- Agjlvi*|w;|* + (p|U* BU|p)
i.j
o |vil? 2| .
= > (Aijpj 5 + Ajipi5) + (pIU*BU|p)
i<j |vj] |vi
> > 24/ AijAjipip; + (p|U*BU|p)
i<

= (p| A + Re(U*BU)|p) > 0,

where in the second inequality, we use that diag(A) = diag(B) = U* diag(B)U and in
the next step the AM-GM inequality. This shows the first assertion.
The direction (<=) of the second assertion now follows from the first by noting that

A = A since A is a real symmetric matrix. For the other direction (=), note that
(A, U*BU) € PCOP,, for all U € DU,, from Proposition 8.20, Item 4, with D; = U and
D9 = I,,. Therefore, we conclude by applying Proposition 8.20, Item 3. |

The corollary below would play a key role in the next section. Let us first denote by
DO, := {O € DU, : diag|O] € {il}”} the finite group of diagonal orthogonal matrices.

Corollary 8.25. If (A, B) satisfies A € EWP,,, B € M3*(R), and A + OBO ¢
COP,, for every O € DQ,, then (A, B) € PCOP,,. In particular, for A, B €
M?2(IR) real symmetric,

(A,B) € PCOP, <= A € EWP, and A+ OBO € COP,, YO € DO,,.

Proof. We only need to show the first assertion. First of all, for all D real diagonal, we can
write D = OP = PO for some P a nonnegative diagonal matrix and O € DQ,,. Then
|D| := v/ D*D = P and hence the assumption implies that

|D|A|D|4+ DBD = P(A+ OBO)P € COP,,. (63)

Now for U € DUy, letus write U = D1 + 1D € DU, with D1, Dy real diagonal (hence
D? + D3 = I,,). We claim that for all A € EWP,,, we have A — | D1|A|D1| — | D2|A|Ds| €
EWP52, To show this, we use the AM-GM inequality and the fact that D} + D3 = I,,:

- D1ffi + D155 | De2ffi + D23
Vi,j € [n], Dl Diljj + Dol Daljj < ——F—* + ————+ =1
(64)
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Then, since B is real, we have

A+Re(U*BU) = A+ D1BD; + D2BD;
= (|D1|f~1|D1| + D1éD1) + (|D2|14~1|D2| + DQEDQ)
COP,, by Eq. (63) COP,, by Eq. (63)
+ (A= |D1|A|Dy| — |Do| A| Do)

EWPS? by Eq. (64)

This shows that A + Re(U*BU) is copositive, and then the first claim follows now from
Theorem 8.24. |

8.4 LIFTING COPOSITIVITY TO PAIRWISE COPOSITIVITY

In this section, we study the membership problem for the cone PCOP in the case of several

classes of pairs of matrices. Many of the results in this section are focused on establishing

an equivalence with the membership problem for the cone of copositive matrices COP.

Another motivation is the generalization of Example 8.23 to pairs where we perturb the

second component by small amount of matrix, which turns out to be copositive.

More precisely, we apply Corollary 8.25 to obtain the following main result of this
section, an efficient method to generate a wide family of pairs in PCOP,, lifted from a

single copositive matrix.

Theorem 8.26. Suppose M, N € M*(IR) satisfy diag(N) = diag(M), N €
EWPS, and N;; > M, foralli # j € [n]. Then
M € COP, <= (N,M —N) € PCOP,,.

In particular, denoting (M. );; := max(M;;,0) and (M_);; := — min(1;;,0), we
have

1
M € COP,, <= §(M+ + diag(M), My — 2M_ + diag(M)) € PCOP,,
<— (M4, diag(M)— M_) € PCOP,,.

In a similar vein, for all A\ > J max(0, max(M)), we have

M € COP,, <= (diag(M) -+ \J,, M — \J,) € PCOP,,.
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Proof. The direction (<) of the first statement follows from Item 3 from Proposition 8.20

as
N+ NT +2Re(M — N) = 2M € COP,,

For the direction (=), let O € DQ,, and let us decompose O = O4 — O_ such that
both O are diagonal matrices with entries either 0 or 1 and O;O_ = 0. Also, note that
O+ + O_ = I,,. Then since 2N — M € EWP;}?, we have the following decomposition

into sum of copositive matrices
N+O(M—-N)O=(N—-0ONO)+O0OMO =2(0.NO_ +0O_NOy)+OMO
= (01 (2N = M)O_ + O_(2N = M)O4) + 04 MO + O_MO_ € COP,,.
EWP;aQCOPn COPn COPn

Since this is true for all O € D©,,, we have by Corollary 8.25 that (N, M — N) € PCOP,,.

Now the second and third assertions simply follows from the first statement with
N = 3(M; + diag(M)), N = M, (note that diag(My) = diag(M), diag(M_) = 0,
and M = M, — M_),and N = diag(M) + \J, respectively. |

Remark 8.27. The first statement of Theorem 8.26 can be interpreted as follows:

for any fixed copositive matrix M, one can generate the family
; 1
Fu={(N,M—N):N € EWP?, diag(N) = diag(M), and N;; > S Mij Vi # i}

of pairs in PCOP,,. In other words, any pair (N, M — N) € Fs defines positive
(C)DUC

N.M-N*
that it allows for (n? — n)/2 degrees of freedom in the choice of the upper off-

linear maps ® Note that this family is both simple and rich, in the sense
diagonal entries (Nij)ng j<n- In the remainder of the paper, we will show that
this construction indeed generates a broad class of positive indecomposable linear
maps and entanglement witnesses capable of detecting entanglement in PPT states

that are arbitrarily close to separable ones.

Example 8.28. For the Horn matrix H defined in Eq. (52), the last assertion in
Theorem 8.26 implies that

(Is + A Js, H — \Js) € PCOP5 whenever \ >

D[

We show that the condition A > % is also necessary (see also Example 8.37), which

implies that the lower bound A > 1 max (0, max(M)) in the previous theorem
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is tight as a multiple of max(0, max(M)). Indeed, for t > 0 we may choose
v=(1,0,t,t,0)" and w = (—1,0,¢,¢,0) " to compute that

<U®2’[5 + )\Jo5‘w®2> + (o w|H —Mslvow) =1+4t2(2x —1).

Thus, the condition (I5 + AJs, H — \.J5) € PCOP5 implies that 2\ — 1 > —-L; for
all ¢ > 0. By taking t — oo, we obtain A > 1/2.

On the other hand, the bound A > } max (0, max (7)) from Theorem 8.26 is not tight
in another perspective: if M € PSDR, then (diag(M) 4+ \J, M — \.J) € PCOP,, for all
A > 0 (see Item 6 in Proposition 8.20) while max (M ) > 0 whenever M has positive

off-diagonal elements.

The simple corollary below will be used later in Section 8.7 to establish the positivity of

linear maps defined by graphs.

Corollary 8.29. Let A € M?*(IR) such that I — A € EWP,,. Then

(diag(A) + J,,A) e PCOP, <= A+ J, € COP,.

8.5 PAIRWISE DECOMPOSABILITY

Between the class of positive linear maps and the one of completely positive maps lies
the important intermediate class of decomposable maps. We study in this section the
corresponding cone of pairs of matrices and connect it to decomposable maps in operator
algebra. Recall that a linear map €& € 7,(C) is called decomposable if we can write
E =& + & o T, for some CP maps &1 and &. To study decomposable diagonal unitary

covariant linear maps, we introduce the following set:

Definition 8.30. Define the set of pairwise decomposable matrices PDEC,, as the
set of pairs (A, B) € M, (R) = M:2(C) having the following properties:

- A e EWP,

« B=BW 4+ B? with B e PSDE and B?) € M$2(C) such that BZ-(Z-Q) >0
for all i € [n] and |Bz'<j2)|2 < AjjAjiforalli # j € [n].
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Note from the definition that
(A,B) € PDEC, += (4,B) = ((A® AT)®"/? B) € PDEC,, (65)

which is not true in general for (A, B) € PCOP,, (we refer to Section 8.6).

We first characterize the decomposability property of (conjugate) diagonal unitary

covariant maps.

Proposition 8.31. The following statements are equivalent:

1. ¢£1C39DUC is decomposable.

)

2. (A, B) € PDEC,.

Proof. Since CDEL%C ol = @i?éj C and since decomposability is invariant under the com-
position with transposition, we may only consider Cba%.

((1)=(2)) Assume CID/DLLJBC is a decomposable linear map, CD%% = &1 + & where &1, &
are (resp.) completely positive and completely copositive maps. We use the DUC-twirling

map

Touc(E)(-) = /DunU E(U-UNU dU
on both sides, and we have by [PJPY24, Proposition 2.1],
Touc(PR%5) = Touc(&1) + Touc (&) = PR = dRVG +@0VF,  (66)

for CP map CID%{CB , and a co-CP map @3;{%2, Now it is straightforward to verify that
B =B, i=1,2, satisfy the conditions above. For the reverse direction ((2)=-(1)), we

construct a decomposition
(A, B) = (diag BY, BM) + (4 — diag BV, B?))

which gives us a decomposition into completely positive and a completely copositive

mabp. [

Below, the implications in the first row can be either verified by hand from the definitions,
or obtained from Proposition 8.19, 8.14, and 8.31 from the obvious implications in the

second row.
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(A, B) € LDUI} or
(A,B) € PCP,, = (A B) € CLDUI* — (A, B) € PDEC,, = (A, B) € PCOF
,B) € n
) ) 0 )

dGPYC is CP or
CD(AC%DUC isEB — A,B - CD;CJ)BDUC is dec. = CDELa;DUC is positiv
PLY5 is CP ’ ’

)

We start with an example directly strengthening Example 8.23, obtained by taking
A=N, BW) = 0, and B?2) = £ N in Definition 8.30.

Example 8.32. For any matrix N € EWPS?, we have (N, +N) € PDEC,.

We rephrase next [SN21, Proposition 6.8] to provide a useful necessary condition for

membership in the cone PDEC,,.

Proposition 8.33. Let A € M, (R) and B € M?*(C). Then, we have

: . 1
Vi#j € [n] mﬂ/AiiAjj + AijAji — ‘BZJ’ >0 = (A,B) € PDEC,,

Recall now the definition of the SPN cone: these are real matrices that can be written
as a sum of a real positive semidefinite matrix and a symmetric entrywise non-negative

matrix:

SPN,, = PSDX + EWP5®,

We have the following analogue of Item 3 of Proposition 8.20.

Proposition 8.34. If (A4, B) € PDEC,, then A 4 Re(B) € SPN,,.

Proof. We can write B = B 1) + B satisfying the conditions listed in Definition 8.30.
Then, since | Re(Bzgjz))| < JAijAj; = A foralli # j € [n], we can show the following

inclusion:

A+Re(B) = (A+Re(B?)) +Re(BM) € SPN,.
EWPS2 PSDR
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Note that the condition A + Re(B) € SPN,, above also implies the direct analogue of
Proposition 8.20, Item 3:

(A+B)+ (A+B)T = A+ AT +2Re(B) € SPN,,

since (A+ AT)/2— A € EWPS,
We now establish the main result of this section, a theorem that should be compared

with the “lifting" theorem for copositivity, Theorem 8.26 from the previous section.
Theorem 8.35. Let M € M5 (IR) and let N € EWP? with diag(M) = diag(N),
and suppose N;; > 3M;; + §(M;; + M;;) foralli # j € [n]. Then, we have

M €SPN, <= (N,M —N) € PDEC,.

Furthermore, if M is positive semidefinite (resp. entrywise non-negative), then the
condition N € EWP?? (resp. N € EWP}? such that N — M /2 € EWP,,) is enough
to obtain (N, M — N) € PDEC,,.

Proof. The condition (N, M — N) € PDEC,, implies M &€ SPN,, from Proposition 8.34.
For the converse, let us assume M € SPN,, and write M = AW 1 A2) where A ¢
PSDR and A(?) € EWPS®, Then

+ (diag(A), A1) € PDEC, and (N, —N) € PDEC, whenever N € EWP?;

. (diag(A®) 4+ N, A®) — N) € PDEC, Whenever N — AR /2 € EWP,,. Indeed,
szj > (AZ(?) — Nij) holds whenever N;; > A /2 and hence the decomposition
A — N = B 4+ BO® with BN =0 satlsﬁes the conditions in Definition 8.30.

Consequently, we have
(N, M — N) = (diag(AM), AM) + (diag(A®)) + N, A?) — N), e PDEC,,
if N — A /2 € EWP,,. On the other hand, if i # j € [n], then

AL 4 AW
A()<Mzg+|A | < M+ A )Ag})SMijﬂL—l 5 < Mg+

Therefore, N — A(2) /2 € EWP,, is satisfied whenever Nij > %Mi]’ + %(M“ + Mj;) for
alli # j. [ |
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Remark 8.36. The proof above actually shows that, if M = A1) + A(2) ¢ SPN,,
with A1) € PSDR and A) € EWP?, then

(diag(A(l)), A(l)) S ;(A@) + diag(A®), 4®) 4 diag(A(Q))) € PDEC,,

by choosing N = diag(M) + %fl(?). This precisely recovers [MATS21, Theorem
2.2]:

__ yLDUI LDUI o
W = X fiag(am),a® T Hs X oo (4@ 40 s € PPT(C"®C")

(ie. W is decomposable), where I1g := 1(Ip + Fy) = 5(Ip + Z?,j:l |i5) (5il)
is the projection onto the symmetric subspace C" V C" C (C")®2. Indeed, the
relations from [SN21, Proposition 4.3] imply that

LDUI LDUI
s Xap s = X(A+B)/2,(A+B)/2

whenever A, B € M;*(IR) with diag(A) = diag(B).

Example 8.37. For the matrix

1 -1 1 1 000 2

=11 -1 1 0000

H:= = e SPNy, v=(1,-1,1,-1)",
R B R Bl AU o PP v v=( )
1 1 -1 1 200 0

Theorem 8.35 implies that (I + AJy, H — \Jy) € PDECy if A > 1. We claim that
this condition is also necessary. Note that H is a principal 4 x 4 submatrix of the

Horn matrix H, and thus the argument in Example 8.28 implies
o o 1 o - o
(I5 + NJ5, H — >\J5) € PCOP; VA > 5 — (I4 + ANJy, H — )\J4) € PCOP4 VA >

In particular, we have (Iy + Ny, H — )\j4) € PCOP,4 \ PDEC, in the interval
(C)buC

A € [1/2,1), which leads to the positive indecomposable linear maps q>14+,\j’4,ﬁ1—>\j4'

N | —
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To show the claim, suppose H — \J; = B + B(?) where B(12) satisfy the
conditions in Definition 8.30, i.e., B(?) € MP(C), BZ-(Z-Q) > BZ(;)| < \ fori # 7,

and
1 —1-X 1-X 1-A
g = [TtmA b A AL o) ¢ pope
1—Xx —=-1-AX 1 —1-A

1-Xx 1-XA —-1-A 1

First, the psd condition for each of 2 x 2 principal submatrices of B (1) implies
that diag(B®)) = 0 and BZ'(]?) = —Aforalli,j € [4] with |[i — j| = 1. Next, the

condition for 3 x 3 principal submatrix

1 1 1-x-BY 1 1 1-x-BY
-1 1 1 >0 = | -1 1 1

1-A-BY 1 1 1-A-BY 1 1

= -+B22>0

forces that Bg) = Bg) = —\, and similarly Béi) = Bg) = —\. Finally, the last
condition B(Y) > 0 would force that 1 — A — Bﬁ) = — |, e, Bﬁ) = 2 — ). Since
|Bﬁ)| < A, this implies A > 1.

Finally, the following corollary allows us to provide a (n? — n)/2-dimensional region of

positive indecomposable linear maps within the classes of DUC and CDUC linear maps.

)bU

VN are positive
= diag(M) and
0, then the Dicke

Corollary 8.38. If M € COP,, \ SPN,,, then both the maps CDEV
and non-decomposable for all N € EWP?* such that diag(N)
Ni; > MZ] for alli > j. Moreover, if P € DNN,, with (P, M) <
state X p LDU' is PPT entangled with

cDJCVD]\Uf (X LDUI) % 0.

In other words, the entanglement in the state X p EPY can be detected by the witness

CI)DUC

map =N M—N-
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In Section 8.8.1, we strengthen Corollary 8.38 by providing a broad family of entanglement
witnesses capable of detecting entanglement in quantum states with arbitrarily high levels
of PPT extendibility.

As a final remark, it is natural to ask which is the most efficient among these large
classes of entanglement witnesses. In this context, [LKCHO00] introduced the notion of
optimality. A nonzero entanglement witness W € Sep(C" @ C")° is called optimal if it

detects the maximal set of entangled states, i.e., if another nonzero entanglement witness

W' € Sep(C™ @ C")° satisfies

Tr(Wp) <0 = Tr(Wp) <0

for every (entangled) state p, then W’ cW for some ¢ > 0 (we refer to [LKCHO00,
Lemma 1 and Corollary 1]). It is shown [LKCHO00, Theorem 1] that the optimality of W is
equivalent to, for arbitrary nonzero positive semidefinite matrix X € (M, ® M,)", we
have W — X ¢ Sep(C" @ C")°. In other words, any decomposition W = W' + X where
W' € Sep(C" @ C")° and X > 0 implies X = 0. Therefore, optimal witnesses can be
regarded as edge objects as discussed in [BCH " 02]. A necessary condition for optimality of
W is that, there exists a separable state pge;, such that Tr(W psep) = 0, meaning that W is
on the boundary of Sep(C" @ C")° (every such IV is on an exposed face of Sep(C" @ C")°
according to [Kye13]). However, the converse is not true: using the flip operator F', define
the witness W := F + |11)(11]. Clearly, since F' is also an entanglement witness, W is

not optimal, but it satisfies
Tr(W|12)(12]) = (12|F4|12) = 0,

proving that it is on the boundary of Sep(C? ® C2)°.

In the following statement, we show that the previous construction again provides a

wide ((n? — n)/2-dimensional) class of optimal entanglement witnesses.

Corollary 8.39. Let M be an extremal copositive matrix which is also exceptional,
ie., M ¢ SPN,. Then for any N € EWP;" with diag(N) = diag(M) and N;; >

%Mij for all © # j, the CLDUI matrix X]%]'\D)J_' & is optimal and indecomposable.

Proof. Suppose we have a decomposition X 'PY' . = X + X, where X is block-

NM—N
positive and X is a positive semidefinite matrix. By taking the CLDUI-twirling
as in Eq. (60), we have X]%]l\)/}ﬂ]v = X| + X3 where X! = T pyX; =: Xﬁi"%gl

Then [PJPY24, Proposition 2.1] implies that X7 is block-positive and X3 > 0, and
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hence (A1, B;) € PCOP,,, Ay € EWP,,, and By € PSDE. Now let us focus on the

decomposition
(N,M — N) = (A1, By) + (A2, B2) = (A1, B1) + (42,0) + (diag(B2), B2),
which yields the following decomposition
M= ((A1+ Al )/2+Re(B1)) + (A2 + 43 ) /2 + Re(Bs))

of the copositive matrix M. Since (As + A5 ) /2 + Re(By) € SPN,, the extremality
and exceptionality of M forces (A + AJ)/2 + Re(Bs) = 0. By comparing both
sides, we further have (As + AJ)/2 = Re(Bs) = 0, and hence Ay = By = 0.
Finally, since the CLDUI-twirling 7c| py is trace-preserving, we have Xy = 0,

which concludes the optimality of X JIKII?J\%I— i |

Remark 8.40. 1. The condition M ¢ SPN,, is essential above. Indeed, M =
3(|2)(j] 4 |7)(i|) is an extremal copositive matrix [SMB21, Theorem 2.29],
and the choice N = 2M /3 gives a copositive pair %(QM, M) € PCOP, \

CLDUL!. However, we have a decomposition
(2M, M) = (M, M)+ (M,0),
where (M, M) € PCOP,, and (M, 0) € CLDUI}.

2. If Ny > %max((), M;;) for some ¢ # j, then the LDUI matrix XJLVDJ\%['—N is

not optimal. Indeed, We can decompose the pair into
(NM—N)=(N—-N ,M—-N+N)+ (N, -N,

where N' = (Ni; — §max(Mj,0))(|6) (] + j)(il) and (N, —N') €
LDUI.

8.6 MARKOV-CHOI MAPS

In this section, we consider another variant of Example 8.23 obtained by perturbing the

first element of the pair (J —J ) with an arbitrary real matrix A — J (with A nonnega-
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tive entries), while keeping the second element of the form diag(A) — J. This class of
examples yields DUC maps that are very important in the literature, such as the Choi
map [Cho75c] and many of its generalizations [CL77, TT88, Kye92, CKL92, Ha03, CMR18,
BSSC25, SBSC24]. These maps are of the form

n

qﬁfjifagm)_j(Z) = diag{A diag[Z]} — Z = MZ:l(Aij +14-)Z;5]iMi| — Z.

We will call such maps Markov-Choi because of their precise form: on the diagonal, the
map acts like a classical Markov matrix A, while on the off-diagonal elements, the map
flips the sign of the entry, exactly like the celebrated Choi map [Cho75c].

Let us first gather several positivity properties of such maps in the following proposition.

Proposition 8.41. Let A € EWP,,. Then:

. 5 : o Di
1. (A,diag(A) —J) € PCOP, ifand only if > ———— <1 Vpe RY,
( ( ) ) n Yy =i + (Ap)z >0

2. (A,diag(A) — J) € PDEC, ifand only if diag(A) — J + S € PSDR for some
S € M$3(R) with diag(S) = 0 and |S;;]? < A;;A;; Vi # j € [n].

3. (A,diag(A) — J) € CLDUL! if and only if > <1

4. (A, diag(A) — J) € LDUL if and only if A;;A; > 1Vi # j € [n].
5. (A,diag(A) —.J) € PCP,, if and only if (A, diag(A) — J) € PDNN,, =
n

CLDUI" NLDUL} ifand only if > <land A;;Aj; > 1Vi# j € [n].

Proof. For the first point, (A, diag(A) —.J) € PCOP,, if and only if the Markov-Choi map

q)igﬁagA_j(Z) — diag{Adiag[Z]} — Z = diag{({ + A) diag[Z]} — Z

is positive. For an arbitrary vector v € C", where v; # 0 for all i € [n], we have

D()v]) 2 0 = diag{(I + A) diag[[v)}{v|]} = |v)(v|

217
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We define D, := diag{(I + A) diag[|v)v

|, ane hence it follows that,

®(ju)v]) >0 <= D2 |o)o| DV < T
= |D;* )| <1

2
— = Y 2) <1
— Zn: o <1
= il + (A )
which is the condition in the statement for p; := |v;|> > 0. Conversely, the condition
implies that <I>DUC _j(Jv){v]) = 0 forall v € C" with non-zero entries, and thus the

positivity of CIDDUC GA_J . by a density argument.

For the second point, (4, diag(A) — J) € PDEC,, if and only if diag(A4) — J = B +
B2) where B(1?) satisfies the conditions in Definition 8.30. Note that we may assume
that B12) are real symmetric, by taking (entrywise) real part, and diag(B(z)) = 0 by
choosing BY) = B + diag(B?)) and B = B?) if necessary. Therefore, we have
the advertised condition by setting S = —B' (2),

For the third point, by Proposition 8.14, the condition on the LHS is equivalent to
diag(A) — J € PSDS. Therefore, similarly as in the proof of the first point,

diag(A) > J <= diag(I + A) > J = [1)(1] <= ||(diag(I + A))/?[1)| <1

2t

1
= || ———=
H(\/l + Aii)ie[n]

The fourth point is straightforward from the condition in Proposition 8.14. Finally, last

1+ Au

fifth point follows from the comparison matrix argument from [SN21, Lemma 2.11] since

M (diag(A) — .J) = diag(A) — J. |
Note that the last statement of Proposition 8.41 implies that

gg;tg)&)_ j1s separable if and only if PPT,

by Propositions 8.13 and 8.15. In other words, it is impossible to find PPT entanglement
directly from pairs of the form (A, diag(A) — .J).

It is in general challenging to solve analytically the conditions in Proposition 8.41 (1)
and (2) (we refer to [CKL92, Yam93, Ha03, BSSC25] for exact solutions in several spe-
cial cases). Since our main interest lies in finding exceptional pairs (A, diag(A) — .J) in

PCOP,, \ PDEC,, (equivalently, those for which the corresponding Markov-Choi map

DUC

Ading A_J is positive and indecomposable), we shall further restrict our attention to
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several special classes of matrices A for which membership in the cones PCOP,, or PDEC,,
can be explicitly obtained, and accordingly, examples of positive indecomposable maps

can be readily constructed.

8.6.1 Markov-Choi maps from exceptional copositive matrices

In relation with copositivity, we first record some simple necessary and, respectively,

sufficient conditions for (A, diag(A) — J) € PCOP,,.

Proposition 8.42. Let A € EWP, andlet A := (A® AT)®1/2 = (y/AijAji)

Then we have the following implications:

i,j€[n]:

A—JeCOP, = (A,diag(A)—J) e PCOP, — (A+A")/2—.J e COP,.

Proof. If A—J € COP,, then the first statement of Theorem 8.26 with N = A and
M = A —J implies that (A4, diag(A) — /) € PCOP,. By Proposition 8.20 (4) , this
implies that A — 0.JO € COP,, for all O € DO,, and hence, by Corollary 8.25, we have
that (A, diag(A) — J) € PCOP,,. This shows the first implication. The second implication
is straightforward from Proposition 8.20 (3). [

Note that if A is further assumed to be symmetric, i.e., A € EWP}?, then we have
(A, diag(A) — J) e PCOP, <= A—.J e COP,,. (67)

which is a special case of Theorem 8.26 by choosing N = A, M = A — J.

On the other hand, a necessary condition for (A, diag(A) —.J) € PDEC,, in Proposition
8341is A—J € SPN,. Therefore, one can construct the matrix pair as follows: for
any exceptional copositive matrix M € COP,, \ SPN,,, we have (A, diag(A) — .J) €
PCOP,, \ PDEC,, whenever

A= (A ANOY2 =M+ J

for 0 < A < (max(M_))~! (note that M_ # 0 since M ¢ EWP,,). Note that when
A=\M+J= A4, the corresponding positive indecomposable Markov-Choi maps

DUC o -
D ding(4)—J(Z) = A2 Mij Zjjli) il + Te(Z) I — 2, Z € Ma(C),
0]
already provides us with a new class of constructions. To our knowledge, all the previous
results in the literature assumed A to be asymmetric to construct examples of positive-

indecomposable maps. Note that in the cases they consider, A — .J is also not necessarily
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copositive. This shows that, this is not a necessary condition for PCOP,,, and shift our

focus on this case in the remainder of the section.

8.6.2 Markov-Choi maps from non-copositive matrices

Here we discuss two cases where the exceptional pair (A, diag(A) —.J) € PCOP, \
PDEC,, is obtained from a matrix A such that A—J¢ COP,,. Both cases would result
in generalizing previous examples of positive indecomposable Markov-Choi maps from
[Kye92, CKL92, Ha03].

The first case is when A = (A ® A")®!/2 is diagonal. In this case, it is shown that

~ . ~ ~ g L 1
A-—JeCOP, «<= A—JeSPN, < A-JePSDR —= <1,
Z:11+AZZ

from [SMB21, Theorem 2.102].
We show below that this is also equivalent to the membership in PDEC,,.

Proposition 8.43. Suppose A € EWP,, satisfies A;jAj; = 0 forall i # j € [n].

Then we have

n
(A, diag(A) —J) € PDEC, «— <1 <= (A,diag(A4)—J) e CLDUL'.
1=1

— 1+ Ay
In particular, we have (A, diag(A) — J) € PCOP,, \ PDEC,, whenever A satisfies

St mra; > land S iy, < forallp € RY,,

Proof. Since A;jA;; = 0, the condition in Proposition 8.41 (2) forces that S = 0, and
hence diag(A) — J € PSDR, which is equivalent to (A, diag(A) — J) € CLDUL} as in

Proposition 8.41 (3). [ |
ar 0 ¢
Example 8.44. For a 3 X 3 matrix A = |co as 0| € EWP3, it is shown
0 c3 as

[Kye92, CMR18] that (A, diag(A) — J) € PCOP3 whenever a1, as, a3 > a and
(616203)1/3 > 2 —a for some a > 1. More generally, for A € EWP,, the
result of [Ha03, Theorem 2.4] implies that (A, diag(A) — .J) € PCOP,, if, for

some k = 1,...,.n—1and a > n — 2, we have A;; > a forall i € [n] and
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(11, Ai,z’—i—k)l/n

we may add an entrywise positive matrix to setting in [Ha03, Theorem 2.4], namely,

A = N + AHe with N € EWP,, and

> n — a — 1 where the sum in the index is in modulo n. Indeed,

AgazaandAga:ci(Sj,Hk, aZn—27 (Cl"'Cn)l/nZn—CL—l,

and using the cone property of PCOP,,. Therefore, one can construct the exceptional
pair (A, diag(A) — .J) € PCOP,, \ PDEC,, under the conditions

n 1/n
AijAjiIO, agA,-i<n—1foralli7éj€[n],and( Ai,i—i-k) >n—a—1
=1

7

forsomek=1,...,n—landn—2<a<n-1.

Remark 8.45. In [Ha03], the author showed a stronger form of indecomposability
in the previous map: when A;; = a and A;; = ¢;0; 44 with (¢ --- )™ >
DUC . . .

Ading(A)—F is atomic, i.e., it cannot be a sum of
a 2-positive and a 2-copositive linear map.

n — a — 1, the corresponding map ®

Next, let us consider the case where A = (A® AT)®V/2 = 4T, + AJ, for some a, A > 0.

As in the previous case, we can show A—Je COP,, if and only if A—Je SPN,,, which
also characterizes pairwise decomposability of (A, diag(A) — J).

Proposition 8.46. Suppose A € EWP,, satisfies A;; = a and \/A;;A;; = A for all
i # j € [n]. Then we have

(A, diag(A) — J) € PDEC, <= A—Je COP, «— A—JeSPN,

— A>1-— a4

n—1

In particular, we have (A, diag(A4) — J) € PCOP,, \ PDEC,, whenever 0 < a <

n—1,0< X< 1— %, and A satisfies 37", p,+’(’f4p)‘ < 1forall p € RZ,,.

Proof. The condition (A, diag(A) — J) € PDEC, is equivalent to (al, + \J, al, — J,) €
PDEC,,, thanks to Eq. (65). The decomposability of the corresponding Markov-Choi map

OO o (Z) =ATH(Z), + (a+1-N)diag(Z) — Z,  Z € My(C),
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has been characterized in [PJPY24, Section 4], where it is shown that it is equivalent to its

positivity. This shows that
(A, diag(A) — J) € PDEC, <= (A,diag(A4) —J) € PCOP, <= A—J e COP,,

where the last equivalence follows from Theorem 8.26. Now if A > 1, then clearly
A—J, =al,+ (A\—1).J, € EWP If \ < 1, then by [Ber23, Theorem 2.102],
A—J=al,+(\-1)J, € COP, < al,+ (A—1)J, € SPN,,
— al, +(A\—1)J, € PSDR
<~ a+(n—-1)(A—1) >0,

which shows the remaining equivalences in the statement. [

a bl C1
Example 8.47. Consider a 3 X 3 matrix A = |co a by| € EWP3 satisfying
b3 c3 a

\/blcg = \/bQC?) = \/6163 =\ a-+ (blbgbg)l/?’—{— (016263)1/3 >2, and a+\>1.

If b, := (b1bab3)'/3 and ¢, := (c1cac3)'/3, the last two conditions are equivalent
to a+ by + ¢ > 2 and a + /bsc, = a+ A > 1. Therefore, we may apply the
result from [CMR18, Corollary 2.4], which is mainly based on [CKL92, Theorem
2.1], to obtain that (A, diag(A) — .J) € PCOP3. On the other hand, Proposition 8.46
implies that (A, diag(A) — J) € PDEC,, if and only if a + 2\ > 2, which depends
only on a and \. Consequently, we can obtain positive indecomposable Markov-
Choi maps PPUC under the conditions0 < a <2and1—-a < A< 1-— %,

A, diag(A)—J
thereby recovering and generalizing the construction in [CKL92].

Finally, we provide another family of positive indecomposable maps in all dimensions.

Example 8.48. Let us consider a circulant matrix A = circ(a,c1,...,¢p—1) €

EWP,, ie.,
Aij=aand A; ;1 =¢; i=1,...,n, k=1,...,n—1, (68)

with a,c; > 0 and ,/¢je,—; = Aforall j = 1,...,[5]. Then by taking

€ 1= maXi<;<n—1 Cj, the argument in Example 8.44 based on [Ha03] implies that
(A,diag(A) — J) € PCOP,, whenever ¢ > n —2 and ¢ > n —a — 1. There-
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fore, Proposition 8.46 implies that (A, diag(A) — .J) € PCOP,, \ PDEC,, under the
conditions

n—2<a<n-—1, c¢>n—a—1, and 0<)A<1— 1
n_

8.7 MAPS ASSOCIATED TO GRAPHS

In this section, we define a one-parameter family of maps using adjacency matrix of a

graph. Recall that for every graph G we can define its adjacency matrix

1 if (4,7) is an edge in G

0 otherwise.

AG(ivj) - {

Throughout this and the next section, we assume that G is a simple, undirected, and loop-
less graph with n vertices, in which case we always have Ag € M$(R) and Ag = Ag.

We introduce the following quantities:

« A(G) the maximal eigenvalue of its adjacency matrix Ag. For a non-empty graph,

AMG) > 1;
« w(Q) its clique number, i.e. the size of the largest clique in G;

« a(Q) the stable or independence number of G, i.e. the size of its largest stable set;

clearly a(G) = w(G), where G is the complementary graph of G.

We refer the reader to [GR13] for more details about algebraic graph theory and graph
parameters.

For a graph GG on n vertices, we also introduce the quantity
o(G) :=max{t € R : J—tAgs € SPN,,}, (69)

where we recall that SPN,, is the set of real symmetric matrices that can be written as
a sum of a positive semidefinite real matrix and an entrywise non-negative matrix. In
particular, o(G) > 1 4 —L- for all graphs G since

1
Jn—<1+>AG:
n—1

n—1 n —

Note that the value o(G) as defined is a property of the isomorphism class of the graph

GG because the set SPN,, is invariant under permutations. Moreover, given a graph G,
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the value o(G) can be computed using semidefinite programming [BV04]. Moreover, it
turns out that o (&) is related to a hierarchy of semidefinite programs that approximates
the independence number of G [DKP02, Sch79b] that we review next; this hierarchy will
also play an important role in Section 8.8. First, we recall the following result casting the

independence number as a copositive program.

Theorem 8.49 ([DKP02, Corollary 2.4]). For any graph GG on n vertices,

a(G) = min{t : t(I + Ag) — J € COP,}.

Since membership in the copositive cone is a computationally hard problem [MK87],

the following hierarchy of semidefinite program has been introduced. We recall that a

polynomial P in n variables x1, ..., x, is a sum of squares (SOS) if it can be decomposed
as a
d 2
P(z) = > Qi(x)
1=1
for some polynomials ()1,...,Q4; SOS polynomials are clearly non-negative, but the

converse is false in general [Ble12, BPT12].

Definition 8.50 ([DKP02, Definition 3.1 and Eq. (20)]). For any graph G on n

vertices, define
9N(@) == min{t : t(I + Ag) —J € KV},
where

KI) = {4 e M?(R) : z € R” — (22| 4|2°?)||z||3" is SOS}.

We gather next some important and relevant results regarding the parameters H(r) (G)
and the corresponding sets K%T) [DKP02, GL07, LV23, SV24]. First, for r = 0 the sum of
squares decomposition for the polynomial (x®?|A|z®?) corresponds precisely to decom-
posing A = P + FE with a real positive semidefinite matrix P and a matrix £ having

non-negative entries [Par00]; we have thus

K() = SPN,,.
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The fundamental result here is that the numbers 9(") (G) provide increasingly good ap-

proximations for the independence number [DKP02]:
a(@) {22 9 (@) < - <9 <p0(@).

It has been recently shown [SV24] that the sequence (9(")(@)),> is actually finite: for
every graph G there exists a finite 7 such that a(G) = 9("0) (@), while the conjecture
[DKP02] that 9(*(&)=1)(G) = (@), proven for a(G) < 8, remains open in the general
case.

Since J —tAg = J—t(J—1—Ag) = (t—1)(75 (I + Ag) — J) and since 0(G) > 1,
it is now clear that the quantity o from Eq. (69) is related to the value 9(0) from Definition

8.50:

o)
G = N, =< -
7% = 0@ -1
Since (9 (@) > (@) = w(G), we have the following upper bound:
w(G) 1
G <———=1+—-—-—. 70
S (c) B R e (70
Lemma 8.51. For every graph (G, we have the following lower bound:
(G) > 1+ L
o > NG
Proof. The claim follows from the decomposition
1 1
J-(1 JAg =1 ada+J =1 Ag € SPN,,
HBYE NG et —Ag e
———————  —ALCEWP
€PSDR
|

We come now to the main result of this section, characterizing the different positivity
properties of a linear map defined by a graph. More precisely, given a graph G and ¢ > 0,
let us consider the pair (J, ] —tAg) € My (R) X M(C).

Theorem 8.52. Let GG be a graph with at least one edge, and consider, for a non-

negative parameter ¢ > 0, the linear map

Y (2) = (Tr 2)I —tAg® Z, Z e My(C) (71)
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Then, the map ®F(7) is
1. completely positive <= PPT <= EB <= ¢ < 1/\(G);
2. completely copositive <= t < 1;
3. decomposable <= t < o(G);

4. positive <= t<1+4+1/(w(G) —1);

Proof. The map ®{ is a DUC map corresponding to the pair (J, I — tAg). Hence, many
of the properties in the statement can be addressed using the theory developed in this
work and in [SN21].

Complete positivity. We have

J € EWP,

(J,I —tAg) € CLDUIY «—
! I —tAg € PSDR «— t\(G) < 1.

Note that I —tAg € PSD,, if and only if [ — tAq is a correlation matrix. By [SN21,
Proposition 3.7], we have

OF isEB «— (J,I —tAg) € PCP, <= ¢ isPPT <= [ —tAg € PSDR «—
®f is CP.

Complete copositivity. This is very similar to the previous case:

J € EWP,

(J,I —tAg) € LDUL} <=

Vi#j, (I —tAg)f <1 <= t <1
Decomposability. Since max(.J —tAg) = 1, the map ®F is decomposable, i.e., (J, T —
tAq) € PDEC,, if and only if A = J — tAg € SPN,, by Theorem 8.35 with N = J, and
thus ¢ < o(G) by the definition of the o.

Positivity. With Y := I — t Ag, we are in the setting of Corollary 8.29:
CIDtG is positive <= Y + J e COP, «— J—tAs € COP,,.

We are are now going to switch to the complement G of the graph G and use the fact

that Ax = J — A¢. The condition becomes now

J—tAg € COP,, <= t(Ag+ 1)+ (1—1t)J € COP,,.
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If £ < 1, then the matrix above is doubly non-negative, as the sum of a entrywise positive
matrix (t(Ags + I)) and a positive semidefinite matrix ((1 — ¢).J), and thus copositive. This
settles the case t < 1. If t > 1, let us rewrite

HAg+ 1)+ (1= )] = (t—1) t_tl(A@JrI)—J

and then use Theorem 8.49:

t _
YA _ LN — <)y
t—l(AG+I) J € COP,, <= — > a(G) =w(G) = t_w(G)—l 1+w(G)—1’

proving the claim in the statement.

We summarize all the bounds in the theorem above in Fig. 27. Importantly, the construc-

tion above yields:

1. positive but not completely positive maps, for all values of the parameter

1
1+7_1 7&@

1
te (s o

For example, the value ¢ = 1 yields such a map, for all non-empty graphs G.

2. positive indecomposable maps, when G # ICy,, for all values of the parameter

1

t € (O'(G),l‘i‘w(G)_l,

1
whenever 0(G) < 1+ G =T

We shall discuss several examples of graphs for which the interval above is non-empty

in the following subsections.

positive indecomposable maps

1 w(G)
(@) 1 o(G) | wG)-1 2
0| | — : ¢
CP
coCP
decomposable
positive

Figure 27: The positivity properties of the linear maps ®¢ from (71) as the parameter ¢ varies. The

blue region corresponds to the important case of positive indecomposable maps.
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Remark 8.53. Linear maps having a similar structure as the ones in (71) been
studied in [KMP18, Section 4]:

t
v (Z) = (T 2)n+Ac©Z, Z € Mu(C).

The main difference between the maps ® and ¥¢ is the sign in front of the
Hadamard product term Ag ® Z. This leads to very different structural properties
of the maps, the two regimes being complementary. Note that the fact that the
PPT? conjecture holds for the maps ¥, see [KMP18, Corollary 4.4], is a special
case of the more general proof for DUC maps from [SN22b, Theorem 4.5]. Note
that the PPT? conjecture for the maps & trivially holds, since these maps are
automatically PPT and EB as soon as they are completely positive, by the first point
of Theorem 8.52.

Remark 8.54. While o () can be computed with a SDP, computing the parameter
w(G) is NP-complete. This makes it challenging to characterize whether the map

®{ is indecomposable for an arbitrary graph.

In the next sections we focus on the parameter o (G) and w(G) with the aim of exhibiting
large families of graph-induced linear maps ®¢ that are positive indecomposable. To this
end, we first gather some basic general properties of the quantity o (-).

Proposition 8.55. The quantity o(-) has the following properties:

1. We have the following dual formulation for the quantity o:

0(G) = min{Tr(JX) : X € SPN} s.t. Tr(AgX) = 1}. (72)

2. o(GU H) = min(a(G), 0 (H)).

Proof. Dual formulation. The computation of the dual semidefinite program of Eq. (69) is

straightforward. Note that the dual set of SPN,, can be readily computed using Eq. (51):

SPNS = PSDR N EWPS* = DNN,,
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The reader should also refer to [DKP02, Lemma 5.2], where several formulations for the
dual of the 9(©) quantity are discussed and a connection to Schrijver’s 1 function [Sch79b]

is put forward.

Disjoint union of graphs. First, note that if G’ C G is an induced subgraph of G, by taking

submatrices we obviously have

o(G") > o(@).

This fact establishes the inequality o(G U H) < min(o(G),0(H)). For the reverse
inequality, let t := min(o(G), o (H)). There exist positive semidefinite matrices R 2 and

entrywise positive matrices /1 o such that
J—tAg=Ri+FE; and J-—tAy = Ro+ E>.
We write then

J—t(Ag®Ag) = (R1®R)+ (E1®Es+J—J&J),
€EWP

finishing the proof. [

We now study a way to compute the value o (G) for graphs with symmetries. To simplify
this problem, we consider the set of n X n matrices commuting with the automorphisms

of a graph G-
Coa:={X e M R) : [X,P] =0 VreAut(G)}. (73)

Above, P, denotes the permutation matrix associated to a permutation 7 € S),, and
elements in Aut(G) := {7 € S, : [Ag, Px| = 0} are called automorphisms of G.
Now consider the twirling map T : M,,(C) — C¢ defined by

Ta(X) : !

T — P.XP L.
Au(@)] oy

meAut(Q)

The fact that the range of this map lies inside C; is standard. Introduce
SPNg :={R+E : Re PSDRNCqand E € EWPS*N (g}

and

6(G) :=max{t € R : J—tAg € SPNg}.

Proposition 8.56. For any graph GG, we have o(G) = 6(G).
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Proof. Since SPNg C SPN,,, we have 6(G) < o(G). For the reverse inequality, let
0(G) =tand X = J —tAg. Since X € SPN,, we have X = R + F with R ¢ PSDR
and £ € EWP;}?. Write

X =Ta(X) =Ta(R) + Ta(E).
—— ——
=R =F
We have R, £ € C¢. Moreover, it is clear that the twirling operation preserves positive
semidefiniteness and entrywise positivity, hence 2 € PSDR and £ € EWP?, showing

that X € SPN¢ and concluding the proof. |

8.7.1 Triangle-free and cyclic graphs

A graph G is called triangle-free if it does not contain any three-cycles, i.e., there exists
no sequence of 3 edges (a,b), (b,¢), (¢,a) of G with a # b # ¢ € [n]. The triangle-free
property of a graph G with at least one edge is alternatively characterized by w(G) = 2.
In the first result of this section, we completely characterize the set of triangle-free graphs
G such that 0(G) = w(G)/(w(G) — 1), i.e. the upper bound in (70) is saturated.

Proposition 8.57. If a graph G is triangle free, then 0(G) = 2 = w(G) / (w(G) —
1) if and only if G is bipartite.

Proof. If the graph G is bipartite on n 4+ m vertices, then its adjacency matrix is of the

form

Ag =

0 B
BT 0
for some n X m matrix B. We have now
In Jnxm — 2B J —=J 0 +J—-B
J—2An = = +2 € SPN,, .
" |wn—2BT T ] [—J J} [J—BT 0 ] *

CEWP, 4 m

cPSDR

n-+m

For the reverse implication, we first consider the case of connected triangle-free graphs.
Now assume that for a connected triangle-free graph G on n vertices, we have 0(G) =
2, ie., J —2Ag € SPN,,. We conclude using [SMB21, Theorem 2.140], stating that if
A = (Ajj) € M*(R) satisfies diag(A) = I,,, Ajj > —1foralli,j, and if G_;(A) is
connected, then A € SPN,, if and only if G_;(A) is bipartite. (Here G_1(A) denotes
the graph with n vertices such that A; | (4)(4,j) = 1if and only if 4;; = —1). Indeed,
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the entries of the matrix A = J — 2A are all larger than or equal to —1 and the graph
associated to the —1 values G_1(J — 2A) = G is connected. Hence, the graph G is
bipartite. If the graph has more than m connected components GG;, by Proposition 8.55, we
have min(o(G;)) = 2. Also note that 0(G;) < w(G;)/((w(G;) — 1) < 2. This implies
that Vi (o(G;)) = 2 implying that the connected graph G; is bipartite. Hence G = || G;
is bipartite. [

As a corollary, every triangle-free non-bipartite graph G yields positive indecomposable

maps.

Corollary 8.58. Let G be a triangle-free non-bipartite graph. Then, for every
value of the parameter ¢ in the non-empty interval (o (G), 2], the linear map ®¢ is

positive and indecomposable.

The smallest triangle-free non-bipartite graph is the cycle graph on 5 vertices, denoted

as C5 (also known as a pentagon).

Recall that the cycle graph on n vertices is the graph C), having edges

{(i,4) = li=jl =1 (modn)}.

Cycle graphs with n > 4 are clearly triangle-free, and C), is bipartite if and only if n is
even; in this case, by Proposition 8.57, we have o(C),) = 2 = w(C},), hence there are no
positive indecomposable maps associated to even cycles. For odd n > 5, we compute in
what follows o (Cy,).

Proposition 8.59. For odd n > 5, 0(C},) = 1+ cos(m/n). Hence, for all
t € (14 cos(m/n),2],

the linear map q)tC " is positive indecomposable.

Proof. For the cyclic graph C),, the group of automorphisms is the dihedral group of permu-
tations, D,, [Rod14]. The set of n X n matrices that commute with the automorphisms, Cs
are real, symmetric and circulant matrices. Since the circulant matrices are parametrized
by the vector a € R" with a; = Ay;, we use the map circ(a) = A for any circulant matrix

A associated to the vector a (we refer to Eq. (68) for the definition of circulant matrices). A
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circulant matrix has eigenvalues given by a multiple of the discrete Fourier transform of
this vector [Dav79]

VE € [n]; M\ = va(Fa)y, = zljal exp (2;”/@-1)

hence the positive-semidefinite of matrix A is equivalent to Vi : (Fa); > 0. Then, by

using Proposition 8.56, we have
o(Cp) :=max{t e R : J—tAc, € SPN¢, }.
such that
SPN¢, = {R+E : Re PSDRNCy and E € EWP3* N Ce, }

Using R = circ(r) and E = circ(e) and noting that J —t A = circ(1,1—1¢,1,...,1,1—

t), we can recast this as a linear program in the entries,

o(Cp) =max t
st. ry1 e =1-—1t
Vig {0,£1} ri+e =1
Fr>0
e>0
e =e_;

e,r € R"

Assume the maximum is at ¢ = ¢* with the values r = r* and e = e*.

1. Define, 7’ = r 4+ €0 |0) and €’ = e — e |0). Clearly Fr' = Fr + ¢ F |0) > 0 and
e =-e—epl|0) > 0. Also, 1’ 4+ ¢’ = r + e, therefore this change of variables gives the
same value for ¢ while having e, = 0 and satisfying all the constraints. Therefore,

we can assume e = 0.

2. Assume that e ; > 0, then, since we have, |1,) — t*ag = r* 4 €*, it implies that
11,) — (t" +€})ag = 1"+ (e —e1|1) —e—1 |—1)), contradicting the fact that ¢* is

the optimum value. Hence, we also assume e’ ; = 0.
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The arguments above simplifies the optimization problem to the following one,

o(Cy) =max t

st. =1
re1=1-—1
Vig{0,£1} rit+e =1
Fr>0

Vi ¢ {0,+1} ;>0
€ =e_j
e,r € R"
We show that e; > 0 follows from the other constraints. The constraints, /r > 0 and
ro = 1 imply that Vi, |r;| < 1. Also, have Vi ¢ {0, +1}, r; + ¢; = 1. Therefore, it holds
that e;, = 1 —r; > 0. Moreover, we can these e; freely such that r; + e¢; = 1. A quick

calculation shows that,
o(Cp) =1—min{r e R:rg =1, Fr >0,r € R"}

Since the set {r € R" : rp = 1, Fr > 0} is convex, we may examine its extreme
points, namely F~1|0) = \/52?;3 j)yand F (k) + | — k) = \/ﬁzg‘;é cos (@) 17)
(k # 0), as candidates for optimal solutions to the above problem. Consequently, we can

compute the value

1+ for n odd,
U(Cn) =1- mkin COS(Qﬂ'lg/n) — { COS(TF/n) orn o

2 for n even.

1

Finally, we remark that as n — oo, 0(C),) — 2 which is equal to 1 + 5o, for all n.

8.7.2  Small graphs

In this section we list graphs with a small number of vertices n which lead to positive

indecomposable maps via the strict inequality

1
O'(G) <1+m,

where o (G) is the quantity defined in Eq. (69) and w(G) is the clique number of G.

For n < 4 there are no graphs for which the inequality above holds since SPN,, = COP,,.

For n = 5, the 5-cycle is the only such graph, see Proposition 8.59. For n = 6, there are
three such graphs, that we list below, see also Fig. 28.
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- the square + path graph, with 0(G) = (5 +/5)/4 and w(G) = 2
« the tadpole graph T 1, with o(G) = (54 /5)/4 and w(G) = 2

« the wheel graph Ws, with o(G) = 1+ 1/+/5 and w(G) = 3.

e
— N\
-
\ [ /
-
\ -
\ _—
) Em—

/

Figure 28: Graphs on 6 vertices leading to positive indecomposable maps. From left to right, the
square + path graph, the tadpole graph, and the wheel graph. A maximal clique of each
graph is highlighted in red. Note that the wheel graph is the first graph not covered by

the Proposition 8.57 as it is not triangle-free.

Let us prove that o (G) = 1+ 1/+/5 for the wheel graph G = W, leaving the other two
cases for the reader. We shall exhibit primal and dual feasible points for the semidefinite
programs from Eq. (69) and Eq. (72) that correspond to lower, resp. upper bounds for o (G).

Assigning the last index (6) to the center of the wheel, the adjacency matrix of G is given

by
01 0 0 1 1]
101001
101
A:O 0 01_
001011
100101
1111 1 0]

For the primal feasible point, consider the decomposition J — (1 +1/v/5)4 = P+ E,

where

P=\}5J+<1—\}5)I—\§5A and E = (1—%>(J—I—A).

Clearly £ € EWPg, while a simple computation shows that the eigenvalues of P are
(2,2,2,0,0,0), thence P € PSDE, proving that ¢(G) > 1 + 1/+/5 by using Eq. (69).
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For the upper bound, consider the matrix

b a 0 0 a b

a b a 0 0 b a:3_20\/5
X = 0 abal b, with b:7\/5—1

0 0 abahbd 20

a 00atbb o 2T VO

b bbb b 20

One can show that the eigenvalues of X are ((5 —+/5)/10, (3v/5 — 5) /20, (3v/5 —
5)/20,0,0,0), proving that X € DNNg. We also have Tr(AX) = 10(a +b) = 1 and
Tr(JX) = 10a + 150+ ¢ = 1 + 1/+/5, hence o(G) < 1+ 1/+/5 by Eq. (72), finishing
the proof.

For n = 7, we have numerically found 33 such graphs using an SDP solver. The code is
available at [GNP25a].

8.7.3 Strongly regular graphs

A strongly regular graph (SRG) is a graph that exhibits a specific kind of regularity [BVM22],
[GR13, Chapter 10]. Beyond being k-regular, the number of common neighbors between
any two distinct vertices depends only on whether they are adjacent or not. In this section
we shall use the symmetry properties of SRG to compute the decomposability parameter
o from (69) in order to put forward large families of positive indecomposable maps &
associated to strongly regular graphs.

The structural properties of an SRG G are precisely captured by four parameters
(n, k, A\ p):

« n is the number of vertices of G

« every vertex of GG is of degree k (G is k-regular)

« every pair of adjacent vertices in G have A common neighbors

« every pair of non-adjacent vertices in G have ;1 common neighbors.

Strongly regular graphs are fascinating objects that appear in various branches of
mathematics, including combinatorics (e.g. in the study of combinatorial designs and error-
correcting codes), group theory (often arising as orbital graphs of permutation groups), and
algebraic graph theory, where their highly symmetric structure leads to interesting spectral

properties. The existence and the number of non-isomorphic SRG for given parameters
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Figure 29: The Petersen (left) and the Shrikhande (right) are SRG with respective parameters
(10,3,0,1) and (16, 6,2, 2). Maximal cliques are highlighted in red.

is subject to ongoing research [BVM22, Bro]. See Fig. 29 for two famous strongly regular
graphs.
By definition, the adjacency matrix A of a SRG satisfies the following properties:

« AJ = JA = kJ, since each vertex has degree k;

« A2 = kI + MA+ pu(J — A). This equation follows from considering the number of

paths of length 2 between any two vertices.

If GG is connected, its adjacency matrix A typically has three distinct eigenvalues [GR13,
Chapter 10.2]. The largest eigenvalue is k, the degree of each vertex. This eigenvalue
has multiplicity 1 (if G is connected and n > 1) and its corresponding eigenvector is the
all-ones vector 1. The other two eigenvalues, commonly denoted r and s, are given by the

formula:

_A—pE VA - p)? +4(k—p)

r,s .

2

By convention, r is taken with the "4 sign, so r > 0 > s. For example, the two graphs in

Fig. 29 have the following spectra:

« the Petersen graph has eigenvalues k£ = 3 with multiplicity 1, » = 1 with multiplicity
5,and s = —2 with multiplicity 4;

« the Shrikhande graph has eigenvalues £ = 6 with multiplicity 1, r = 2 with
multiplicity 6, and s = —2 with multiplicity 9.

Let us also note that if G is a SRG with parameters (n, k, A, i1), then the complementary

graph G is also strongly regular, with parameters

n=n, k=n—-k—-1, A=n+p—-2k+1), g=n+X-2k
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The matrices A and A5 commute, with A~ having non-trivial eigenvalues corresponding
to those of Ag:

F=-r—1 and 5=-s-—1; (74)
we refer to [GR13, Chapter 10] for the spectral properties of SRGs.

We now show how the symmetry properties of certain SRGs enable us to compute
exactly the decomposability parameter o defined in Eq. (69). Recall the matrix space Cg
considered previously in Eq. (73)

Co:={X e M?*R) : [X,P]=0 VreAut(G)}.
Clearly, I, J,Ag € Cgand Az = J — 1 — Ag € Cg. We are interested in SRGs for

which these 3 matrices form a basis of the vector space Cg.

Definition 8.60. A strongly regular graph G is said to be rank 3 if the automorphism
group Aut(G) acts on the vertex set of G as a rank 3 permutation group. In other
words, the action of Aut(G) on V(G) x V(G) partitions it into exactly 3 orbits:

« the diagonal {(v,v) : v € V(G)}
« adjacent vertices {(u,v) : u~wv, u # v}

« non-adjacent vertices {(u,v) : u = v, u # v}.

There has been considerable effort in characterizing rank 3 SRGs, see [BVM22, Chapter
11]. For example, the Petersen graph from Fig. 29 is rank 3, while the Shrikhande graph
has rank 4: non-adjacent vertices have 2 common neighbors that can be either adjacent or
non-adjacent (see [BVM22, Chapter 10.6]).

For rank 3 SRGs, the vector space C is isomorphic to R3:

Cq = {Xaﬁfy =al + A +7Aqz o, 5,7 € R} (75)

We shall now use the symmetry properties of (rank 3) SRGs to provide a simpler

characterization of the parameter . By Proposition 8.56, we have 0(G) = 6(G) where
6(G) :=max{t € R : J—tAg € SPNg}.
and
SPNg :={R+E : Re PSDRNCqand E € EWPS*N (g}

We now have all the ingredients for the main result of this section, an explicit formula
for o(G) in the case of rank 3 SRGs.
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Theorem 8.61. For a rank 3 SRG G with parameters (n, k, \, i), we have

_ on(r+1)
) = Dk

Proof. Using Proposition 8.56 and Eq. (75), we have
O'(G) = max{t ER :J—tAg = XO/BIV/ -+ Xa//ﬁﬁv// with
Xa’ﬂ’w’ - PSDIE and Xa”ﬁ”y” € EWP%a}

Note that J —tAg = X1,1-¢,1 and, using the eigenvalue formulas for the complementary
graph (74)

Xy € PSDR = {o/ +8r—~(r+1) >0

Xa"ﬁ"’y” € EWPZa < Ck”, 6”,"}/// Z 0.

We can now recast the semidefinite program definition of o(G) as a much simpler linear
program:
o0(G) = max t
st. o +a" =1

B+p'=1-t

Y4+ =1

o +pk++y(n—k—-1)>0

o +pr—+(r+1)>0

o +p's—7(s+1) >0

" 8" 4" > 0.

A simple analysis shows that one can take o’ = 8 = 0 and &/ = 1 and rewrite the

optimization problem as follows:

o(G)=1-min g

st. 1+pk++(n—k—-1)>0 (76)
1+8r—+(r+1)>0 (77)
1+8s—4'(s+1)>0 (78)

V< (79)
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Using s < 0 < r one can show that (77) and (78) = (79). Hence the feasible set is
a triangle determined by the three vertices obtained by solving pairs of equations from
Egs. (76), (77), (78). Intersecting the equalities from (77) and (78) yields 5’ = 1, while
intersecting (76) with (77) and (78) respectively yields

n—k+r

_ _ d F—
r(n—1)+k and

5 =

The first value above is smaller, and a simple computation gives the announced result. W

Corollary 8.62. For the complete graph C,,, we have

o(Kpn) =w(Kn)/(w(Ky) —1) =n/(n—1).

Proof. The complete graph K, is a rank 2 SRG with parameters (n,n — 1,n — 2, i), with
an undefined parameter p. The result above still applies, with the positive eigenvalue

= Amax(J —I) =n—1. [

We present in Table 15 a table of all non-isomorphic rank 3 strongly regular graphs with
less than 20 vertices, following [BVM22, Chapter 11.6]. We refer to [BVM22, Bro] for the
tamilies of graphs appearing in the table. We highlight in the last column the graphs G for
which positive indecomposable maps of the form ® exist; these graphs are identified by

the strict inequality
w(G)

o(G) < (G =T

where o () is computed using Theorem 8.61. Note that the Hamming graph of parameters
(2,4), which is the direct product of two complete graphs Ky, is a strongly regular graph
of rank 3 having parameters (16, 6, 2, 2); these parameters are identical to those of the
Shrikhande graph from Fig. 29, proving that these two SRGs having the same parameters
are non-isomorphic.

Let us conclude this section by providing an infinite family of SRGs which yield positive
indecomposable maps. Recall that Paley graphs of order q are defined for prime powers ¢
such that ¢ = 1 (mod 4). The vertex set of Paley(q) is the finite field IF, and two vertices

are adjacent if their difference is a (non-zero) square in IF,. Paley(q) is a strongly regular

( g—1 ¢—5 q—1>
q7 2 b 4 b 4

graphs with parameters

having eigenvalues
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with multiplicities (¢ — 1)/2. Importantly, Paley graphs are self-complementary, and
vertex- and edge-transitive; hence they are rank 3. We refer the reader to [BVM22, Chapter
7.4]. Theorem 8.61 gives

_ L _atVva
J(Paley(q))—l—i—ﬂ_l— P

Computing the clique (or independence) number of Paley graphs is a very difficult problem
[BVM22, Chapter 7.4.4]. The Hoffman spectral bound gives

w(Paley(q)) < /g, (80)

which is known in the literature as the “trivial bound”. This is relevant for the existence of

positive indecomposable maps given by Paley graphs, since

< w(Paley(q)) < /1.

Pal <1
o (Paley(a)) < 14 s
In other words, a Paley graph G provides positive indecomposable maps ®¢ for some
values of ¢ if and only if it does not saturate the trivial bound for the clique number! It is
known that if ¢ is an even prime power, then the trivial bound (80) is saturated [BDR88].
However, if ¢ = p is prime, it has been shown in [HP21] that

w(Paley(p)) N

which provides us with the following corollary.

Corollary 8.63. For any prime number p, and every

1 2
te(l I T ——
+\/p—1 T =TI o1

the linear map CIDtP aley(p) i positive and indecomposable.

Note that the considerations above match the data from Table 15: the Paley graphs with
parameters ¢ = 5, 13, 17 have a gap, while the perfect square ¢ = 9 does not.

8.8 BOSONIC EXTENDIBILITY AND SOS HIERARCHIES

In this section, we will shift our focus to detect the extendibility properties of quantum

states. This notion is closely connected to the problem of entanglement detection as
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it provides useful necessary criteria for separability of quantum states. We introduce
various different notions of quantum extensions, and make interesting connections to the
hierarchies that have been well-studied for copositive matrices. This allows us to apply

known results from polynomial optimization to the problem of entanglement detection.

It is known that checking copositivity is a co-NP complete problem [MK387, DG14].
Hierarchies of polynomially-sized semidefinite programs (SDP) or sum-of-squares (SOS)
programs can be used to approximate the cone COP,,. These hierarchies either provide
inner and outer approximations that converge to the actual cone. See, for example, the
works of [DKP02] and [SV24] for details on such approximation schemes. First of all, we

recall the hierarchy of inner approximations to COP,, based on sum of squares [Par00]:
KU = {X € M3*(R) : z € R" —~ (92| X|2%%)||z||3" is SOS}.
The following results are known about this hierarchy:

« [Par00] K%O) — SPN,, = PSDR - EWP*2, In particular we have, COP,, = Ky(zo) for
n < 4.

. [Par00, DDGH13] If n > 5, K < kY ¢ ... c k) ¢ cop,..

. [LV23,5V24] Uy KV = COP5 and int(COP,) € Urso K C Uy K = cOP,,
for n > 6.

Let us mention that connection between hierarchies of semidefinite programs for poly-
nomial optimization and hierarchies of separability tests in quantum information has been
previously considered in [DPS04, FF21], where the well-known Doherty-Parrilo-Spedalieri
(DPS) hierarchy for detecting entanglement has been shown to be dual to a sum-of-squares
(SOS) representations for certain Hermitian polynomials. This duality has been used
to establish quantitative bounds on the convergence rate of the DPS hierarchy. In this
section, we establish hierarchies for LDUI/CLDUI witnesses that detect both PPT-bosonic
extendibility [DPS04, NOP09] and complete graph extendibility [ACG " 26], and we provide
a complete characterization of such witnesses using the copositive hierarchy. In particular,
we provide surprisingly wide family of entanglement witnesses which are not certifiable
by any level of the DPS hierarchy, thus providing counterexamples to the question dating
back to [DPS04]. We also conjecture (see Question 8.70) that the copositive hierarchy can
be lifted to provide explicit witnesses for the DPS extendibility hierarchy interpolating the
“lifting" in Theorem 8.26 and Theorem 8.35.

241



242 POSITIVE MAPS AND EXTENDIBILITY HIERARCHIES FROM COPOSITIVE MATRICES

8.8.1 DPS hierarchy

We use V" C" to denote the r-fold symmetric subspace of (C™)®". We start by defining
the DPS hierarchy, or the hierarchy of bosonic (or bose-symmetric) extendibility

Definition 8.64. A state p € PSD(C" ® C") is called r-bosonic extendible if there
exists a positive operator p € PSD(C"” ® V" C") such that for all 1 < i < r, the

marginal state of system {0, i} is p:
V1i<i<r py:=1, ® Trp (i) (ﬁ) = p,

where we label the subsystems of C" @ \/" C" by 0, 1,...,r. Similarly, we call a
state 7-PPT bosonic extendible, if such an extension is also required to be PPT across
all bipartitions. We will denote the set of 7-bosonic extendible and its PPT version
as BExtng) and PPTBExtg) respectively.

Figure 30: On the left, we denote the state a bipartite p, and on the right, the the notion of r-
extension that we consider in Definition 8.64. The marginal over any edges of the graph
should be equal to p. Moreover, we demand that the systems corresponding to the nodes
of the star graph together live in the bosonic subspace BExtgf), and for PPT extendible
states PPTBEth), we impose the PPT condition across all bipartitions.

We have the following inclusion and convergence relations between the sets,

Sep(C"®C") C BExt)) <C ... ¢ BExt}Y = PSD(C*"®C")
I Ul Ul Ul
Sep(C"®C") C PPTBExt!) C .- C PPTBExt)’ = PPT(C"®C")

Sep(C" @ C") = () BExt") = N PPTBExt!"),

r>1 r>1
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where the last fact follows from [DPS04].

Remark 8.65. Note that the separable states have a 7-bosonic extension and an -
PPT bosonic extension for all 7 > 2. For a separable state p = >_p. |vg {vg| ® |wi Xwy|

we have the following extension that is also PPT across all bipartitions,

p= % vk XUk| ® [y Xwg,|*"

Let us first recall the following remarkable characterization of bosonic extendibility wit-
nesses in terms of the SOS hierarchy for a certain Hermitian form. The precise connection
was implicit in [DPS04, Doh14] and later made explicit in [FF21].

Theorem 8.66. Let W € M*(C) @ M5?*(C) be a bipartite Hermitian operator.

Then forr > 1,

1. W e (BExty))o if and only if there exists a positive semidefinite matrix
Z € M, (C)®(+1) such that, for all vectors v, w € C",

ww | W ow) - [[w] 2TV = (ww-w| Z|vw- - w). (81)

2. W e (PPTBExt,(@T))O if and only if there exist psd matrices Zy, Z1, ..., Z, €
Mn(C)®(T+1) such that, for all vectors v, w € C",

(oW v w277 = (ww - w|Zo + 2, 4 4 Ze P ow - - w)
T ) ) _ .
= <vw®7”ZO|,Uw®r> i Z <Uw®]w®7‘*j’Zj|vw®jw®rfj>’
j=1
(82)

where I'( is the partial transpose operation with respect to the tensor biparti-
tion{1,...,7}:4{0,5+1,...,7}.

Note that for all » > 0, we have the following inclusions:

(PPTBExt,(f))O C Sep(C" @ C™)° = {W € M3 (C)®? : (vw|W|ow) > 0 Vo, w € C"},
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where the last set is the cone of block-positive matrices. We also remark that Egs. (81)
and (82) indeed provide SOS decompositions of the Hermitian form (v, w) — (vw|W [vw) ||w||§<r71)
since they are conic combinations of Hermitian forms of the type
2
v,wECnH’@Mvw w® J)’ , e (CHET i =0,1,...,7r
Now following the previous arguments in Propositions 8.20 and 8.34, we further provide
a necessary condition for the LDUI/CLDUI operators to witness r-extendibility based on

the copositive SOS hierarchy (K,(nf))rzo.

Proposition 8.67. Let (4, B) € M, (R) x MS(C). Ifr > 1and X1(4 1>%LDUI c

(PPTBExt!)°, then

(A+B)+ (A+B)T = A+ AT +2Re(B) e KI'7V,

n

Proof. From Theorem 8.66, there exist PSD matrices Zy, . . ., Z, € M, (C)®"*! such that
r . . .
h(v, w) = (vl X5 fow) wll" = 2 oI\ Za ), v e

Setting v = w = z € IR" and by the relations Egs. (57) and (58), we have that the

polynomial
1

h(z,x) = (@2 A+ Blz®) )30V = <

S0 A+ AT + 2Re(B) 2% o 3"

is SOS. This concludes A + AT + 2Re(B) € K. [
Later in Theorem 8.74, we will establish the precise correspondence between X 5°Y!
satisfying A + AT + 2Re(B ) € K'](l Y and the notion of complete graph extendlbllzty.
On the other hand, it was questioned in [DPS04, Section VI] whether the set Sep(C" ®
C")° can be saturated by the cones (PPTBExty(f))O, i.e., whether the equality

Sep(C" ® C")° = | J (PPTBExt("))° (83)

r>1

holds. Since Sep(C" @ C")° = (ﬂrzl PPTBExtgr))O = U,,Zl(PPTBExtSf))O, the ques-
tion mathematically asks whether the closure is essential or not. It was shown in [DPS04,
Theorem 2] that the interior of Sep(C" ® C™)° is contained in U, > (PPTBExtq(f))O. In

other words, every entanglement witness W which is “strictly” block-positive,

(vw|Wlvw)y >0, Yov,w # 0,
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is certifiable by 7-SOS property for some finite r. Conversely, any witness W € Sep(C" ®
C™)°\ Ur>1 (PPTBExtr(LT))O, if exists, could be used to detect entanglement of quantum
states that are r-PPT bosonic extendible for each » > 1. Moreover, W would be on the
boundary in the sense that Tr(Wp) = 0 for some p € Sep(C" ® C"), as discussed in
[DPS04]. Note that the set U, >1 (PPTBEXty(LT))O is not precisely the interior of Sep(C" ®
C"e: W = xLbul PPT(C"®C")° = (PPTBExtg))o from Example 8.37 while we

Jy,H—Jy
have

Te(W o) (u|*?) = (v2|XP0 5 [0%2%) = (v H[v®?) = 0

forv = %(O, 1,1,0)T € C* and hence W ¢ int(Sep(C” ® C”)O).

Now we provide the following explicit (n? — n)/2-dimensional) counterexamples to the
question in Eq. (83) which strengthens Corollary 8.38.

Theorem 8.68. Suppose n > 6 and let M be a copositive matrix which does

not have r-SOS property for any r, i.e., M € COP, \ Uy>0 KS{“). Then for any

N € EWP* with diag(N) = diag(M) and N;; > 1 M;; Vi # j € [n], we have
(C)LDUI

Xy hrp € Sep(C" @ C")° \Tgl(PPTBExtff))o.

Furthermore, all these entanglement witnesses are on the boundary of Sep(C" ®

crye.

LDlijlf € Sep(C" ® C™)° follows from Lemma 8.7, Proposition 8.19,

and Theorem 8.26. Furthermore, Proposition 8.67 implies that X ](\7C 3\;[}])\'7 ¢ (PPTBExty(f) )°

for any r > 0. The last assertion follows a priori from [DPS04, Theorem 2], as mentioned

(€)
Proof. The fact X N

earlier. ]

()

Remark 8.69. The existence of copositive matrices in COP,, \ Ur>0 Ky’ for arbi-

trary n > 6 was first shown in [LV23]. One such example is

M =H®® 03, 5 xns €COP,\ UK, n>6

r>0
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where H € COPj is the Horn matrix defined in Eq. (52). For other examples, we
refer to [LV23, Theorem 3, Example 1 and 3]. In particular, this implies that

C)LDUI o o
x(IIPY e sep(Cm @ C") \TL>JI(PPTBExt7(f)) ,
(C)LDUI n nyo (r)yo
. PPTBE .
I5®0(1,—5) x (n—5)»(H —J5)®0(1,_5) x (n—5) € Sep(Ctx ) \rgl( )

Note that the latter matrix is a (trivial) lifting of 5 ® 5 Hermitian matrix X 5?;3%

into n ® n system (we also refer to [SN21, Proposition 4.8]). Since

xLbul ~1)

Js @O(n 5)% (n— )(H—jf))@()( 5)><(

:( >, |viw; — v]wll + Z (viTjwW; ZJ)><Z |w]|)

1<i<j<5 ij=1

(| |vw>\|w||§<7"

is SOS for non > 6 and r > 1, this actually shows that

Sep(C™ @ C"8)° D | J (PPTBExt()  )°

na,"B
r>1

LDUI

whenever ny > 5 and ng > 6, by embedding X Jo H—Js

into proper spaces.

Recall that we constructed positive maps by lifting copositive matrices to the matrix
pairs of the form (N, M — N) in Theorem 8.26. We leave open the question whether
a similar “lifting” construction of r-extendibility witnesses can be carried out from the

hierarchies of copositive matrices.

Question 8.70. For r > 2 and M € K'Y, do we have XJ(V ;;Dlj\lf (PPTExtg))o

for some choice of N € EWP}"? Moreover, is it possible to choose N = max (M )J

similar to the construction in Theorem 8.26?

Note that the above assertion for » = 1 already follows from Theorem 8.35. Although
the complete answer to the above question remains unclear, we show in the next section
that another type of hierarchy of extensions, called complete graph extendibility, can be
tully characterized in terms of the copositive sum of squares hierarchy, generalizing some

results from the literature.
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8.8.2 Complete extendibility

Let IC, denotes the complete graph with r vertices. A bosonic quantum state is called
IC,--PPT bosonic extendible (or r-PPT bosonic exchangeable) if there exists a bosonic operator
p E PSD(\/T C”) such that (I®2 @ Tr® ~2)(5) = p and j is also PPT across every
bipartition of the r systems. We refer to [ACG ™ 26] for general notion of graph extendibility.

Figure 31: On the left, we denote a bipartite bosonic state p, and on the right, the the notion of
r-extension that we consider in Definition 8.64. The marginal over every edge of the
graph should be equal to p. Moreover, we demand that the global state corresponding
to the complete graph should live in the bosonic subspace. For PPT extendible states
PPTBExthT), we impose the PPT condition across all bipartitions.

For r > 2, let us denote by PPTBExthT) the convex cone of n ® n bosonic positive-

semidefinite operators p which are K,.-PPT bosonic extendible. It is clear that PPTBExtngQ)
is simply the set of PPT bipartite bosonic operators PPT(C"™ VV C"), and we also have an

inclusion chain for IC,.-bosonic extendible states.

Sep(C™ v C") C PPTBExtX) C ... € PPTBExt(X8) C PPTBExt(®?) = PPT(C" v C™).

(84)

Indeed, the set of separable bosonic states are exactly equal the cone generated by
product bosonic states [[STY08], i.e

Sep(C" Vv C") = cone{|v)v]| @ [v)v]}

Therefore a separable bosonic state p = >, [v; X(vi| ® v {vi| has a K,-bosonic extension
S | v | for all - > 2.
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Furthermore, PPTBExt,(nLKT“) C PPTBExty(f) C BExtg) for » > 1. Thus, from the
previous hierarchy of (PPTBExty) )r>1 or simply from Quantum de Finetti theorem [CFS02,
CKMRO07], we again have

Sep(C" v C") = (| PPTBExt!*").
r>2
It is natural to ask whether the inclusion in Eq. (84) would be finite or not. That is, given

some local Hilbert space dimension n, is there a finite > 2 such that
PPTBExt{*") = Sep(C™ v C")?

If n = 2 the question is obvious: PPTBExthQ) = PPT(C? Vv C?) = Sep(C? Vv C?). When
n > 3, it is shown that PPT(C" v C") D Sep(C" Vv C") [TG09, MATS21]. However,
explicit construction of examples beyond this, i.e., entangled bose-symmetric states having
high degree of extendibility, remains to be a challenging problem.

This section is mainly devoted to finding an explicit element in PPTBEthLKT) \ Sep(C" Vv
C") for every n > 5 and r > 2, that is, an extendible and highly symmetric PPT entangled
state. We also show that such a state exists within the class of (mixtures of) bipartite Dicke
states, [Yu16, TAQ " 18]. Our result also allows us to construct r-partite entangled bosonic
states of which are PPT with respect to all bipartitions, by looking at the bosonic extension
of a matrix PPTBExt! V) \ Sep,, - Due to the fact that it is an extension, the entanglement
of this bosonic state can be even verified by checking that the two-body marginals are

entangled.

Remark 8.71. Any r-partite bosonic state p € PSD(\" C") have only two types
of entanglement [ATSL12, TG09]:

1. pis fully separable, ie., p = 3; |v;){v;|*" for some vectors v; € C",

2. p is genuine entangled i.e., p cannot be written as a convex combination of

states which are separable with respect to (possibly different) bipartitions.

In particular, any bosonic state which is not fully separable is entangled across any
bipartitions of the system. Hence, we do not make a distinction within various

notions of multipartite entanglement for this class of states.

Simiarly as in Theorem 8.66, we first derive a SOS correspondence to the dual of K.-PPT
bosonic extendibility (i.e the set of witnesses for KC,.-PPT bosonic extendibility), which we

prove later has a correspondence with the SOS hierarchy for LDUI/CLDUI witnesses.
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Theorem 8.72. For a Hermitian operator W € M$*(C) @ M??(C) and for r > 2,

the following are equivalent.
1. W e (PPTBExt!"))°;

2. There exist positive semidefinite matrices Zo, 21, ..., 2|, /2| € M, (C)®"
such that, for all vectors v € C",

2(r—2 [lr/
(W lol3" 2 = @Wor| 2o+ 2, + - + 2,5 )

lr/2] ) . .
= Y (@9 | Zp ),
=0

where I' ;) = T®) @ 197~ is the partial transpose operation with respect to
the tensor bipartition {[j], [r] \ [j]}-

Proof. ()=Q) It W € (PPTBExthT) )°, then by definition we have
Tr (W @ I;"2)p) = Te(Wp) > 0,

where p € PPTBExt%’CT) and p is any KC.-PPT bosonic extension of p. Note that p €
B( Vi C”)+ can be chosen to have a constraint that ﬁTU] >0forallj =1,...,|r/2],
that is indeed the the condition that g is PPT with respect to every bipartition. We claim

that there exist PSD operators Zp, . . ., Z|, /2] € My(C )" such that
2 i
[Tg(W @ I572)1g = HS(ZO +x 4" )HS,
j:

where ITg is a projection of (C")®" onto the symmetric space (C")"". This will imply
that

. r Ty,
W2 W) ol = (0TI (W @ I 2)g[o™) = (| Zo + 2, - -+ 2,15/ j)
for v € C". Note that the extension p € ﬂL J ; where Cy = PSD(\/T C”) and

C; = {X e M(C)® : X" > 0}.

Therefore, the required condition says that W & [¢ dr-=2 ¢ (ﬂv/ 02J CJ) = Z]LT/ 02J C;’, In
other words, there exists Zo, ..., Z|, /2| such that
|r/2]

WelI =720+ Y Z, b
7=1
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T
where [15ZpI1lg > 0, Z; > 0 for j > 1 (since Z ; bl ¢ C5), showing the claim (The closure

can be ignored as we can show that the set of Hermitian polynomials of the type
" ®j ,Qr—j ®jJ ,Qr—7
W22y, 0y () = ZO (ZH N Z5790 20, 2 e CF
j:

is closed. Indeed, this set is the conic hull of the set of Hermitian forms z + | (|27 2&77) |2
forp e (C")*"and j =0,1,...,[r/2])

((2)=(1)) The condition in ?? is equivalent to

|r/2]

T
W (WL 2= (Zo+ > Z;"))®) =0 VvecC”
j=1
|r/2] I
— Tr (X(W@[;?T*Q —(Zo+ > jm))) =0 VX espan{|v®)(w®|:v e C"}.
j=1

It is well-known that span{|v®")(v®"| : v € C"} = B( V' Cn) [Chil0, Har13], and hence
one has

_ r Ty,
Ms(W @ 177 *)Ts = s(Zo+ 2, + - 2,37,

Now for p € PPTBEthLICT) and for p a IC,.-PPT bosonic extension of p, it is straightforward
that

/2]

T r

Tr(Wp) = Tr (Tg(Zo+ 2, "+ 2 )73 p) = Te(Zop) + 3. Tr (2;5"0) >0,
i=1

and therefore, W € (PPTBExtSLKT))O. [

Next, let us recall the following characterization of SOS polynomials from [ZVP06,

Proposition 9].

Proposition 8.73. Let p(z) be a real homogeneous polynomial in x € IR" of degree

r such that p(2©?) is a sum of squares. Then p admits a decomposition of the form

/2]
2
pl@)= > X 2%ja(2) (85)
Jj=0 acNy
|al=r=2j
where |a| := a1 + -+ 4+ ap, ¥ 1= 27" - - - 247, and each )} , is a homogeneous

polynomial of degree j.
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Recall from Proposition 8.67 that a necessary condition for Xh'?é“ € (PPTBExty(nf_l))o
is
A+ AT +2Re(B) e K2,
The next result shows that this is actually also sufficient when we consider the dual of
KC,-PPT bosonic extendibility (note that (PPTBExt! ~V)° C (PPTBExt!<"))?).

Theorem 8.74. Let (A, B) € M,,(R) o M:2(C) and let r > 2. Then Xh'?é“ €
(PPTBExt{""))° if and only if

A+ AT +2Re(B) € KI2),

n

In particular, we have XJLVI?J\%I_N c (PPTBEXt»,(l’C"))O for any M € K%r_2) and

N € M52(R) such that diag(N) = diag(M).

Proof. Let us consider a Hermitian polynomial

h(z) = (X2
= (z0zA+ Blzoz)||30 Y
- ;(z OZA+ AT + 2Re(B)|2 022|277
for z € C", where the second and third equalities follow from the duality relation Eq. (57)

and the observation z ®z € R". If Xh'?éj le (PPTBExtgL’C’"))O, then Theorem 8.72 implies

that the real polynomial z € R" + h(z) is a sum of squares, and hence A + A" +
9Re(B) e K2,
Conversely, if A+ AT + 2Re(B) K%, then Proposition 8.73 implies that h(z) =

p(z©z) wherep = 32 erZ/OZJ >a azawjz,a is written as in Eq. (85). Let us further write

Vialr)= Y YVl

BENG, |B|=j

for coefficients c( ) € R. Now for 0 < j < [r/2] and o € N, one has

o —\\2 ~ i 2
(207%) (@z,j’a(z@z)) = |22 1,..|Zn|2an( ) c(ﬁj a)|Z1|2ﬂ...|Zn|2ﬂn>

1Bl=3
. 2
| £
|B|=7
_®i —iv]2
= [(9j,al2® 289",
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where |g0j’a> : E|ﬂ| —;C ]’ (|1>®51 | >®5n®|1>®a1+51...|n>®an+5n) c (Cn)®r

lr/2) ‘ , ,
Consequently, we obtain h(z) = Y (%72%"77|Z;[v%72%%77) for positive semidefinite
7=0
matrices
Zi= Y leiadlpial €PSD(CT), 0<j<[r/2).
|o|=r—2j
DUl (Kr)yo
By comparison with ??, we conclude that X ;' € (PPTBExt; ™ )°. [

We provide further characterizations of the dual cones of separable / PPT bosonic states.

Corollary 8.75. For a pair (A, B) € M, (R) X M2 (C),
1. XLDU' € Sep(C™ v C")° if and only if A+ AT 4 2Re(B) € COP,,
2. X'—DU' € PPT(C"V C")°ifand only if A+ AT +2Re(B) € Kv(”LO) = SPN,,.

In particular, given M € COP, \ SPN,, we can generate an LDUI operator
XLPUL . where diag(N) = diag(M) and N € M$2(RR), as a witness for PPT

entanglement of (bipartite) bosonic states.

Proof. Since Sep(C" vV C") = conv{|[v®?)(v*?| : v € C"}, XLDU' € Sep(C" v C")° if
and only if

1
(2| X "292) = 2(z®z|A+AT+2Re( )z0z) >0 Vzel"

— (@P?[A+ AT +2Re(B)[z™?) >0 VzeR"
— A+ AT +2Re(B) € COP,,

showing (1). The assertion (2) simply follows from Theorem 8.74 with r = 2. [

Remark 8.76. The class of bosonic witness introduced in Corollary 8.75 generalize
the witnesses considered in [MATS21]. Their “indecomposable bosonic" witness cor-
responds to setting (A4, B) = (diag(M), M), and X(Ii_gg(l v = Sig Mij lig )il
Moreover, our results in Theorem 8.74 show that these witnesses can be generalized
using copositive hierarchies to detect complete bosonic extendibility of quantum

states.

Let us also record the result analogous to Theorem 8.68, which follows directly from
Theorem 8.74 and Corollary 8.75.
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Corollary 8.77. If n > 6 and M € COP,, \ U;>0 K,(f), then we have for any
N e M$*(R),

XPUI € Sep(C"vC™)°\ | (PPTBExt!))°.
’ r>2

In particular, Sep(C” \/0:”)o = UTZQ(PPTBEXD({CT))O D UrZQ(PPTBEXtT(ZCT))O

whenever n > 6.

Now we shift our focus to the characterization of (complete graph) extendibility of
Dicke states introduced in Section 8.2.4. First of all, the following proposition is an easy

application of [PY24, Proposition 3.2], but we include its proof for completeness.

Proposition 8.78. For 7 : G — U, a unitary representation of a compact group G,

consider the m ® 7-twirling operation

7;r®7r(X) = /

(m(g) @m(9)) X (r(g) @m(g))"dg, X € Mq(C) @ M, (C),

where dg denotes the (normalized) Haar measure on GG. Then 7 preserves the

properties regarding extendibility: if X € PPTBExt!" (resp. (PPTBExt% 7”))O),

then Trer(X) € PPTBExt) (resp. (PPTBExt{“")?).

Proof. 1t is straightforward to check that, if p is a IC.-PPT bosonic extension of p €
PPTBExt{", then Tror(p) = [7(9)®" p(7(g)*)®"dyg is a K,-PPT bosonic extension of
Trer(p). On the other hand, if W € (PPTBExt{“"))°, then

TI"(’]}@W(W)p) = Tr(W’ﬁrQQW(p)) >0

since Tror(p) € PPTBExt'""). This gives Traxr (W) € (PPTBExt!"))°. m

()

Since Ky, * a proper subset of COP,, for alln > 5and r > 0, we obtain the following main

(

result in this section, which provides examples for quantum states in PPTBExt, r) \ Sep,,.

Theorem 8.79. The Dicke state X]L;'?]y' is K-PPT bosonic extendible (r > 2) if and

only if P € (Kq(f_2))o. In particular, for n > 5, any matrix P € (Kﬁf‘”)o \ CP,

gives a IC,-PPT bosonic extendible entangled state XIE?#'.
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Proof. Suppose P € ( %T_Q))O and let W € (PPTBExt%KT))O. Then by Theorem 8.74

and Proposition 8.78, X108 := Tipy/W € (PPTBExthT))O and (A+B)+ (A+B)T
(r—2)

n . Therefore, one has

(XYL W) = (Tipu XY, W) = (XY Trpu )
(XILDD#' XLDUI> (P, A+ B)
1 o
= (P, (A+B)+(A+B)") >0.

This shows that XLDUI € PPTBExtq(»L ) . Conversely, suppose XLDUI € PPTBExt% r) and

let M € Kﬁl >. Then Theorem 8.74 again implies that X}L/D# I e (PPTBEXU({CT))O where
Y = 3(M + diag(M)). Therefore, we have

(P,M) = (P,Y + V) = (XB¥, X2 > o,

establishing P € (K(T 2)) : [

Remark 8.80. This result gives examples of /C,.-PPT bosonic extendible entangled
states for arbitrary » > 2. On the other hand, Theorem 8.79 also implies that the
CLDUI state X p CLDU' is IC;-PPT (non-bosonic) extendible for P & (K( 2 )°. The
main difference is that X]CJ[‘B W= (X]Lg?]y') is not a bosonic state, but is symmetric

in the sense of commuting with the flip operator F' := Y; ; |i7)(ji|, i.e

FXCLDUI XCLDUIF'

Corollary 8.81. For n > 5 and r > 2, there exists a bosonic state § € PSD(V" C")
that is PPT across every bipartition while being genuinely entangled (Remark 8.71).
Moreover, such a state also exists within the class of r-partite diagonal symmetric

(or mixture of Dicke) states, i.e., bosonic states with DU " -symmetry.

Proof. Let P € (K( ) \ CP,, andlet g be a K,-PPT bosonic extension of a bipartite Dicke
state Xp LDUI . We claim that p satisfies the advertised property. Indeed, since (Ig? (1.2} ®

Pl ]\{1 2})( p) = Xlls'?]y' is entangled, and since partial trace operations are separability
preserving, this implies that j is not fully separable. Finally, the same property holds if we

consider the DU®" -twirling

T (7) = /Du U 5 AU
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of p, which is now a diagonal symmetric extension of XllsD]y'. |

Remark 8.82. The same conclusion as in Corollary 8.81 was obtained in [RPAR " 25].
A careful inspection of the arguments in that paper reveals that the existence of an
r-partite PPT Dicke state having a PPT entangled bipartite reduction is assumed
without proof. Theorem 8.79 and Corollary 8.81 fills in this gap in a mathematically

rigorous way.

We also refer to [ATSL12] for a construction of r-qubit (r > 4) entangled states that
are PPT across all bipartitions. Since we do not have the complete characterization of
the hierarchy PPTBExtT(f_l), we do not know whether two hierarchies we consider are
equivalent for bosonic states, or particularly mixtures of Dicke states. We pose this as the

open question.

Question 8.83. For mixtures of Dicke states, are the following two sets equivalent?

PPTBExt*") = PPTBExt{ "), 7> 2

)

The sets are equivalent to if Question 8.70 admits a affirmative solution, in which case
the arguments in Theorem 8.79 can be applied analogously to star r-extendibility. We
(r)

would also like to state the following question regarding the K;, * hierarchy and its potential

implications for the theory of entanglement.

Question 8.84. For n > 5, is the inclusion Kg) C K%TH) strict for every r > 1?

The affirmative answer would imply that all the inclusions in Eq. (84) are strict.
Furthermore, the same strict inclusions would hold within the class of (mixtures of)
Dicke states.

8.9 DISCUSSION AND OPEN PROBLEMS

This work introduces a unified and powerful framework that connects four key areas:
the theory of positive linear maps, the optimization theory of copositive matrices, algebraic

graph theory, and the rich structure of quantum entanglement in mixed states.
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The impact of this unification is quite broad. For quantum information theorists, we
provide a complete characterization of positivity for a major class of maps and a systematic
method for producing new indecomposable maps and highly extendible entangled states.
The established “lifting” theorems create a direct bridge from the mature, classical theory
of copositive matrices to the quantum world, allowing for the construction of vast families
of maps and states having useful properties for entanglement detection. Furthermore, our
graph-theoretic construction, which links the properties of maps to fundamental graph
parameters, offers a rich and structured source of these crucial examples.

We also believe this work will spur significant new directions of research. The newly
introduced families of maps and states invite further investigation, particularly, it would be
interesting to have a generalization of the copositive hierarchies to hierarchies for PCOP.
The explicit connection between SOS hierarchies and state extendibility opens the door to
applying powerful semidefinite programming tools developed in optimization theory to
unsolved problems in entanglement theory. The new classes of positive-indecomposable
maps might play a role in answering questions around PPT entanglement, particularly the
PPT? conjecture [Chr12, CMHW19, SN22b] and the Schmidt number of PPT entangled
states [HLLMH18, PV19, KG24].
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8.9 DISCUSSION AND OPEN PROBLEMS

Name | Graph | Parameters o gap
5 5)
pentagon C'5 = Paley(5) / (5,2,0,1) +4\/_
3
Paley(9) | </ | (9,4,1,2) 5 X
AT
I 5
Petersen | ./ (10,3,0,1) 3
4
complement of Petersen (10,6,3,4) 3 X
13 13
Paley(13) (13,6,2,3) JZQ\/_
. 3
GeneralizedQuadrangle(2,2) (15,6,1,3) B X
. )
Triangular(6) (15,8,4,4) 1 X
8
Clebsch (16,5,0,2) B
6
complement of Clebsch (16,10,6,6) =
. 4
Hamming(2,4) (16,6,2,2) 3 X
. 4
complement of Hamming(2,4) (16,9,4,6) 3 X
17 17
Paley(17) (17,8,3,4) J;g/_

Table 15: Rank 3 strongly regular graphs with < 20 vertices along with their parameters. The last
column indicates whether 0(G) < w(G)/(w(G) — 1), i.e. whether positive indecompos-

able maps ®{ exists.
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Entanglement in the Dicke Subspace

This is the reproduction of the preprint Entanglement in the Dicke subspace by
Aabhas Gulati, Ion Nechita and Clément Pellegrini. arXiv:2602.15800. [GNP26]

9.1 INTRODUCTION

The characterization of entanglement in mixed quantum states is an important challenge
in quantum information theory. Entanglement is a central resource for various tasks in
quantum communication [BBC 93], cryptography [Eke91], and even quantum computing
[RB01, RBB03]. Although being an important question in quantum information, the
separability problem, i.e deciding if bipartite mixed quantum state is entangled or separable
has been shown to be NP-hard [Gur03, Ghal0]. This implies the efficient algorithmic
solution of the problem is out of reach, unless P=NP. Understanding entanglement in
multipartite quantum systems is even more difficult, as there exist different notions of
entanglement. In this setting, genuine entanglement underpins protocols such as secret
sharing and multiparty teleportation [HBB99, CZG06].

In general, different criteria for detecting entanglement have been constructed. The most
famous of them is the positivity under partial transpose (PPT) criterion: any unentangled (or
separable) bipartite state remains positive after transposition is applied to either subsystem
[Per96, Hor97]. This criterion is also sufficient in 2 X 2, or 2 X 3 systems [HHH96];
entangled states satisfying the PPT condition exist in all other dimensions. These states
display some exotic properties; they cannot be distilled into pure entangled states and are
central to the irreversibility of entanglement theory [VC01]. Moreover, even finding new
constructions of such states has been observed to be highly challenging. Various open
problems and conjectures surrounding this class of states remain open, for example, the
PPT-squared conjecture [Chr12, CMHW19] and the maximum Schmidt number of PPT
entangled states [HLLMH18, PV19, KG24].
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The intrinsic indistinguishability of particles is a distinctly quantum mechanical phe-
nomenon. In systems composed of such particles, the principles of quantum mechanics
require that the particles be described not by individual quantum states, but rather by a
single collective state encompassing the entire system. Moreover, the structure of this
collective state depends fundamentally on whether the particles are bosons or fermions.
Specifically, bosonic wavefunctions are symmetric under particle exchange, whereas
fermionic wavefunctions are antisymmetric. Importantly, the quantum description of
indistinguishable particle systems often involves a substantially reduced number of inde-
pendent parameters, thereby simplifying the theoretical treatment of many problems in

quantum information science.

There has been considerable progress in the understanding of multipartite entangle-
ment in bosonic quantum systems. The bosonic states display the extreme features of
multipartite entanglement; as they are either completely separable or genuinely entangled
across all systems [[STY08]. Moreover, even in three qubits, there are no PPT entangled
states [ESBL02]. For all n > 4, n-qubit examples of quantum states satisfying the PPT
condition for every bi-partition, and still being entangled, were obtained [ATSL12]. Also,
the existence of 2-qutrit PPT entangled bosonic states was shown [TG09]. Surprisingly,
in the bosonic subspace, the bipartite entanglement criterion, such as covariance and

realignment, coincide with applying the PPT test [TG09].

In this article, we focus on a particular subclass of bosonic states called mixtures of
Dicke states. It was shown that the theory of bipartite entanglement is connected to
well-studied cones in polynomial optimization, the completely positive and copositive
matrices [Yul6, TAQ " 18]. The NP-hardness of deciding whether a matrix is completely
positive implies a corresponding complexity of the separability problem. Moreover, the PPT
condition for these states is also in exact correspondence with a well-studied relaxation
for completely positive matrices, known as doubly non-negative matrices [Yu1l6, TAQ " 18].
The doubly non-negative and completely positive cones coincide if and only if d < 4, and
therefore, no PPT entangled states exist for this regime in the bipartite setting. Construction
of PPT entangled states in multipartite states for d > 5 can be achieved by considering
bipartite marginals that are PPT entangled [RPAR " 25]. At the same time, it was shown that
for any n-qubit state in multipartite mixtures of Dicke states, there is no PPT entanglement
[Yul6, GNP25b]. The class of mixture of Dicke states also enjoys the local diagonal unitary
symmetry, recently studied in [SN21]. Recently, a strong conjecture was proposed in a
recent work [RPAR " 25] that for a multi-partite mixture of Dicke states in d = 3 and
d = 4, all separable states are PPT. Overall, the situation seemed far from understood, and
a rigorous and well-understood mathematical framework to explicitly describe PPT and

indecomposable maps was lacking. This is a central point for the questions in this paper :
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Q1.| What is the appropriate parametrization and tools for the mixtures of Dicke states to

properly utilise the reduced number of parameters?

QQ2.| Can we characterize separability of the class of diagonally symmetric bosonic states

using some generalization of completely positive matrices? Can we do something

similar for the entanglement witnesses with the same symmetries?

Q3.| Can we characterise the PPT condition for such a given state? Is the PPT criterion

also sufficient for separability in d = 3,4 as conjectured in [RPAR25]? Can we

construct new examples of PPT entangled states and indecomposable witnesses?

This article provides a complete answer to all these questions by translating the en-
tanglement properties of these states into well-known objects in tensor analysis and
semi-algebraic geometry. The dramatis personae of this article are sum of square polyno-
mials and tensors. Deciding whether a polynomial is globally non-negative is a central
and computationally difficult problem in optimization theory. A tractable sufficient cer-
tificate is sum-of-squares (SOS): if p = I | f2, then p(z) > 0 for all z € RY. Hilbert
famously characterized the exceptional cases where non-negativity coincides with SOS
[Hil88]; outside these regimes, there exist positive polynomials that are not SOS (e.g., the

Motzkin/Robinson examples [Mot67, Rob73]). A canonical example in three variables is
p(,y,2) =yt +a'y? + 20 — 307727,

which satisfies p > 0 but is not SOS. To systematically tighten SOS certificates, one can

use Positivstellensitze: for instance, test whether p(z)||z||?" is SOS for some 7. This yields
a semidefinite hierarchy for polynomial positivity; by a theorem of Reznick, every positive

definite form is detected at some finite level [Rez95].

9.1.1 Contributions

We present below, in an informal way, the main ideas and results in this article.

« Tensor-based parametrisation of diagonally symmetric subspace: We introduce a novel

way to parameterize the diagonally symmetric subspace in terms of symmetric ten-
sors in Theorem 9.22, and Definition 9.25. This tensor can be understood as an array

consisting of the diagonal entries of the state.

« Complete dictionary for entanglement properties: By using the new tensor-based

parametrisation, we translate the entanglement properties of diagonally symmetric

states into the well-studied properties of tensors. We establish a correspondence
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between separability and completely positive tensors (Theorem 9.38), and on the
dual side, entanglement witnesses and copositive tensors (Proposition 9.39). We also
show the characterization of the PPT property in terms of the flattenings of the even
slices of the tensors (Theorem 9.48). Moreover, the dual property of decomposability
corresponds to the sum of squares relaxation of copositive tensors (Corollary 9.43).

Our findings are summarized in Fig. 36.

The balanced bipartition gives the strongest PPT criterion: For a mixture of Dicke

states on n particles, we show that the PPT property across the most balanced bi-
partition (the one that transposes the first |n/2| particles, leaving the other [n/2]
unchanged) is the most stringent one, in the sense that it implies the PPT property
for all the other bipartitions (Corollary 9.49); this settles in the affirmative [RPAR " 25,
Conjecture II1.1].

PPT entangled states and indecomposable witnesses: We use some highly celebrated

results in polynomial SOS to construct indecomposable witnesses, and to detect
examples of PPT entangled states. We show that, except for qubits and bipartite
systems with d < 4, all the other cases contain examples of PPT entangled states
(Theorem 9.57). Moreover, these states are PPT across all bi-partitions. This also
disproves the conjecture in [RPAR " 25], i.e there exist PPT entangled states in 3 qutrits,
and beyond.

Bosonic Extendibility: We introduce the notion of the hypergraph (PPT) extendibility

of bosonic states. Due to symmetry properties, it follows that all diagonally sym-
metric states are extendable if and only if there is a diagonally symmetric extension
(Lemma 9.67). Moreover, the marginals of DS states correspond to the marginals of
the corresponding symmetric tensor (Theorem 9.27). This shows that the extendibility
of such states is equivalent to the classical extendibility problem for exchangeable
probability distributions (Theorem 9.68). On the dual side, this implies that the
non-negative and sum of squares hierarchy corresponds to the set of extendibility

witnesses (Corollary 9.70).

Dicke subsystems are entangled: We use the tensor parametrisation to compute re-

duced states of pure Dicke states. We provide a much simpler proof of the NPT prop-
erty of all marginals (across all bipartitions). We show that all the 2-body marginals
of pure entangled Dicke states are entangled (Proposition 9.58). This also reproduces
the recently obtained results in [SN25].
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Notation
Sepc(in)

ppT!

PsD."
Dec&n)

Ew(

Name
Bos. separable

Bos. PPT

Bos. PSD
Decomposable

Ent. Witness

Description

cone{|v)v|*" | v € C%}

{X € Herm[V"C] | Vk €
[Ln/2)], X = 0}

{X € Herm[V"C?] | X = 0}

{x=n{’z

n/2 r n
o)

{X € Herm[V"C] | Vo €
C?, (v X[0™") > 0}

Reference
Eq. (103)

Definition 9.33

Definition 9.33
Corollary 9.37

Proposition 9.31

Table 16: Notation, definition, and main properties for bosonic matrices (Part I).

Notation Name

BExtc(Zn’r) Bos. Extendible
PPTBExt"”)  PPT Bos. Extendible

Extw (") Extendibility Wit.
DecExtWC(in’T) Dec. Extendibility Witness

Description

{Trp(X) | X €
PSD{")y

{Trjy(X) [ X €
PPT )y

{X € Herm[V"CY] |
H((in—i—r) (X ®
1=y = o}

{X € Herm[v"CY] |
Hc(in—l—r) (X ®
]®r)ngln+7") c
DeCC(iTL—FT')}

Reference

Eq. (110)

Eq. (110)

Corollary 9.63

Theorem 9.62

Table 17: Notation, definition, and main properties for bosonic matrices (Part II).
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Notation Name Description Reference

CP((in) Completely Positive cone{v®" | v € Definition 9.5
R}

Momc(in) Moment {T ¢ V"R? | VX €  Eq.(109)
SF[T], X » 0}

NNc(in) Nonnegative {T e V"R | Vi € Eq. (90)
[d]n’ T > O}

SOSC(;L) Sum-of-Squares {T € V"R? | Definition 9.10
pr(zoz) € 25}

Copc(in) Copositive {T e V'R | Vx € Proposition 9.6
RY, pr(z©z) > 0}

(TL,T) g _ nRd

RSOS, Reznick-SOS {T € V"IR* | Eq. (92)
pr(z O z)|l=l*" €
222n+2r)}

PNN&”’T) Polya-NN {T € v"RY | Eq. (94)
PT2(93 © o)l |* €

_l’_

0y

Mom Extfln’r) Moment Extendible {trp(X) | X € Eq. (112)

+

Momén T)}

NNExtEln’r) Non-Negative Extendible  {tr(,)(X) | X € Eq. (113)
NN((jn—l—r)}

Table 18: Notation, definition, and main properties for convex cones of symmetric tensors.

9.1.2 Organization of the article

The paper is organized as follows: In Section 9.2, we provide some preliminary material
to understand the article. In Section 9.3, we discuss the central object of this article, the

diagonally symmetric subspace, and focus on the quantum states in this subspace called
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the mixtures of Dicke states. We discuss the parametrisation of the diagonally symmetric
bosonic subspace in terms of a symmetric tensor. In the Section 9.4, we discuss the
entanglement properties of mixtures of Dicke states by showing exact correspondence
to properties of tensors. In Section 9.4.4, we construct indecomposable entanglement
witnesses using positive polynomials that do not have a sum of squares decomposition,
like the Motzkin polynomial. We also provide some examples of PPT entangled states in 3
qutrits, and beyond. In the last Section 9.5, we discuss how the bosonic extendibility in the
diagonally symmetric subspace, and show connections to non-negative and the sum of

squares hierarchy for copositivity.

9.2 PRELIMINARIES AND BACKGROUND
9.2.1 Notation

We denote by R and C as the fields of real numbers and complex numbers, respectively.
We denote by M ;. (IF), the set of d x d’ matrices with entries in the field IF which will
be either R or C. If d = d/, for ease of notation, we denote the set of matrices as just
M () := M,4(IF). We use the Dirac bra-ket notation to denote vectors as |v) € C,
the dual vectors as (v| € (C?)*, and the complex inner product (v, w) := (v | w). We use
the indexed vectors {|i)}¢_, for the computational basis. The operator |v){w| : C? — C?
is a linear operator with the matrix representation vw* (or vw' for physicists). By S, we
denote the group of bijections from [n] — [n], called the symmetric group. For any finite
set X, we use | X| to denote the cardinality of the set. We use ® to denote the Hadamard

product, i.e the entrywise product between vectors, (v ® w); = v;w;.

9.2.2 Symmetric subspace and Bosonic states

Symmetric subspace

In this section, we provide a brief introduction to the symmetric subspace, which, while
serving as the description of bosonic particles, also has a fundamental role in various
other problems in quantum information. For a much more thorough quantum information-
oriented introduction to this topic, the reader should refer to the excellent review [Har13].

For any element 7 in the symmetric group 5,,, we define the following permutation
operator P : (C9)®" — (C)®",

P, = Z ’iﬂ—1(1)iﬁ—1(2> . Z'ﬂ—1(n)><i1i2 . Zn) i

i1,02...in €[d]
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Note that this is also a unitary representation of the group S, on the space (C%)®"; in
particular, we have Py = I®" and (Py)* = P,-1. We define the symmetric subspace
of order n and local dimension d as the linear space of vectors |¢)) € (C?)*" that are

invariant under all permutations
VICT = {|y) € (C)*" | Vr € Sp, Prlv) = ¥)}.

The symmetric subspace has an equivalent description as the following span [Har13,
Theorem 3]:

V'C? = spanc{|¥)*" | [¢)) € C%}. (86)

Moreover, the orthogonal projection into the symmetric subspace Hgln) : (CHyen 5 ynCd

can be explicitly constructed by the sum of the permutation operators,

H((in) = 1 > P

T
n: TESH

Let o« € IN? be a vector of natural numbers, such that la] := Yield i = n. We will denote
the set of all such vectors as Nc(in). We define the counting function, 7 : [d]" — Ngln) with
the components v(i); := [{k € [n] | i, = j}| that count the number of elements of the
multi-index that get mapped to the value j. For all occupation vectors o € ]Nc(in), there is a
unique canonical multi-index () in y~!(«) that satisfies the ordering, (a); < (a)s... <
(a)n.

We define the following pure quantum states labeled by o & ]N((in),

1 _ n
|Da) = N Z i) € (Cd)® 3
(a) ield]™:v(i)=a

ny _
where () =
Dicke states, and vector « is called the occupation vector.

It is easy to verify that Hgln) |Dgo) = |Dg) for all a € ]Ngln) , hence the Dicke states

are symmetric. These states are an orthonormal basis for the symmetric subspace \/"C¢

| . . . . .
m is the multinomial coefficient. These states are known as qudit

[Har13, Theorem 3]. Therefore, the cardinality of the set INC(;L) is equal to the dimension

of the symmetric subspace. Hence we have,

) n n d+n—1 d+n—1
= amtrey i~ (4577 = (727

For n = 1, the Dicke states are just equal to the computational basis:
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For the first non-trivial case, n = 2, we have the following possible occupation vectors

Vi#j (0,...1;...1;...0),
Vi (0,...2;...0).

These correspond to the following states in the computational basis:

|ig) +17%)

Multipartite bosonic states

We will now discuss the extension of the bosonic symmetry to linear operators. We have

the following definition.

Definition 9.1. A matrix X € ./\/l?" is called bosonic if any of the following

equivalent statements are true.
— 11 (
1) x = xT{.
(2) ran(X), ran(X*) C v"C%.

B)VYoeS, X=PX=XP,.

Proof. We show that all the above definitions are equivalent.

(1) = (2). We observe that, ran(H&n)XH&n)) C ran(H&n)) = v*C? and the

same for the adjoint.

(2) = (3). Let |¢)) € C%. We have, X [¢) € V*C?asran(X) € V*C. This shows,
Vo.ly) €Cl PrX [9) = X [4).

Also, by a similar argument, we have,

Vo,|v) € CY, P, X*J0) = X*[¢) = (XP,)*=X* = XP,=X.

B) = 1. X=P,X — X = %ZaeSn P X = H&R)X. Similarly, we have,
X=X I_Igln). This completes the proof.
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We denote the linear space of bosonic matrices as
MIV'CY = (X e M5 | X =TI XTIV}
and the real linear space of hermitian bosonic matrices as
Herm[V"CY] := {X € Herm[M$"] | X = H((in)XHén)}.

From [Har13, Section 1.1], we also have the following descriptions of these spaces.

MIV'CT) = spanc {|¥)w[*" | [v) € €}, (87)

Herm([V"C’] = spang {[¢)Xu[*" | |¢) € C7} . (88)

We finally present a useful proposition about linear operators, which connects the
restriction of the operator to the symmetric subspace to product forms.
Proposition 9.2. The following statements are equivalent for X € M5",

(1) Vo) € €4 (0¥ X[v®") = 0.

(@ VXl = o.

Proof. The reverse direction is trivial. For the forward direction, from Eq. (87) note the

following equivalence:
V[v) e €% (X [0®") =0 = YW e M[V"CY], Tr(XW)=0.
Moreover, this is equivalent to the statement
Vi e ME Te(xnwY) = I xml i) = o,

This shows the claim. [ |

Remark 9.3. Note that the bosonic matrices are a strict subset of the class of
permutation symmetric matrices, {X € M$" | Vo € S, P,X = XP,}. To see
this, note that the matrix I;» = 15" is permutation symmetric, but not bosonic, as
ran(Ign) = (C%)®" D vrCY.

Since the Dicke states form a basis of the symmetric subspace of n qudits, they can
also be used to describe a basis for the vector space of operators acting on the symmetric

subspace.
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Proposition 9.4. Any bosonic matrix X € M [V"CY] can be expanded in terms of
Dicke states.
X= Y (DalX|Dg)|Da)Ds].
a,ﬁeN&")

All the sets of bosonic matrices that we shall discuss in this work are presented in ??,

which can be used as a reference for the acronyms and the main results about each set.

9.2.3 Tensors and Polynomials

One of the main conceptual contributions of this work is a correspondence between Dicke
states and real symmetric tensors. In this section, we shall describe the main properties of
tensors that are relevant for us. We refer the reader to Table 18 for a quick reference on

the main sets of tensors and their properties used in this paper.

Notations and diagrams for tensors

For any multi-index i € [d]”, we denote the components of the tensor 7' € (R%)®"

T iy..i, in the canonical basis ¢; := ¢;, ® ¢, . .. e;,. This will be shortened to 7; whenever
appropriate. We use the notation i LI j € [d]"*™ to show the join of the multi-indices
i € [d]" and j € [d]™. For two tensors Q € (RY)®" and T € (R%)®™, we have the tensor
(Q®T) e (RY)®(+m) defined component-wise as,

Vield" jeld™, (Q&T); = QT

For any multi-index i € [d]" and o € Sy, we denote by 0 - i := (i (1), %5 (2) - - - ig(n))-
We also use the diagrammatic notation for tensors wherever it is useful. A tensor with

n indices is represented with a spider with n legs as in Fig. 32. The tensor product Q) ® T’

will be denoted by placing two tensors together. A contraction of a tensor is represented

by joining two wires as Fig. 33, and represents the following operation,

d
(T/)iliQ---in—Q = z:lTjjilizis---in—Q'
j:

A tensor with one index is a vector. A matrix can be interpreted as a tensor with 2
indices. The matrix multiplication of two matrices M and K can be represented as a tensor
contraction.

d
Z M®K 21i2i2j3 - Z 1112 2223

19=1
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Moreover, the Euclidean inner product of two tensors can also be represented as a tensor

contraction.

(Q,T):= > TQi= Y (T®Q)i.

ie[d]” ield]”

Figure 32: The tensor spider 7" with 6 legs.

Figure 33: A tensor contraction: the contracted tensor has now 4 legs i3, i4, i5, i6. The other two

legs are equal 71 = i2 and summed over.

Symmetric tensors and polynomials

In this article, we will work primarily with real tensors with permutation symmetry.
Formally, any tensor T € (R%)®" is symmetric tensor if it stays invariant under the

permutation of its indices, i.e,
Vo e Sy, Vie[d]", T,="Ty.,.

Note that in the case of the 2 indices, by interpreting the indices to be rows and column
indices of a matrix, these tensors correspond exactly to real symmetric matrices. The linear
space of such tensors will be denoted by V"IR%. We can define the following projection

map, Hc(in’]R) : R®" — v*R? such that,

viedr, R, =1y 1,
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Fora € N% z € RY, we define the expression 2 to denote the monomial z{" 257 . . . 2.
Note that the degree of such a monomial is 3°; @; := |«|. Let us denote by [z]/] the vector

of homogeneous monomials of degree n and in d variables, by ordering the monomials
using the lexicographic ordering. This is done by imposing the ordering z® > z if in
a — 3, the first non-zero entry from the left is positive. An example of such an ordering in
the case of monomials of degree 2 and 2 variables is, [7]3 := (2, v172, 23).

It is well-known that the symmetric tensors have a linear bijection to the set of homoge-
neous polynomials of degree d and n variables, which we denote as H[z],,,. This bijection

is the following map 71" — pr:
n
pr(z) = (T,2°"y = Y Tiwjxiy...xi, = Y. (a) T(a)xo‘. (89)
ZE[d}n aEijn)

Moreover, note the following characterization of real symmetric tensors [CGLMO08],

which is analogous to that of complex tensors in Eq. (86):

VPR? = spang {v®" | v € RY}.
Convex duality

Let V be a real vector space and C be a convex cone. The conic dual of a convex cone
C C V is defined by the following set.

Co:={XeV*|VYecC, X(Y) >0}

If for two convex cones, C, K, we have C C K, it implies that IC° C C°. A cone is called
self-dual if C° = C. If the vector space V' has an inner product (., .), then all the linear
functionals are of the form,

X(Y)=(Lx,Y),

for a unique Lx € V. This provides a natural isomorphism between V' and V*. In this
article, we consider tensor cones C' C V"IR? with the Euclidean inner product. Then, the

entrywise non-negative is an example of a self-dual convex cone.
NN = {Q e V'R? | Vi € [d]", Q; > 0} (90)
Completely Positive (CP) and Copositive (Cop) tensors

We first introduce the notion of completely positive tensors. This notion generalizes that
of completely positive matrices, which have been investigated since the 1960s [HJN63].

These are symmetric matrices that can be written as a sum of rank-1 projectors, i.e

X = |vp)o1] + [va)ve] . .. + [vg NvK|

271



272

ENTANGLEMENT IN THE DICKE SUBSPACE

where |v,) € RZ is a vector with non-negative entries. We recommend the excellent book
by A. Berman and N. Shaked-Monderer [SMB21] as a comprehensive reference on this
topic. This cone of completely positive matrices is quite well-studied due to its importance
in the theory of optimization, and also recently found a connection to entanglement theory

for bosonic states [Yu16, TAQ " 18]. Let us now define the general notion for tensors,

Definition 9.5. A symmetric tensor Q € V" (IR?) is called completely positive if

there exists a finite set of entry-wise non-negative vectors {Uq}f:l € ]R‘j’r such that

Q=v7" 40"+ ...+ o

The set of completely positive tensors is a convex, pointed, and closed cone with a
non-empty interior [PVZ15, Proposition 1] in the real vector space of symmetric tensors
V"R, We denote this convex cone as CPEIH) where n denotes the number of legs (indices)
and d is the local dimension. Clearly, any completely positive tensor is entrywise non-
negative, as all the components of v, are non-negative. We refer the reader to [QXX14,
LO15, NTYZ22] for the recent work on this class of tensors. The membership problem for
even completely positive matrices is known to be NP-hard [MK87]. Despite the hardness
of general characterization, some results have been obtained in this direction by different
approaches; looking at structured tensors [LO16], in low dimensions [NYZ18], or solving
a growing sequence of semi-definite programs [FZ14, FZ17, NTYZ22]. Similarly to the
matrix case, some classes of polynomial optimization problems can be reformulated in
terms of the completely positive tensors [PVZ15]. Surprisingly, it has been shown that
for d = 2, deciding complete positivity is equivalent to checking positivity of two Hankel
matrices [FNZ19].

We introduce the conic dual of the completely positive tensors, called copositive tensors
[Qi13]:

Copén) = (CP&”))O.
Recall that for all symmetric tensors Q@ € V"IRY, there is an associated homogeneous poly-
nomial pg(z) = (Q, z%"); pg(x) is a homogeneous polynomial of degree n in d variables
with real coeflicients. The following proposition provides another characterization of

copositivity.

Proposition 9.6. A symmetric tensor @ € V"R is copositive if and only if

Ve e RL  pgo(z) > 0.
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Note that in the previous definition, we only need the polynomial to be positive for all
non-negative vectors z, but in general, the polynomial pg(z) can take negative values.
This generalizes the notion of copositive matrices, which correspond to the second-order
copositive tensors [Dia62, HJN63, Diir10, BDDK " 00]. The membership problem for copos-
itive matrices is known to be co-NP-hard [MK87]. Like the completely positive cone, this
convex cone is well-studied due to its importance in the theory of optimization as coposi-
tivity offers a unified convex way to reformulate non-convex mixed quadratic programs
into convex programs [Diir10]. For a comprehensive review of copositive matrices, we
again refer the reader to the detailed book by Berman and Shaked-Monderer [SMB21].

Sum-of-squares

We review in this section some basic but important facts about multivariate polynomials
that can be written as sums of squares. Such polynomials play a central role in semi-

algebraic geometry, see [BPT12].

Definition 9.7. Let p € H[z]g2, be a homogeneous polynomial in d variables
(z1...24) =: x and degree 2n. Such a polynomial p is said to be a sum of squares
polynomial (or in short a SOS polynomial) if there exist a finite number of homoge-

neous polynomials fk(x)le € Hlz]4,, having degree n, such that,

K
p(z) = kZl fi ().

We denote the set of sum of squares polynomials in even degree 2n and d variables
as X2"[z] C H[z]g9,. The polynomials that can be written as a sum of squares are
clearly globally nonnegative (as Vf € R[z], f(x)? > 0). But the converse of the statement
is false, which is the content of Hilbert’s celebrated results [Hil88]. This means that
there exist globally positive homogeneous polynomials that are not SOS. The following
Table 19 summarizes Hilbert’s theorem for the case of homogeneous polynomials. Note
that the same result holds true also for symmetric homogeneous polynomials [GKR17], i.e
polynomials that satisty,

Vo € Sq p(r1,m2...70) = p(To(1), To(2) - - To(a))-

Next, we show a reformulation of the sum of squares condition of the polynomial in
terms of positive semidefinite matrices. Similar results are well-known in the literature,
see [PW98, Lau08] under the name of the Gram-Matrix Method. This formulation also
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=2 |2n=4|2n>6

d=2 Yes Yes Yes

d=3 Yes Yes No

d>4 Yes No No

Table 19: Can any homogeneous or symmetric homogeneous polynomial of degree 2n in d variables

be represented as a sum of squares?

provides an efficient way to check the sum of squares property of polynomials, by recasting
it as a semi-definite program (SDP) [BV04, Las09, BPT12].

Theorem 9.8. A homogeneous polynomial p € H[z];9,, of degree 2n is a sum of
squares (SOS) if and only if there exists a PSD matrix, P € Herm[ M (IR)®"] such
that

p(z) = (&¥"|P|z®").

Proof. ( <= ) Assume that there exists a PSD matrix P such that p(z) = (z®"|P|z®").
Since it is PSD, P can be written as X ' X, where X € M (IR)®". Therefore,

p(a) = (@"|Pla®") = @"|X " X]a®") = 3 fi(2)
ie[d]”

where Vi € [d]", fi(r) = Zjc(gn Xi,jTj Tjy - - - Tj,. This implies that p(x) is a sum of
squares polynomial.

( = ) For the reverse implication, assume that the polynomial p(z) is a sum of squares,

i.e, of the form
K 2
p(z) =) fi(@).
k=1

For all k, expand f(z) = X, ftk, o2 as a sum of monomials. Note that, we can also
expand fi(z) = (fir, z®") where Vi € [d]", (jix); = (7@))_%;{77@, see Eq. (89). Then,

we have:

K

K 9 K
p(x) = 32 (A, ") = 37 (@™, fiw) (i, ") = (2%7] 37 i) (| [257)

By choosing P := 3K . |/i.) {fi|, we conclude the proof. |



9.2 PRELIMINARIES AND BACKGROUND

Remark 9.9. It is easy to show with a slight modification of the above proof that
the polynomial is SOS if and only if there is a PSD matrix P such that p(z) =
([z]) T P[z]% where [x]? is the vector of monomials of degree n in d variables. The

matrix P in this case is known as the Gram-Matrix [PW98, Lau08].

Recall that there is a homogenous polynomial of d variables and degree n associated to
the tensor () € V'RY,

pQ(:C) = Z Qilig...inxilxig e Ly,
ie[d]”

From Proposition 9.6, it is clear that () is a copositive tensor if and only if pg(z ©® z) > 0

for all z € R?. This motivates the definition of sum-of-squares (SOS) tensors.

Definition 9.10 (SOS Tensors). A symmetric tensor 7" will be called a sum-of-
squares tensor, or in short, an SOS Tensor, if the polynomial, py(z ® ) is a sum of

squares. We denote the cone of these tensors using the notation,

SOS&n) ={T e V'R? | pr(zoz) € Zgn)}.

It follows from the definition that all SOS tensors are copositive (as all SOS polynomials
are positive). The SOS tensors form a pointed convex cone. Note that in Definition 9.10, we
do not demand that the tensor polynomial pr is a sum of squares polynomial, but a weaker
condition that py(z ® x) is an SOS polynomial. For example, consider the two-variable
polynomial p; (x1, x2) = z122. This polynomial is not positive for all z, hence also not
a sum of squares. But the polynomial p;(z},23) = 2323 is an SOS polynomial. The
homogenous polynomials of this form were studied in [ZVP06], and the form of these

polynomials was completely characterized. We rephrase the result in the next theorem.

Theorem 9.11 ([ZVP06, Proposition 9]). Let p(z) € H[z]4,, be areal homogeneous
polynomial in z € R? of degree n such that p(z ® x) is a sum of squares: p(z ® z) €
Z(2n)

4 - Then the polynomial p admits a decomposition of the form

|n/2

]
>, Y T%ja(2) (91)

j=0 aelNén_%)

p()
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where |a| := aj + -+ + ag, z* 1= 2{? - 2;?, and each v); , is a homogeneous

SOS polynomial of degree 2j: ¢ o () € Zégj).

Let us consider the SOS tensors for n = 2. In this case, by definition, () € SOSEln), if

the polynomial pg(z ® ) = > ; Q”:L’gac? € 224). We apply Theorem 9.11 to obtain the

following decomposition:

po(x) = > Quzixj = Y a%oa(z)+ D 2%1q(x)

i,j€[d] |o|=2 ||=0
= Z riwjNg +1- (x|Alx) .
i,jeld]
We obtain for the first term with |o| = 2, all the monomials z;z; and the degree 0

SOS polynomial \;; := 19 (x) € R4. For the second term, we have 2% = 1 and
the degree 2 SOS polynomial, ¢1 o(z) = (z|A|z) for some A € PSD,. Therefore this
shows that ();; = \;; + A;;. If we interpret the indices of () as a matrix, we get, ) =
{Nij + Aij}%{j:l € NN, + PSD,. The reverse is also true. If ) € NN, + PSDy, this

implies that pg(z © z) € Z((f). This fully characterizes the SOS cone in n = 2.

Remark 9.12. The previous characterization also shows that the convex cone of
SOS tensors is closed (since sum of square polynomials of degree n and d variables
is closed). Moreover, there exists an ¢ > 0 such that the open ball B(e, |¢)*™) C
SOSEZn) implying that the cone has a non-empty interior where |e) := 3, ¢;

Remark 9.13. The convex cone of NN + PSD is well-studied, usually denoted
as SPN in the literature. It is the inner approximation to the set of copositive
matrices, and is dual to the cone of doubly non-negative matrices, that are the
positive-semidefinite matrices with non-negative entries, DNN := NN N PSD. For
results about these matrix cones, we refer the reader to [SMB21]. The sum of squares

tensors can be considered a generalisation of SPN matrix cone.

We also present here the characterization of the duals of sum of square polynomials. For
polynomials, we define the duals without any reference to any inner product, and instead,
we look at the linear functionals that are positive on all SOS polynomials.

(=)o = {f : H[z]gzn — R | ¥p e =, f(p) > 0}



9.2 PRELIMINARIES AND BACKGROUND

Recall that the monomials of a degree n in d variables, [x]'} are labeled by the vectors
o € INY such that || = n. The set of these monomials is of size ("gflfl). Then, we have

the following definition.

Definition 9.14 (Moment Matrix [Lau08]). Let (y,) la|=2n be a sequence labelled
by the monomial vectors, @ € IN? such that |o| = 2n. Then, define the following
(nzl”_ifl) X (”;ﬁlfl) matrix with rows and columns indexed using the monomial

vectors,

M, (y)aﬁ = Ya+8-

This matrix is called the moment matrix associated with the sequence .

Let f be a linear functional on homogeneous polynomials. Then, we associate a moment
matrix with the linear functional f by choosing the sequence y, := f(2%) where a €
IN?, || = 2n. We then have the following result about the dual of SOS polynomials.

Theorem 9.15. The dual cone of SOS polynomials,

(Z((fn))o = {f : H[z]g2, = R | My (y) = 0 where y, := f(z”)}.

Proof. Recall that a polynomial is an SOS polynomial, i.e p € Z((fn) if and only if there

exists a positive semidefinite matrix P such that p(x) = ([z]%) " P[z]%. Expanding this,
we get,

p(x) = ([2]§) "Plaf = X Paga™*’,
a,3eN

(n)

where we recall that IN; * denotes the set of d-tuples of non-negative integers that sum

up to n. Applying the linear functional f to this expression while having f(z®) = y,, we

obtain,
f)= > Pagats = Tr(P Myu(y)).
a,ﬁelN&”)
Moreover, this is positive for all PSD matrices P, if and only if M,,(y) = 0. |

The last result, Theorem 9.15, completely characterizes the dual cone of the SOS poly-
nomials; a linear functional is in the dual cone if and only if the corresponding moment

matrix is positive-semidefinite. We refer the reader to the excellent notes by Laurent
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[Lau08, Section 4.4] for more details on moment matrices, particularly for the connection

to the moment problem.

SOS and Non-Negative Hierarchy

In [Par00], an inner approximation of copositive matrices was introduced based on the
SOS hierarchy that approximates positive polynomials. It consists of the following convex

cones.

RSOS) := {Q € V2R? | po(z © 2) ||| € =7 (92)

Each of the sets RSOSS') involves checking the sum of squares property of the polyno-

mial po(r © x) = %, je(q] Qijx%a:?, after multiplying it with another polynomial, ||z||?",

that is SOS by definition. We then have the following inclusions,
PSD, + NN, = RS0S\") ¢ Rs0s" ¢ Rs0S? ¢ Rs0S) ... € RS0S! C Cop,.
The following are well-known results about this hierarchy.

. RSOS%O) = SPN; = NNy + PSDy. In particular we have, Cop; = RSOS&O) for
d < 4.

« [Par00, DDGH13] If d > 5, RSOS" ¢ RSOS\!) C .- € RSOS{" C Cop,.

« [LV23,5V24] Uy RSOSY") = Cops andint(Cop,,) & U, RSOS! € ¢l (U,20 RSOS!”) =
Cop, for d > 6.

A similar approach of constructing the sum of squares (SOS) hierarchy is also possible

for tensors.
. 2(m+
RSOSU™) = {Q € V'R | po(z @ 2)||z||>" € £2™TT)y.
These sets satisfy similar inclusions for each m.

R50S™Y ¢ Rs0S(™Y ¢ RsOS|™? ¢ RsOS!™) ... € RSOS|™") € Cop{™.

« Ford = 2, RSOng’O) = Copém). This follows from the fact that all homogenous
polynomials in 2 variables are SOS [Hil88].

. int(Cop((jm)) C Ur>0 RSOS&m’T) C d (Urzo RSOSC(im’T)> = Copt(im) by Reznick’s

Positivstellensatze [Rez95].
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Lete := Zglzl e; be the all-ones vector. Then, we can rewrite,
po(z® x)HxHQT —(Q®e, (20 x)@(m,+r)> _ <H£lm+r,lR) [Q® e, (z @ x)@(m+r)> .

This implies that the hierarchy can be rephrased purely in terms of tensors.

RSOS!™") = {@ € vRY | TIV" "M [Q @ ¢®7] € SOS™ ™} (93)
(n)

Let x; ' C H[z]g,, be the cone of polynomials with non-negative coefficients. It is easy

(n) (2n)

to see that if a tensor polynomial pr € x; ’ it implies that pr(z ©® z) € ;. We consider

the following hierarchy of convex sets considered in [DKP02], which also provides an

inner approximation of copositive matrices.

PING = {Q e viRY| (X Quaay) (L) €] o

i,jeld] =1

For all r, we have the inclusion PNNEZT) - RSOS&T), i.e, this hierarchy acts as a weaker
approximation than the SOS one. This hierarchy satisfies the following properties.

- PNN, =
-vd>2, PNN ¢ PNNY ¢ PN € PNNGY < PNNYY € Cop,,

« int(Copy) C Ur>0 PNN((X) C cl (Urzo PNN(([)) = Cop, follows from Polya’s Posi-
tivstellensatze [Pol11, DKP02].

A similar approach of constructing the non-negative (NN) hierarchy is also possible for

tensors.

d
PNNJ™") .= {Q € V'"RY| po () (X !
=1

= {Q e V'R |po(r @ 2)]lal”" € x;" ).
These sets satisfy similar inclusions for each m.
70 71 ’2 ‘73 ’
PNNS™ € PNNG™Y € PNNG™ € PNNG™ < PNNJ™) ¢ Cop™.
This hierarchy can also be rephrased purely in terms of tensors.

PNNY™ = (@ e vR? | TI{" TR [Q ® e®r] e NN{" T3 (95)
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9.3 DIAGONALLY SYMMETRIC SUBSPACE

In this section, we introduce the class of multipartite bosonic quantum states called mixtures
of Dicke states or Diagonally Symmetric States. These states have been studied in the case
of bipartite systems [TAQ 18, SN21, GNS25] and, recently, the multipartite extension has
been considered in [RPAR™25]. We begin by discussing the basic structural properties
of these states, along with their symmetries. Recall that any n-partite bosonic matrix
X € (My4(C))®™ has an expansion into the orthonormal Dicke basis

X= > MX)aslDa)(Dgl,
a,8eN

where A\(X),. 3 1= (Do|X|Dg) .
Let us begin by introducing the diagonally symmetric subspace. We denote by DU ; the
abelian group of diagonal unitary matrices. These are exactly the diagonal matrices with

complex phases on the diagonal

DUy := {Uy | Uy := diag(e®, 2, ... 1), 0 e [0,27)}.

Definition 9.16 (Diagonally Symmetric Subspace). A matrix X € (My)®", will be

called diagonally symmetric if it satisfies the following two symmetry conditions:

1. Bosonic symmetry,
W xm = x

2. Diagonal unitary invariance,

YU € DUy [U®", X] = 0.

We will denote the vector space of diagonally symmetric (DS) matrices in (M;)®" as
DS&n), and the real vector space of self-adjoint diagonally symmetric (DS) matrices as
Herm[DS&n)]. In the next Proposition 9.17, we show that this space consists of matrices

that are diagonal in the Dicke basis.

Proposition 9.17. Let d,n € IN. We have:
(1) DY = spanc{|Da)Dal | € N§},

(2) Herm[DS&n)] = spaan{|Da>(Da| ‘Oé € Ngln)}
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Therefore, the matrices {lDO‘XDO‘HaeN(”) form an ONB (orthonormal basis) of the
d
DS subspace.

(n)

Proof. Consider an operator X € DS;". By Definition 9.16, it satisfies the two symmetries.

i) xilY = x,

[U®" X] = 0forallU € DU,.

Since H&n)X I—I((in) = X, then by Proposition 9.4, X € M?” admits an expansion in the
Dicke basis:

X= > MX)ag |Da){Dgl
a,ﬁElNén)

for some complex coefficients, A\(X), 3. Let Uy := diag(e', ... e) € Didy be an

arbitrary diagonal unitary matrix. The action of the unitary matrix U, ég’ " on Dicke states is:

n 1 n|; 1 -0 (fo'8
Ug™ |Da) = @] oo USMg) = @] S ) = D,),
o) jiy(j)=a o/ jiy(j)=a

where « - 0 is the Euclidean dot product of vectors. Hence, we have
Vo, € NYY, UP" [Da)(Dsl (US™)* = €@~ Do)(Dy) .
By using the diagonal unitary invariance of X,
X =U"X(UFY = 3 AMX)ape @9 |D)Dg|  foralld e [0,2r)".
a,ﬁe]Ng")

Since the Dicke basis is orthonormal, we must have, for all o, 8 € ]Nén) and for all # in
[0,27)¢ that,

AX)ap = @DINX), 5.
This implies either A\(X ), 3 = 0 or V0 € [0,27], ¢!(®=#)¥ = 1. The latter condition holds
if and only if @ = 3 implying A(X ), g = 0 whenever o # 3. Therefore,

X = Z )‘(X)Oé,a |Da><Da| S SpanC{|Da><Da|}a€]N(n)-
aElN(n) ¢
d

We can thus conclude:
DS C spanc{|Da)Dal}. (96)
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Conversely, assume any operator of the form,

X = Z Aa |Da><Da|
ae]NEln)

is clearly supported on the symmetric subspace, so H((jn)X Hén) = X, and is invariant
under all Uy, since U | Do) (Dq| (U5™)* = |Do){Dq|. Thus, we have the inclusion,

spanc{|Da)Da|} € DS (97)

By combining Eq. (96) and Eq. (97), we complete the proof of the first assertion. For the

second assertion, note that any state of the form,

Y. Aa [Da){Dql
aG]N[(in)

is self-adjoint if and only if \, € R. The rest of the proof is analogous to the complex

case. [ |

Note that the diagonal symmetry property of Dicke states was first noted in the papers
[Yul6, WY14]. By a slight abuse of notation, we write A\(X )4 := A(X)q.o- In this paper,
we are interested in studying the quantum states in this subspace, i.e, PSD matrices (with
trace 1). Then, these properties can be captured by imposing positivity conditions and

normalization constraints on the coefficients A\(X),,.

Proposition 9.18. Let X € DSC(ln), such that

X= 3 MX)alDa)(Dal.
ae]NEln)

Then, the following equivalences hold,
1. X e Hermc(in) <~ Ya € INC(in), AMX)a €R,
2. X € PSDY «= Vae NI A(X), eR,.

Moreover, we have for the trace of X

Tr(X)= Y AX)a,

ae]NEln)

and the rank of X

tk(X) = [{a € NJ” | A(X)a # 0},
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Proof. The proof follows from the orthogonality of the Dicke states; the spectrum of the

normal matrix X is the set {)\(X)a}aeN&n). [

It follows from Proposition 9.18 that X is a quantum state if and only if A\(X) is a finite
(n)

probability distribution over the set IN; ", and these quantum states are called mixtures of
Dicke states. These are the states introduced and studied for qubits in [WY14, Yu16], for
bipartite qudit systems [Yu16, TAQ " 18], and for multi-partite qudit systems in the recent
paper [RPART25]. Note that for the parametrisation in terms of the vectors A(X),, we

get the inner product between two states X, Y in the diagonally symmetric subspace as

TXY)= ¥ AXaAY e
aElNén)

9.3.1 Permutation symmetry on local bases

Besides the bosonic symmetry (the action of S, on tensor legs) and diagonal unitary

invariance, it is sometimes natural to impose an additional invariance under permutations

of the local basis labels [d].

Definition 9.19 (S -invariant DS states). For 7 € Sy, let V. € M be the permuta-
tion unitary defined by

Ve lg) = Im(5)) vj € [d].
We say that a DS matrix X € DSC(in) is Sg-invariant if
V1 € Sy, Ve X (VE)* = X.

We denote by DS((in)’Sd C DSEln) the subspace of S;-invariant DS matrices.

(n)

The action of S; permutes the components of occupation vectors. For o € IN; "’ and

T € Sy, define (7-«) € ]Ngn) by

(7)) == a1 Vj € [d].

7)

Then, for a DS matrix

X = Z )‘(X)oz |Da> <Doz|v
ozelNEln)
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the condition in Definition 9.19 is equivalent to
vre Sy, Yae N A(X)a = MX)ra. (98)

In other words, the vector A\(X ) is constant on Sy-orbits, so the resulting family of matrices

has fewer parameters than the whole DS space.

Let
Parg(n) :={n € N((in) | g > pg > > g}

be the set of integer partitions of n with (at most) d parts. For a € ]N((in), denote by

sort(a) € Parg(n) the non-increasing rearrangement of the entries of «, and by

Orb(a) :={7-a| 7€ Sy}
(n)

its orbit. Then sort(«) is an orbit representative, so the orbits in IN; ’ are in bijection with

Parg(n).

Proposition 9.20 (Extremal points of the S;-invariant DS simplex). Let
Sén)’sd ={pe Herm[DS((in)’Sd] | p € PSDEln), Tr(p) = 1}

(n),S,

be the convex set of S;-invariant mixtures of Dicke states. Then S, " is a simplex

whose extreme points are indexed by Par;(n). Concretely, for 11 € Pary(n) define

1
= Dy) (Dy| -
P TOmG ey

Then {py} cpar 4(n) are exactly the extreme points of Sc(lm’sd, andeverype S C(ln)’sd

admits a unique convex decomposition

pP= Z PuPu with p,, > 0, Zp,u =1
pueParg(n) (%

(n),S,

In particular, S; 7" is parameterized by |Pary(n)| — 1 real parameters.

Proof. Any DS quantum state is determined by a probability distribution A on Nc(ln) via

p=2 ) Aa | Da) (Dal. By Eq. (98), p is Sy-invariant if and only if A is constant on

each orbit Orb(«). Thus specifying p € S C(ln)’sd is equivalent to specifying a probability

(n
aG]Nd

distribution (py) uepar,(n) On the set of orbits, by setting Ao := Pyori(q)/ | Orb(sort(a))|.

This identifies S C(ln)’sd affinely with the standard simplex over Par;(n), whose vertices
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correspond to placing all mass on a single orbit. The corresponding DS states are precisely

the orbit-averages p,,. [

Example 9.21 (Small-n examples). We give explicit descriptions of Par;(n) and the
corresponding extreme points p,, from Proposition 9.20, noting that some partitions

only exist when d is large enough.

(i) n = 1. For any d > 1, we have Pary(1) = {(1,0,...,0)}, so Stgl)’sd consists

of a single state:

d I
4d

§ 0

P(10

& \

(ii) n = 2.Ifd = 1, then Par; (2) = {(2)}. If d > 2, then
Parg(2) = {(2,0,...,0), (1,1,0,...,0)},

and S ((12)’5‘1 is a 1-simplex with vertices

d
Z ) (53l ,

_ L (D IR ¥ il V0]
P(1,1,0,...,0) = (g) ; |Dm> <Dw|> |Dw> = 2

P(2,0

&. \

(i) n = 3. If d = 1, then Par1(3) = {(3)}. If d = 2, then Pary(3) =
{(3,0), (2,1)}.If d > 3, then

Pary(3) = {(3,0,...,0), (2,1,0,...,0), (1,1,1,0,...,0)},

soS 6(13)’Sd is a 2-simplex with vertices

1 ,
P(3.0,..0) = 7 2 1135) (il
j=1
1 |7ij) + |iji) + |jid)
- D’LZ DZZ ) DZZ = )
P(2,1,0,...,0) d(d —1) ”%d] | Diij) (Diij | Diij) /3
i£]
1 .
P(1110,...0) = 7o 2. |Dijk) (Dijkl, |Dijr) i= —= > |m-(ijk)).
(3) 1<i<j<k<d \/_ TES;

In particular, the vertex p(y 11, o) only exists when d > 3.
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9.3.2 Tensor-based parametrisation

As we saw in the last section, mixtures of Dicke states X can be completely parameterized
by the dsym positive real numbers (dsym — 1 if we include normalization), the parameters
A(X)g. In this section, we complement this with another useful parametrisation of the
diagonally symmetric subspace in terms of a symmetric tensor. Recall that we have the

(n)

occupation counting function, 7 : [d]" — IN,; "’ defined component-wise as,
(@), =1k € [n] |t = 3}
Note that 7y is not an invertible map: for example, it is symmetric under permutations
Vo € Sp, i€ [d]", y(o-1) =~(i).

This is reflected in the fact that the input and output spaces have different cardinalities,

dsym = (”j;ﬁ;l) # d". Nonetheless, for all occupation vectors k € ]Ngln) , there is a unique

canonical multi-index (k) in v~ !(k) that satisfies the ordering, (k)1 < (k)2--- < (k)p.

Recall that for a multi-index i € [d]", the stabilizer subgroup of S, stab(i) := {7 |

Py |i) = |i)} is the set of permutations that leave the mu(lt%-index i invariant. In the next
n

theorem, we introduce a new parametrisation of the DS, subspace, and prove some of

its useful properties.

Theorem 9.22. Let X be a n-partite matrix in DSEln). Then, we define the tensor

Q[X] € (C?)®" component-wise as,
Vield", Q[X]i:= (i|X]i).

Then, we have the following results,

(1) Q[X] is a symmetric tensor, ie, Q[X] € V"C% Moreover, if X €
Herm[DSc(ln)], if and only if Q[X] € V"R, ie Q[X] is a real symmetric
tensor. Moreover, X € PSDC(ln) — Q[X] € NNEZn).

(2) Since X € DSEZR), we have an expansion in the Dicke basis,

X= > AX)alDa)(Dal.
aEIN((jn)

Then, we have the following connection between the vectors A(X) and the
tensor Q[X],
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n

weld () otk =20

Equivalently, for all o € ]Nén) and all i € y71(a), we have

(") QIX]i = M(X)a. (99)

(3) X has the following expansion,

x= 5 ¥ "Wopgp il

i€[d]™ TESy,
(4) The trace of the matrix X,

Tr(X) = > QIXLi= > AX)a

ie(d aeN(

Proof. Let X € DS&n), and Q[X] € CJ" is defined component-wise by,
vield",  QX]i:= (| X]i).

(1) Let m € S, be any permutation and let P denote the corresponding permutation
P P gp
operator on (C?)®". Since X € DSEln), by Definition 9.16, we have P X = X P, =

X for every 7. For any multi-index i € [d]" and some m € S,
QX]ri = (m-i[X|m i) = (i| 1 X Prli) = (i X[i) = Q[X]i.

Therefore, Q[X] is invariant under the action of S,, and hence is a symmetric tensor,
QIX] € v*C?. If additionally, X is Hermitian then each diagonal matrix element is
real (i|X|i) € R, hence Q[X] € V"R

(2) Let X € DS((in) have the decomposition in the Dicke basis:

X= 3 AX)a|Da)(Dal.
ae]NEln)

For any computational basis vector |i),

<i|Da> =

1
\/TZ*) v(i)=a
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Hence,

—_

QIX]i = (iIX])) = 3 MX)al(i|Da)l* = MX) ()

ae]NEl ")

3

(@)

—~

Rearranging gives the claimed identity

n
X|i = MX) 000, 100
which shows that the Dicke-basis coefficients A\(X ), are constant on each orbit

v Ha).

(3) Since X € DS&H), it has the expansion in the Dicke basis.

X = Z )‘(X)a |Da><Da|-

ae]NEln)

Then, by using Eq. (99), and by expanding the Dicke state,

we get

X= ) QX > i) (J1

(n) i,j€[d]™
N 5J
@< ~(i)=a, 7(j)=a

By re-labeling the indices [ := («), we have the following equation,
X= > QKX > i) Ul

le[d]™ i.jeld"
h<<ly v(@)=y(1), v(5)=7(1)

Now (i) = y(I) <= 37 € Sy, i = 7 - l. Therefore, our expression reduces to,

(0
l
> Q) 2 ¥ bl
leld]™ T T0ESy
hr sty
where we divide by | stab(l)[? = ( T,lb 2 to avoid overcounting. By replacing ordered
v(1)
indices, I} < --- <, by all indices [ € [d]", we divide by -2 i e ),
G
ANTE £ i
leld T,0€S8,

Finally, by relabeling permutations, we have,

2 Q[X]z(w.)) > -0

le[d]™ e res,

which is the claimed expression.
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(4) By definition of Q[X],

T(Y) = ¥ GIxl) = ¥ QX

jeldr jeldr

Recall that from Proposition 9.18, Tr(X) = DOREY A(X)q- This concludes the
d

proof.

Note that in the previous Theorem 9.22, we establish a new tensor parametrisation of
the diagonally symmetric subspace. In particular, it shows that the relevant parameters
for a diagonally symmetric matrix X are just entries on the diagonal of the state, which
can be arranged as a symmetric tensor Q[ X]. This parametrisation will be quite useful for
studying the entanglement properties in the remaining sections. We end this section by
characterizing the HS inner product between two diagonally symmetric matrices in terms

of the tensor parametrisation.

Remark 9.23 (S;-symmetry in the tensor parametrisation). Let X & DSEZn)’Sd and
define Q)[X] as in Theorem 9.22. For 7 € S;and i = (i1,...,i,) € [d]", write

7(i) := (7(i1),...,7(in)). Then
V1T e S, Vie [d]n, Q[X]T(Z) = Q[X]Z

Equivalently, Q[X]; depends only on sort((i)) € Parg(n), so an Sy-invariant
DS tensor has |Pary(n)| independent diagonal values (and |Parg(n)| — 1 after nor-
malization to a state). Note that the action of S; on indices i defined above is
different that the action of .S, on the same set, which ensures that the tensor Q[ X]|

1s symmetric.

Proposition 9.24. The Hilbert-Schmidt Inner product between the two DS matrices
X and Y satisfies,

2
B = ¥ Q[X]icm(w)) = E[%n@[X]Z-Q[Y]i(V(Z.)). (to1)
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Proof. Recall that for two DS matrices,

TXY) = 5 A A o
ozElNEln)

Using Theorem 9.22, it follows that A(X ), = Q(4)((;) hence the previous expression can

be reduced to

nxY)= ¥ al J<Q>Q[Y]<a>(”) . QM@[Y]Z-(W”.)).

ae]N(n) “ . Ze[ ]n
d 11<19...<ip

By replacing the ordered indices with unordered indices, we get

BXY) = ¥ CMQ[Y]Z-(WZ.)).

ie[d]”
|

Note that Proposition 9.24 shows that the inner product of two matrices parametrized
using the diagonal tensor X <+ Q[X] is not equal to the Euclidean inner product between
two tensors corresponding to the matrices, i.e, Tr(XY') # (Q[X], Q[Y]). This leads to
a inconsistency while looking at duals, as in entanglement theory, the duals are usually
considered with respect to the Hilbert-Schmidt inner product, while for tensors, the
Euclidean product is standard. To solve this, we introduce another related parametrisation
of the DS subspace.

Definition 9.25. Let X € DSEln). Then, define the symmetric tensor,

W[X]; := Q[X]i<7?i)) = (i[ X 1) (78))-

Let us consider the following map, diag : V*"R? — M(\/”Cd), defined as,

diagl@] := > Qild) (il.
ie[d]”
This maps a symmetric real tensor to a diagonal matrix in M ;(C)®". Note that this matrix
is not bosonic, i.e, it is not supported only on the symmetric subspace (if all the entries of

the tensor () are non-zero, then diag[Q)] is supported on the whole tensor space).
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Proposition 9.26. Let X € Herm[DS&n)]. Then, we have the following equality:

X = 114" diag[w [ X]]I1{"

Proof. By using Theorem 9.22, we have

x-y v e o

i€[d]™ TESy,

Hence, we have

1 \ \ :
X= % % —PWIX]) Gl =100 S WX i) (i = 1" diag[W[X]]
i€[dn TESy T ild]”
= 113" diag[W[X])T13"
where the last equality follows from the self-adjointness of X. |

In the remaining sections, we use these parametrisations for the set of diagonally
symmetric states, as well as diagonally symmetric entanglement witnesses. Note that by

Proposition 9.24, we now have

(X, Y) geuncay = (QIX], W[Y])ynca - (102)

Hence, the Hilbert-Schmidt product now corresponds exactly to the Euclidean product of
tensors in the () and W parametrisations. The fact that the Hilbert-Schmidt product is
the same as the Euclidean product in the () and W parametrisations will be used in later
section to relate the duality of bosonic matrices with diagonal symmetry to that of the

corresponding () and W parametrisations.

9.3.3 Reduced states and marginals

From the previous section, we know that the diagonally symmetric matrices X are pa-
rameterized with a symmetric tensor Q[ X]. The next theorem shows that the quantum
marginals (reduced density matrices) of these states have a direct correspondence with the
“classical” marginals of this tensor. First, recall that the marginal of a symmetric tensor
T € V"RY, with respect to a set of indices A C [n] is given by
vield M A= X Ty
ic[d]lAl

Note that, for symmetric tensors, the marginal depends only on the cardinality of the set

A.
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Theorem 9.27. Let X € DSEln) be a diagonally symmetric matrix. For any A C [n],
let Tr 4(X) denote the marginal of the state over the tensor factors in A. We have
then

. Tra(X) € DS 14D,

« Q[Tra(X)] = tra(Q[X]).

Proof. To prove the first assertion, we show that the reduced states also lie in the diagonally

symmetric subspace. Firstly, we can show that any reduced bosonic state satisfies
Vo € S, PoTra(X) = Tra ((Pr® 1 4)(X)) = Tra(X),
where the last equality follows from the fact that X is bosonic. Moreover, we have,
YU € DUy UPIAD T, (X)) (U= DY = Try (UF X (UP™)*) = Tra(X),

where the first equality follows from the cyclicity of the trace and the second follows from
the diagonal invariance of the matrix X. The second assertion follows from the direct

computation:

vi € " Q[Tra(X))i = (i|[Tra(X)]i) = Te(X |iXi| ® 1)
= Z[:] Tr(X [i, 54, j1)
jeld]A

Z QX]ZLU (trAQ[ ])

jeld4

Above, we use the notation 7 LI j to denote the vector

(ila s 7in7|A|7j17~ .- 7J|A|) S [d]n
|

We use the previous result to compute the marginals of the pure Dicke states | D). By
Theorem 9.27, the marginals lie in the DS subspace. We compute the marginals for two
reasons: firstly, it shows that the approach of tensors in terms of the tensor parametrisation
is highly convenient, and secondly, the entanglement properties of these marginals have
been of independent interest [SN25]. Let | D,,) be a pure Dicke state, defined as

Da)=—— S i),

(M2 Tk
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The tensor parametrisation of this state is as follows:

Vi€ [d" Q[lDa)(Dalli = |{ilDa) [P = 75 1
Gy

We compute next the marginal of the pure Dicke state using the marginal of the tensor, by

using Theorem 9.27.

Proposition 9.28. For an arbitrary Dicke state | D,) and a marginal set A C [n],
we have:
Al
(afv(j))

Vi€ [d" M, QTra(|Da) (Dal)]j = tra[Q(|Da) (Dal)]; = Wﬂvu)sa-

Proof. For the marginal of the tensor, we have:

A(QDa) (Dal)l; = 3 (@QIDa) Dalisy = % 1 i)—a
ic[d]lAl ic[d]lAl (a)
1
- @ ie%I:AI Ly (i) +4(j)=a
:(al{;'(j))]lv(j)@'

(o)

94 ENTANGLEMENT AND PPT PROPERTY

In this section, we show an exact correspondence between the entanglement properties of
mixtures of Dicke states to some well-known positivity property of symmetric tensors; our
findings are summarized in Fig. 36. We then completely characterize for which local Hilbert
space dimension and number of particles there exist PPT entangled DS states. Finally, we
show in the last subsection that all marginals of entangled pure Dicke states have negative
partial transpose across all bipartitions, recovering a recent result of [SN25] in a simpler,
more conceptual way. By establishing these results, we have a comprehensive framework
for entanglement in mixtures of Dicke states, which we use to study PPT entanglement
and bosonic extendibility in the later sections using well-known ideas and results about

positive polynomials and tensors.
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9.4.1 Bose-symmetry and entanglement

We begin this section with a brief review of multipartite entanglement in mixed states, with
the focus on the particular results about bosonic states. Note the following two examples

of entangled states in 3 qubits.
(100) +]11)) ® |1) 1000) + |111)

Although both states are entangled, there is a difference between the structure of entan-
glement. The first state is entangled in a bipartite fashion, while for the GHZ state, no
such decomposition into the bipartite entanglement exists. This motivates the following

definition.

Definition 9.29 ([ISTY08, MMRRP " 25]). Let H = ®?_; H; be the Hilbert space
of an n-partite quantum system. A pure state |¢)) € H is called k-producible if there
exists a partition of [n] into disjoint subsets S1, ..., Sy, such that |.S;| < k for all j

and

) = ey,
j=1

where |¢;) is a pure state on the subsystems indexed by S;. A mixed state X € M5
is called k-producible if,

X € cone{|)(¥| | |) is k-producible}.

The entanglement depth of a state p is the smallest £ such that p is k-producible.
A state is genuinely (k + 1)-partite entangled if it is (k + 1)-producible but not
k-producible.

It is clear from the previous definition that bipartite quantum states are either separable
(i.e. have entanglement depth 1) or 2-partite entangled. In comparison to bipartite systems,
entanglement theory in the multipartite case is much more complicated. Surprisingly, for

multipartite bosonic states, a stronger result holds.
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Theorem 9.30 ([ISTY08, Theorem 1]). Let X € Herm[V"CY]. Then, the state has
entanglement depth 1 or n. Particularly, if it has entanglement depth 1, there exist
{Jvr) X such that,

K
X =37 |vg)ve®"
k=1

We denote all separable bosonic states (entanglement depth = 1) as
Sepy”) := conef [ur)(u| " | Jug) € €7}, (103

which forms a proper convex cone. We define the set of bosonic entanglement witnesses

as the conic dual of the separable cone

EWEZH) = (Sep((in)) °.

From the form of the extremal rays of the cone Sep&n) , we obtain the following charac-

terization of entanglement witnesses in the DS subspace.

Proposition 9.31. Let O € Herm[V"CY]. Then, O € EW(([L) if and only if

Vi) eC?  @w®O[®") > 0.

Recall that all bipartite separable states satisfy the PPT (Positivity under Partial Trans-
position) property, i.e, PPT is a necessary condition for separability. The separable bosonic
states (ref. Theorem 9.30) are separable across any bipartitions; hence, they also satisfy the
PPT property across each such partition. In general, a bosonic state might only satisfy the
PPT property across some bipartitions, and not all. Let I be a subset of [n]. We use I'y to
denote the partial transpose of the systems indexed by /. We can use bosonic symmetry to
show that the PPT property only depends on the size of the bipartition we consider while

applying the partial transpose, and not on the particular systems that are transposed.

Proposition 9.32. Let p € Herm[V"CY] be a bosonic matrix. Let I and .J be
arbitrary subsets of [n] such that |I| = |J|. Then,

pFIZO < prJZO.
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Proof. For a bosonic state, we have,
Vr e Sy PrpP -1 = p.
Let m be a permutation that maps the elements of the set I to J. Then,
P = (PepPra)'t = (Prp! Pro).
[

Therefore, following the previous Proposition 9.32, consider the following convex cones.

Definition 9.33. Let 0 < k < [n/2]. We define the following convex cones,

PPT&n’O) := {p € Herm[V"CY] | p > 0}

PPTEln’k) .= {p € Herm|[V"C"] | p'" > 0}.

Note that PPT() is the bosonic PSD matrices, and PPT(™*) is the set of bosonic
matrices having the PPT property across the bipartition [k] : [n]\[k]. Clearly, all the
separable states (see Eq. (103), Theorem 9.30) satisfy the following inclusion.

(/2]
Sep\) ¢ N PPTY"M = pPT(Y. (104)
k=0

This means that the separable states satisfy the PPT property across all the bipartitions.

Remark 9.34. The set inclusion in Eq. (104) is strict except for the case d = 2,n =
2, 3. This has been shown by explicit construction of PPT entangled states for n > 4
qubits. [TAHT 12, ATSL12].

We now introduce the conic dual of the PPT sets. Note that we will consider the conic
dual in the ambient space of Herm[V"C?) C Herm[M$"]. We define the following convex
cone of decomposable bosonic matrices,

Decy"™ == (PPT{"*))e.

(nk)

We also have the following characterization of the Dec
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Theorem 9.35. O € Dec&n’k) if and only if there exist positive semi-definite

operators, P € Herm [M?"] such that,

o = (P, (105)

Proof. We will show the proof in two steps. ( <= ) Consider that there exist positive-
semidefinite matrix P € Herm[M "] such that,

o = 1\ Py,

Then for all p € PPT((in’k), we have,

Tr(0p) = Te (1) (PP 11 p) = T ( (PP 11 pr”)
= Tr(Pr[k]p)
= Tr(Ppr[’f]) >0.

This shows that O € (PPTC(ln’k))o = Decén’k).

( — ) To show the reverse direction, assume that O € Dec&n’k). Then, note that,
PPTY"" = {p € Herm[M5"] | )" > 0} {p € Herm[M$"] | T1" pI1J" = p}.

(106)
Consider the convex cone (PPT&n’k) )° as dual in the larger ambient space Herm[M5"].

Therefore, by the properties of the dual, we get (for closed cones),

(PPTY™™)e = ol ({X € Herm[MG"] | XTH > 0} 4+ {X € Herm[M§"] | T XT1{" = X34,
This equality is because in Eq. (106), the first cone is self-dual, while the second cone is a
subspace; moreover, the conic dual of an intersection is the closure of the sum. Also note
that if O € (PP'l'én’k))o where dual is considered in Herm[V"C?], then, it is an element
of the dual with respect to Herm[M$"]. Using this, we have the sequence of operators

{P}iz1,{Qi}i>1

O = limy_,o, P+ Q;

T T
where VI, P, *'> 0 and Hc(ln)QlHén) = 0. Denote P} := P, " Therefore,
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o=1y o
! (o ()i

:Hywmna R

l—o00

= 11{" Pl 1"
where P := lim;_,, F;. Also P > 0 as the cone of PSD matrices is closed. [

Remark 9.36. By the previous result in Proposition 9.2, we can also show easily,

VzeCl (2870287 = (227 PTI|®7) = (z8F g 87 F|P|z8F @ 227 F) > 0.

This also shows easily that Decgln’k) - EW((in).

Corollary 9.37. We have the following conic-duality:

k=0

|n/2] © [n/2]
( N PPTL )> = (3 Dec,") = Dec”

where the latter set can be described explicitly as

[n/2)
Dec!™) = {OE}mm¢N@ﬂ|3g%>wu;§,O::rﬁﬂ(g%fiwﬁﬂm}

(n,k)

c PPT(™” C Decl Ew{0)

1N

Having established the basics of bosonic entanglement, we move on to studying entangle-
ment in the diagonally symmetric (DS) subspace. By using the tensor parametrisation (ref.
Theorem 9.22) of this subspace, we establish an exact correspondence of the entanglement

properties in the DS subspace with those of tensors.



94 ENTANGLEMENT AND PPT PROPERTY

9.4.2 Separability and Entanglement Witnesses

In this section, we establish an exact correspondence between the separability of the
diagonally symmetric state X € DSEZn) and the convex properties of the tensor Q[X]. We
accomplish this by extending the known results about the bipartite separability problem
in mixtures of Dicke states. We now state and prove the main result of this section: the
separability of a bosonic diagonally symmetric matrix X is equivalent to the complete

positivity of the associated tensor Q[ X].

Theorem 9.38. Let X € DSSZn) be a diagonally symmetric matrix. Then:

X e Sepl = Q[x] e P

Proof. ( =) To show the first implication, we assume the state X is separable, i.e, there
exist vectors {|z,) € C}([f:l, such that,

K
X=> |Iq><$q|®n-
q=1
By Theorem 9.22, we have Vi € [d]", Q[X]; := (i|X|7). Hence, we have, by the separable

decomposition of X,

K
i [ QIX): = (iIXTi) = X laPAaul” - (e)al. (07

By defining v, := x4 ® Ty, it is clear that Vg, v, > 0. With this notation, the previous

equation reads
K
QIX] = > v
q=1

This implies that Q[X]| € CP((in).
( <= ) To show the reverse implication, we assume that Q[X] € CPC(ln). This implies that

there exists a finite number of entrywise positive vectors {v, € R‘fr}f](zl such that
X (2
_ n
QX =2 v"
q:

Consider the vectors, {z,}_, defined as Vg, ()i := 1/(vq);. By this definition, it
immediately follows that Vq € [K]|, z,® z, = v,. Consider the following separable

quantum state o € Sepén , defined as

X ®
n
0= Z |[zg ) g™ .
q=1
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Note that, [Io]] = o. i.e 0 is a bosonic state. We have the twirled quantum state,

K K
Tou(0) = [, V%" S g 1 (W) a0 = 52 [ U g (0 a0

(108)
Firstly note that, Hén) Tou (O’)Hc(in) = Tpy /(o) and due to twirling VU € DU, [Tpy (o), UP"] =
0, therefore by Proposition 9.17, the state Tpy/(o) € DSC(in). Secondly, since twirling is an

LOCC operation, Tpy(o) € Sep((in). Finally note that

K
QUTou(@)l: = (iTou(o)li) = (il [, U™ ; ™) (" (UE)" AU i)

K
— Py Qn|, — _
= 32 o, (105" 1) AU = QL
showing that Q[7py(c)] = Q[X]; above we have use that U®" |i) is equal to |i) up to a
phase for all diagonal unitary matrix U € DU ;. Hence, by Theorem 9.22, we conclude
Tpy (o) = X, finishing the proof. [

The proof strategy we employed above is very similar to that presented in [Yu16] for
the bipartite case. Theorem 9.38 characterizes the separability properties of mixtures of
Dicke states. Recall that checking for complete positivity is known to be NP-hard.

We now use the duality relation from Eq. (102) to characterize entanglement witnesses

in the diagonally symmetric subspace in terms of the copositive tensors.

Proposition 9.39. The following equivalence holds for a matrix O € Herm[DS((in)].

0 e EWYY «— W[0] € Cop{™.

Proof. This follows from the duality of separable states and entanglement witnesses, read
at the level of () and W parametrizations. More explicitly, by the result in Proposition 9.26,

we have

Vi) € € (MO = (1Y diag[W [O]]TT{" [v®") = (W[O], (5 © v)®") > 0.

Remark 9.40. The connection between entanglement witnesses and copositive

matrices has already been noted in [MATS21] for the bipartite case. More precisely,



94 ENTANGLEMENT AND PPT PROPERTY

it is shown in [MATS21] that, at n = 2, for the witness parametrized by a matrix
C € Herm[M,] in the way X¢ = ¥; ; Cyj |15 )71,

Xc € EWC(iQ) — (¢ Copc(f).

This is slightly different from our parametrization, but has the same inner product,
ieforalY € Herm[DS&Z)] we have,

Tr(XcY) = (C,Q[Y]).

Example 9.41 (Projective entanglement witnesses). We show some examples of

bosonic diagonally symmetric entanglement witnesses.

Ra (1) := 115" — | Da)Dal

Then, by computing the tensor parametrization of the witness, we obtain,

n
vi € [d", WRa)i = (W)) (I = [ Da)Dal i) = 1= =1 o
(0%
=1-ply)=a
Consider the polynomial,
d n n
(W[Rg], %™y = ( > J:Z> — | )z
i=1 a
By applying the AM-GM weighted inequality, we obtain for all z € R%,
1, 1.3 o d \n n"
_ — al n I’Z Z — oY Ia
23 =G 2 ¥ = (=)' 2 g

Using Proposition 9.39, we have that for all
1
(o) Ty (5)2”

R, (1) is a bosonic entanglement witness. In the case of n qubits, the Dicke state

—o0o < pu <

with occupation numbers (n/2,n/2) yields the entanglement witness

n
Hg ) — Mx D(n/?,n/2)><D(n/2,n/2)‘
with p, = % ~ /%" as n — oo. Similar computations with entanglement

witnesses constructed from Dicke states were considered in [T6t07, BG13].
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9.43 Decomposability and PPT

In the preceding section, we demonstrated that the separability of the states in the diag-
onally symmetric subspace is equivalent to the complete positivity of the tensor Q[X].
The convex cones PPT&n’k) are outer tractable approximation of the separable states. The
pertinent question is how to describe the PPT property in terms of the tensor Q[ X]. The
analytical computation of PPT conditions in the diagonally symmetric subspace was ob-
tained in [RPAR " 25, Lemma II.4 and Lemma IIL.5] by block diagonalization of the matrix
XT. These conditions appear highly non-trivial to describe. This motivates us to focus on
the dual objects, the sets of decomposable witnesses, Decc(in’k). Surprisingly, these sets can

be shown to have a correspondence with the sum of squares property of tensors.

We now state and prove the main result of this section. Briefly, this result provides a
correspondence between decomposable witnesses O and the properties of the polynomial
Pwo] in the diagonally symmetric subspace. For the rather long and technical proof of

this theorem, see Section 9.8.

Theorem 9.42. The following results hold for O € Herm[DS((in)].

1. O € Dec&n’l) = pwio)(®) € cone{zY | |a] € {n,n—2,n—4...n—
o}, € zinleby,
2. Let k < [n/2] such that a € N&n_%) and ¢ € H[z|g . Then,

pwio)(7) = Y = O e Decc(in’l)
foralll € [k,n — K.
In particular, we have the equivalence,
(ONS Decc(ln’l) < pwio](7) € cone{z®Y | |a| € {n,n—2,n—4...n-2l},¢ € ZEZ%M)}.
and hence the following inclusions between the decomposable sets.

Vi € [|n/2] —1], Decfln’l) N Herm[DSEZn)] C Decgln’Hl) N Herm[DS((im].

To make the notation less clunkier, we define the increasing series of sets,

505" .= {T' | pr(z) € cone{z¢ | |a] € {n,n—2,n—4...n— 20}, 0 € 271D,
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Recall that an n-th order symmetric tensor is called a sum-of-squares (represented as
SOS&n) = SOS((in’ n/2]) by Theorem 9.11) tensor if its associated polynomial is a sum of

squares polynomial in "2?",

pr(z@z) e 2512”).

Corollary 9.43. For any O € Herm[DSén)], we have

|n/2]
W[O] e SOSEZH) <~ O¢ Decc(i"’m/zj) = > Dec&n’l).
=0

Let us summarise what we have shown in the previous result. For a diagonally symmetric
(DS) operator O, the |n/2|- decomposability property is equivalent to the symmetric
tensor W[O] being SOS. Surprisingly, we also find that [n/2]- decomposability implies
decomposability of the DS operator for all I < |n/2]. Recall that for X, Y € DS((Zn), we
have,

(X,Y) = (QIX],W[Y]).

We use this fact to characterize the property of PPT in the diagonally symmetric subspace,
culminating with Theorem 9.48, in which we show that the PPT condition with respect to
the most balanced bipartion implies the PPT conditions with respect to all other bipartitions.

To accomplish this, we characterise the dual of SOS tensors.

Moment Tensors. Let f : H[z]4,, — R. For all @ € IN? such that |a| = n — 2j, we
define the following matrices, with the columns and rows labelled by /3, 3’ such that

8] =181 =J.

(M@D[f]) 550 = f(a0FIH,

This defines a finite family of moment matrices labeled by the monomial vector a and j.

Define the linear functional over the homogeneous polynomials.
ET : H[I]d’n — ]R, ET(Z’M) = T(M) (|u‘ = n),

and extend it by linearity. Then L1 (pg) = (T, Q) for every symmetric tensor (), and the

moment-matrix entries are

(MED[Lrl) ;5 i= Lo(e™77), ol =n =25, 18] = 5] = j.

BB

We can show the following result.
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Theorem 9.44. The following statements are equivalent and characterise the SOS

tensors.
(1) T € (SOS{"M))e

@) Vj=0,....k]a| =n—-2j, M@D[Ls]>=0.

Proof. We denote by Ac(in) ={p e H[z|g, | p(zOx) € Z&%)}. By Theorem 9.11, we
have the general characterization of polynomials p(x) such that p(z ® z) is SOS. Note

that such polynomials belong to the following convex cone.
p(x) € cone{a®¢(z)] |a] + 2deg(p) = n}.

Therefore T € (SOS&n’k))O <— L7 € (Ac(in))o < V]a|+ 2deg(p) = n we

have L7(2%p?(x)) > 0. Let p(x) = Z| dea(s) c32”. Then, by plugging this into the

ﬁlz 5
functional,
Lp(> 0505/$a+ﬂ+5/) => Cgcﬂ/Ma’j [ET]B,ﬁ’ > 0.
o o’
Since this is true for all c5 € RIAI, MI[L7] = 0. |

In the remainder of this section, we want to interpret this family of moment matrices
in the language of tensors rather than linear functionals. We do this by showing that the
conditions in Theorem 9.44 can be exactly obtained by the combination of the following

two operations on tensors.

« Tensor flattenings: Let T € V2"IR? be a symmetric tensor of even order 2n and

dimension d. Then, such a tensor can be associated to a matrix of size d" x d"* by

dividing the indices equally to arrange it as a matrix,

Maﬂ = Ta1a2---anﬂlﬂ2~-ﬂn'

This is called a tensor flattening (represented diagrammatically in Fig. 34). Note that
we consider only the flattenings that are balanced, i.e, we consider an equal number

of indices to create a matrix.

« Tensor slices: Let T' € V"IR? be a symmetric tensor of even order n and dimension
d. For a subset of indices I C [n], we define the tensor S € V("~DR? by fixing the
indices of the tensor T belonging to I,i.e Vk € I, i, = a; € IN:
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A ®
D BN M)

@
o

Figure 34: The figure represents a balanced flattening of a tensor 7' € V4R

Sj1---jn_|1| = Ta1---a|z|j1---jn—m

Figure 35: The figure represents a slice of a tensor 7' € V*IR?. by fixing two indices to be i, j.

This is represented diagrammatically in Fig. 35.

In what follows, we shall consider all the even-order slices of a given tensor. For tensors
of even order 2n, we have even slices of order 2n,2n — 2,2n — 4, ..., 2,0, and for tensors
of odd order 2n — 1, we have even slices of order 2n — 2,2n — 4, ...,2,0. We consider the
family of flattenings of all the even slices of the tensor, and we call this family of square
matrices, the slice flattenings associated with a tensor T, denoted SF[T]. We also use
SF(k) [T] to denote the flattenings of even slices of size < 2k (even order tensors) and
< 2k + 1 (odd order tensors).

Proposition 9.45. Let () be a completely positive tensor.
(1) Any slice of the tensor is completely positive tensor.

(2) Any balanced flattening of the tensor is a completely positive matrix.

(3) All the slice flattenings are completely positive matrices.
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Proof. Let () have the completely positive decomposition, () = Zq_ v

(1) Let S be the slice of the tensor over the indices /, by fixing indices Vk € 1,7, = a.

Then, we have

al I (n—|1])
S =3 I (vg)aus" M e cpy’
q=1kel

as [Trer(vg)a, > 0.

(2) For n odd there is no balanced flattening. Hence, we assume n = 2m is even. Then,

we have that the balanced flattening of the tensor
X @ ®
— m m
b= Zl Jog™ Xog™|
q:

(3) The proof follows from combining the result in Item (1) and Item (2).

|
We define the following convex cones of moment tensors:
Mom'"*) .= {T € v'RY | ¥X € SFW[T], X = 0},
and for k = |n/2| we denote the set of all slice flattenings positive semidefinite by
l\/IomEl ") .— Mom ( mn/2]) (109)

By Proposition 9.45, this is outer relaxation of completely positive tensors. Moreover,
we have the following equivalence that establishes that moment tensors are conic duals to
SOS tensors.

Theorem 9.46. We have the following conic duality:

vk € [|[n/2]],  (Mom{*y° = s0s{™¥)

Proof. Recall that we have the following equivalence
(nk)yo - — 1 — 9 (a.g)
€(S0S;")° = Vj=0,....k|a|=n—-2j, MY [Lp] = 0.

We now explain how the moment matrices M (®7)[£ 7] are obtained from slice-flattenings

of T'. Recall the entries of this matrix

(MEDNLr]) g = L@ ), ol =n—2), 18] = 18] = j.

8.6
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Fix a € N&H_Qj ). Consider the even slice S(*) € V¥R? of T obtained by fixing the
first n — 2 indices to the canonical multi-index («):

Si(iszf = T(a)Uqu: u,v € [d]j‘

Its balanced flattening is the d/ x d’ matrix

F{) = Sﬁl = T{a)uuuw-

U,

Because 7'is symmetric, the entries Fé%) only depend on the occupation vectors 3 := (u)
and ' := v(v). Consequently, F’ (@) has repeated rows/columns whenever two multi-
indices have the same occupation pattern.

Let D be the {0, 1}-matrix that duplicates rows/columns according to occupation vectors
(one column per 3 € ]N((ij), one row per u € [d}/, with D,, 3 = 1 iff y(u) = /3). Then one

checks that
F) = p Mm@y DT

so M) [L7] is exactly the effective flattening obtained from F’ (a) by deleting repeated
rows and columns. In particular, positive semidefiniteness is preserved (and reflected)
by this deletion/duplication: since D has full column rank, we have F’ (@) » 0 =
M(a’j) [ﬁT] ~ 0.

[

Remark 9.47. The size of the tensor flattenings of the general tensor of 2n legs is
d" x d". But due to symmetry in the tensor, this leads to repeated multiple rows
and columns in the matrix, leading to the size of the largest effective flattening (after
deletion of the repeated rows and columns) being (njﬁfl) X (”jﬁ;l) For d = 2,
we get the largest effective flattening of size (n + 1) x (n + 1).

We end this section by showing the exact PPT conditions for the quantum states in
the diagonally symmetric subspace. We present these conditions in terms of the slice
flattening of the tensor Q[ X |. Note that the same conditions for PPT have been obtained in
[RPART25], in which they also pose the conjecture whether in the diagonally symmetric
subspace, the PPT just across the largest bipartition of the n-partite state implies PPT
across all bipartitions (and also positivity of the state). The next result discusses the PPT

conditions and the positive resolution of this conjecture.

307



308

ENTANGLEMENT IN THE DICKE SUBSPACE

Theorem 9.48. Let X € Herm[DSC(ln)]. Then, we have the following equivalence:
X e PPT™ — Q[X] € Mom{I™*).

In particular, we have for the PPT sets:

vie|n/2) —1], PPT™ AHerm[DS!] € PPTY™Y N Herm[DS(™).

Proof. Firstly, note the following equality between the sets.

Dec&n’k) N Herm[DSfln)] = {Tpu(0) | O € Decgln’k)}.

PPTy"*) 1 Herm[DS\"] = {Tou(X) | X € PPT{"Y}.

Moreover, we have for all W € Herm[v"C%] and X € Herm[DS&n)], the following trace

relation.

Tr(XO) = Tr(Tpy(X)O) = Tr(X Tpy(0O)).
Then, we have the following equivalences for X € Herm[DSén)]:

X e PPT!"M = vO € Dec!™™ Tr(x0) >0

= VO € Dec"", T{X Tpy(0)) = 0

VO e Decén’k) N Herm[DSc(ln)}, Tr(X0O) >0

VO € Dec"" nHerm[DS}"], (Q[X],W[O]) = 0

—
—

— YWI[0] € S0s") (Q[x],W[0]) >0
—

QIX] € I\/Iomgln’k).

The following direct corollary of the theorem above settles in the affirmative the Con-
jecture III.1 in [RPAR " 25].
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Corollary 9.49. Let X € Herm[DSén)] be a mixture of Dicke states on n particles
with local dimension d. If X is PPT with respect to the most balanced bipartition
n = |n/2| + [n/2], then X is PPT with respect to all other bipartitions:

vie(|n/2]], PPT""2) A Herm[DS(] ¢ PPT(™) N Herm[DS(V).

In other words, in the case of mixture of Dicke states, the PPT criterion with respect
to the most balanced bipartion is stronger than the PPT criterion with respect to all

other bipartitions.

The previous theorem implies that if we desire PPT of a partition of size k, this means
that flattenings of all even slices of size > n — 2k are positive-semidefinite. For k£ = 0, the
PPT condition reduces to the positivity of the matrix X € DSEZ”), which is equivalent to
the entrywise positivity of the tensor Q[ X]. We present the PPT conditions for the case of

n = 2 and n = 3 in the following tables.

Property Condition on Q[
(2,0) o
X € PPT, Vi, j € [d], Q[X]U >0

X e PPTYY | Vi, j € [d], Q[X]ij > 0and {Q[X]i}¢,_y = 0

X € Sep?) Q[x] € cPP

Table 20: PPT and separability conditions for n = 2.

Property Condition on Q||

X € PPTY | Wi, j, k€ [d], Q[X]yt > 0and V., {QIX]iju} =y = 0

X € Sep?) Q[x] € cPY

Table 21: PPT and separability conditions for n = 3.

We summarize the main connections between the entanglement properties in the diago-

nally symmetric subspace and the corresponding tensor properties in Fig. 36.
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cPt ¢ Mom(” < NN ¢ sost c Cop

Theorem 9.38 [Q] ] Theorem 9.48 [Q] Theorem 9.22 [Q/W]

Corollary 9.43 [W] ] Proposition 9.39 [W] ]

(n)
d

sep” < PPTY) < psDYY < Dect” < EW

Figure 36: The different notions of positivity for Hermitian matrices in the DS subspace (bottom
row) and the corresponding class of real symmetric tensors (top row). References for the
proof of the correspondence are given, along with the parametrization () and/or W)

realizing the correspondance.

9.44 Existence of PPT entangled states

In the last section, we established a complete dictionary of entanglement properties
in the diagonally symmetric subspace. We now proceed to do a systematic study of
PPT entanglement by using the correspondences. Recall that a mixture of Dicke states,
X e DSC(in), is PPT for bipartitions if and only if Q[X] € I\/Iomén). On the dual side, we
have that a witness O € DS((in) is decomposable if and only if W[O] € SOS(([L). The PPT
entangled states correspond exactly to the moment tensors, I\/lom((in) that are not in CPEIn),

and on the dual side, the witnesses correspond to Copc(in) which are not SOSEZ”).

In the remainder of this section, we analyze the three different regimes: multipartite
qubit systems, bipartite systems, and the rest. The first two have already been scrutinized
in [Yu16, TAQ"18].

Qubit systems. We begin by recalling the following standard fact [Hil88] about ho-
mogeneous polynomials of 2 variables (see also Table 19): non-negative homogeneous
polynomials in two variables of even degree are sums-of-squares; equivalently, every
non-negative polynomial in one real variable is a sum of (two) squares. This directly

implies the following result in [Yu16, Theorem 2].

Theorem 9.50 ([Yul6]). Let X € DSén). Then, X is separable if and only if it is

PPT across all bipartitions.

Proof. By Hilbert’s result [Hil88] it follows that Copgn) = SOS%n). Therefore, on the dual
side it follows that CPgn) = I\/Iomgn) showing the result. |
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We also explicitly show the conditions for PPT and hence, the necessary and sufficient
conditions for separability in the Section 9.9. Moreover, note that the PPT across all

bipartitions is implied by just the PPT of the most balanced bipartition.

Bipartite qudit systems. For the bipartite mixtures of Dicke states, this problem reduces
to the matrix case. Recall the results about homogeneous polynomials of degree 4 [Hil88],
as presented in Table 22. The table implies that for d = 3, SOS§2) = Cop:(f) and similarly,
on the dual side, CPéQ) = |\/|om§2). Surprisingly, this equivalence also holds for d = 4, as

stated in the next theorem.

d |2n=14

2 Yes

3 Yes
>4 No

Table 22: Can any homogeneous polynomial of degree 2n in d variables be represented as a sum of

squares?

Theorem 9.51 ([SMB21, TAQ " 18, Yu16]). For d < 4, CP&Q) — Mom((f). Therefore,
for d < 4, a bipartite mixture of Dicke states is separable if and only if it is PPT.

Recall that Momng) = NNy N PSD,; := DNNjy. For the d = 5, the following matrix is
an element of doubly non-negative (DNN,) but not CP; as shown in [GNS25].

2cos § 1 0 0 1
1 2cos ¢ 1 0 0
A= 0 1 2cos ¢ 1 0
0 0 1 2cos ¢ 1
1 0 0 1 2cos ¢

Remark 9.52. The polynomial f(xz,y, z, w) = 2?y? + y?2% + 2222 + w* — dayzw
is a positive polynomial which is not SOS, in line with Table 22. But the previous
theorem implies that there doesn’t exist any "square root" of this polynomial, i.e

f(x,y, z,w) # p(2?,y?, 2%, w?) for any polynomial p.
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Three qutrits. It was conjectured in [RPAR " 25] that for local dimensions d = 3, 4, there
is no PPT entanglement in the class of mixtures of Dicke states for any number of systems,
analogous to the bipartite case. We will show that this conjecture is false by constructing
explicit examples of PPT entangled states in three qutrits. This also implies (Theorem 9.57)
that there exist PPT entangled states in all the remaining cases, d > 3 and n > 3.

Let us first focus on the construction of witnesses for PPT entanglement, i.e, finding
explicit copositive tensors that are not SOS. This is also equivalent to finding homogeneous
polynomials p such that p(z ® z) is globally non-negative but not a sum of squares.
Surprisingly, a lot of these examples already exist in the literature. Let us present a few of
them.

4 N\
MoTZKIN POLYNOMIAL [Mot67]

pmot(l’, Y, Z) = x2y aF y2:c + 23— 3xyz

RoBINSON PoryNoMmIAL [Rob73]

prob(l,7y’2) :$6+y6—|—26—|—3$2y222—($2y4+$4y2+$2Z4+$422—|—y22’4—|—y42’2

- _J

The exact conditions for positivity and sum of squares for symmetric polynomials
(symmetric under the exchange of any variables) have been considered in [CLR87], which
is a rich source of examples of positive polynomials that are not SOS. The exact conditions
for positivity of such polynomials, along with the SOS conditions, are outlined in [CLR87].

Example 9.53 ([CLR87, Theorems 3.7 and 4.25]). Consider M, = Zld:l x; and the

following polynomial.
Pape(x) = aMs + bMiMs + cM;.

This polynomial is a homogeneous polynomial of degree 3 in d variables. Define

the polynomial p;, , .(t) = a + bt + ct®. Then, we have the following equivalences:

« V2 >0, pape(r) >0 <= Vkeld], p;,.(k)>0.

« Pape(zOT) € 256) = vte{l}u[2,d], p;,.(t)>0.
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In particular, Robinson’s polynomial R is given by a = 3,b = —5/2,¢ = 1/2.
The corresponding R* polynomial can be factorized as, R*(t) = (6 — 5t 4 t2) =
$(2—1)(3 —t). This implies that:

R'(t) <0 <= 2<t<3

that violates the SOS condition. Surprisingly, in these constructions, the positivity
and SOS conditions are independent of the number of variables d. Therefore, for

(3)

the same parameter values, this provides examples of tensors in Cop,; "~ that are not

in SOS' for all d.

Let us discuss the case of Motzkin’s polynomial in detail, which, in fact, was the first
explicit positive polynomial that was not a sum of squares. Firstly, it is easy to check that
this polynomial is positive for all z > 0 by the AM-GM inequality.

33'2 Yy + y2 T -+ 2’3
3
We now show that the Motzkin polynomial is not SOS. This proof strategy is well-known

Pmot (2,9, 2) = 2*y + yPx + 2° — 3wyz = 3( —ayz) > 0.

in the literature.

Theorem 9.54. The Motzkin polynomial "entrywise squared" is not a sum of

squares.
pmot(x ) :L’) ¢ ZEZQH)

Proof. We recall that the Newton polytope of a general polynomial expanded in the poly-
nomial basis is given by
N(p) = conv{a € N | p(z) = 3 Aoz Ao # 0}
a€N
Then, we have the following property, N'(pg) = N (p) + N (q) and hence N (p?) =
2N (p). Moreover, we have N (p + ¢) = conv{N (p) UN (¢)}. Now, for any polynomial
(

that is a sum of squares, i.e, Pyot (T © ) = 3p ka x), we have,

N (puot (z ©® x)) = 2 conv{LkJN(fk}

Let us assume to the contrary that the Motzkin polynomial is a sum of squares. The

Newton polytope of the Motzkin polynomial is given by
N (pmot (z ® x)) = conv{(4,2,0),(2,4,0),(0,0,6), (2,2,2)}
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and thus
1/2 - N (pmot(z ® 2)) = conv{(2,1,0), (1,2,0), (0,0, 3),(1,1,1)}.

Note that N'(f1.) € 1/2- N (pmot (z © x)). Therefore, we can assume that f, = (ajr123 +
brrixe + w1073 + dkxg) and hence the coefficient of x%x%x% is Yk c% > 0, which is
a contradiction with the value —3 in ppot (2 @ z). Therefore, the Motzkin polynomial

cannot be a sum of squares. [

The proof of the previous theorem actually works for all polynomials of the form,

4 2 ) 6 2.9 9
p(1, v2,23) = 2725 + o] + T3 — QriTyT]

which is a positive, not SOS polynomial for o € (0, 3]. For a historical perspective on the
problem of positive polynomials and sum of squares, we recommend the book [Pow?21,
Chapter 2].

Therefore, since we showed that there exist copositive tensors in V2R3 that are not SOS
tensors, by duality, there are PPT entangled diagonally symmetric states for 3 qutrits. For
any polynomial p, we can define the inequality on completely positive tensors by using the
tensor-polynomial correspondence. The strategy is as follows: Select a polynomial f ()
such that V2 > 0, f(z) > 0. Then, we use the correspondence to construct a copositive
tensor 1" such that pr = f. Then, for all () € CPC(in) we have,

(@T)=0.
Moreover, if f(z ® ) is not a sum of squares, the tensor T' ¢ SOSEZn) acts as an indecom-

posable witness. Let us now present an explicit example of a PPT entangled state in 3

qutrits.

Example 9.55. Let Q € V3IR? have entries
p, ifi=7j=Fk,
Qijk = \r, ifi,7J,k are all distinct,
q, otherwise.

For each 7, define the slice matrix S (1) ¢ R3%3 by

SJ(Q = Qijk-
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All slices are proportional to

P q g
S qg q |-
q T (g
The PPT conditions (see Section 9.4.3) imply that for all i € {1, 2, 3} we must have
S() > 0. This matrix is PSD if and only if

p>q=>r>0, p(g+7) > 242

Using Robinson’s polynomial defined previously, we obtain the inequality

V@ e CPE;)) Q111 + Q222 + Q333 + 3Q123 — Q112 — Q122 — Q113 — Q133 — Q223 — Q233 > 0.

Under the present parametrization, this becomes
3p+3r—=6qg > 0.
Hence, we obtain the optimization problem.

n* = minimize 3p + 3r — 6g
subjectto p>qg>1r >0,
plg+r) > 2¢%,
3p + 18q + 6r = 1.

The last constraint comes from the normalization of the state. A numerical com-
putation yields an optimal value n* ~ —0.02 < 0. In particular, there exists a
feasible triple (p, ¢, r) with 3p + 3r — 6¢ < 0, showing that the tensor is not CP
even though all slices are PSD. This tensor corresponds to a PPT entangled 3 qutrit

mixture of Dicke states.

Remark 9.56. Note that the PPT entangled state that we construct has no bipartite
reduction that is entangled. This is because the marginals of diagonally symmetric
bosonic states are in the same class (ref. Theorem 9.27), and in 3 V 3 systems, the

states in the DS subspace have no PPT entanglement (ref. Theorem 9.51). In terms
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of the permutation symmetric mixtures of Dicke states from Section 9.3.1, the tensor

(@ in the example above corresponds to the matrix

3apsp,...0) T 68p2,10..0) +7P(1,1,1,0...0)-

The values discussed in the example above allow us to construct a matrix with Sy
symmetry which is PPT entangled in the case of 3 qutrits (n = d = 3).

This is because the witness we consider based on the Robinson’s polynomials is
symmetric under variable permutation; such polynomials correspond dually to the
sub-family of mixtures of Dicke states that have local basis permutation symmetry
(Section 9.3.1).

We conclude the section by showing that such positive non-SOS polynomials can be
constructed for all d > 3 and n > 3. This conclusively settles the question of the existence

of PPT entangled states in the diagonally symmetric subspace.

Theorem 9.57 (PPT entanglement in d > 3,n > 3). There exist entangled states
that are PPT across all bipartitions for all d > 3,n > 3 in the DS subspace.

Proof. We will exhibit homogeneous polynomials p € H|z],,, in d variables and degree n
such that p(z ® ) > 0 but p(z ® x) is not a sum of squares. Note that for d = 3,n = 3,
the Motzkin/Robinson polynomials are of this type. Moreover, Example 9.53 includes such
polynomials for all d > 3,n = 3. We show that for each d, examples for each n can be
obtained by induction.

Let p be a homogeneous polynomial of degree k such that p(z ® z) is not a sum of
squares. Then, p = z1 - p is a homogeneous polynomial of degree k£ 4 1. It is easy to verify
that the polynomial j(x ® ) is positive as j(z ® ) = z7p(z ® x) > 0. Assume that it

has an SOS decomposition.

Pz o) = 3 h()

Moreover, if z1 = 0, it implies that j(z ® 2) = 0 and hence h;(z) = 0. This implies that
hi = x12; for some homogenous polynomials z; € H[z]y . Therefore, 2ip(z ® x) =
Pz ©x) = X h?(x) = 2222, This implies p(x ® x) is a sum of squares. Therefore, by
contradiction, j(z ® x) is not a SOS polynomial. By starting this induction from the case

n = 3, we prove the theorem. [ |

Let us summarise our results in the table 23.
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n=2n=3|n>4

d=2| No No No [TAQ ™18, Yu16]
d=3 No Yes Yes This article
d=4] No | Yes | Yes [RPAR' 25, GNP25b]

d>51| Yes Yes Yes

Table 23: Is there PPT entanglement in mixtures of Dicke states of n parties and local dimension d?

9.4.5 Marginals of entangled Dicke states are NPT

In [SN25], it was shown that for any marginal of a pure Dicke state |D,), such that
supp(«) > 1, is NPT (Negative Partial Transpose) across all bipartitions. If supp(«) = 1,
then the state | D,,) is separable. We recover the results slightly differently; we show that
all the 2-body marginals are entangled as they have negative partial transpose. Our proof
is relatively straightforward, thanks to the characterization of marginals of Dicke mixtures

from Theorem 9.27.

Proposition 9.58. Consider an entangled Dicke state |D,) with « € N&n) such

that supp(«) > 1. Then, all the 2-body marginals of | D,) have negative partial
transpose (i.e. they are NPT).

Proof. Consider [ # m € supp(«), and let Q) be the ) parametrization of the marginal of

the Dicke state corresponding to indices [, m € [d]. By Proposition 9.28 we have
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where y(Im) is the vector having 1’s in positions [ and m and 0’s elsewhere. We now

claim that Q;;Qmm < Q%m. To see this, we expand the two expressions:

QllQmm = T {v(I)<a} T {y(mm)<a}
_ 1 (n —2)12 4
T T (@) (= 2) ! (o — 2)t et 000 70mmse)
1#Elm
1 (n_2)!2
) (n)Q IT (ai!)? (ap — 1)1 (auyy — 1)1? Ly imy<ay = = Qi
1=Elm

where the strict inequality follows from noting that 1, j,,)<,) = 1 and
(o = 2) ! (am — 2)' ! > (o — 1) (0 — 1)12.

This shows that the matrix () is not PSD, and hence the 2-body marginal state X is
NPT. [

Corollary 9.59 ([SN25]). Let o € ]N((in) such that supp(«) > 1. Then, all the
marginals of the entangled pure Dicke state |D,,) are NPT across all bipartitions.

Proof. Let X' = Tr(,)(|Da)XDql) for 1 < r < n. Then, we claim that X" %# 0 for all
1 <k < r. This can be shown by noting that

T T
T iy (X)) = (T iy (X)) = (T iy (1Da)(Dal)
By Proposition 9.58, (Tr[n]\{l’kﬂ}(|Da><Da|))r % 0 implying bl # 0. [ |

9.5 BOSONIC EXTENDIBILITY

In the final section of this article, we shift our focus to another important entanglement-
theoretic property of quantum states known as extendibility [DPS04, Ter04, CKMRO7].
This property is concerned with the existence of an extension, i.e, a state supported on a
larger number of systems, such that some chosen reductions of such a state are equal to
the original quantum state. There exist various notions of the extendibility of quantum
states, see [DPS04, NOP09, ACG ™26, SJZ24, GNP25b]. In this article, we study the one that
is well-suited to bosonic states, which we call the hypergraph extendibility, generalizing

the complete graph extendibility from [ACG™26]. Let us begin by defining this notion.
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Definition 9.60. Let »,n € IN be non-negative integers. A matrix X &
Herm[V"*7CY] is called a (n,r)-hypergraph bosonic extension of a matrix X €
Herm[V"CY] if both of the following conditions hold:

1) X >0
@ V(AC [n+7], [Al=r) Tra(X) =X.

We call such an extension a (n, ) -hypergraph PPT bosonic extension if the extension
X is also PPT across all bipartitions. Note that, thanks to the symmetry property,

one could have replace the “V” in the second point above by an “3”.

If X, Y have a (n, r)-hypergraph (PPT) bosonic extension X, ¥ (resp.), then X + Y is the
(n,7)-hypergraph (PPT) bosonic extension of X + Y. Similarly, X is a (n,7)-hypergraph
(PPT) bosonic extension of X , then, AX is the (n, r)-hypergraph (PPT) bosonic extension
of AX. We denote these cones of (n, r)-hypergraph bosonic extendable states as BExt&n’r)

and (n,r)-hypergraph PPT bosonic extendable states as PPTBEXt&n’T), where r > 0:

BExt|"") := {X € Herm[v"C] | 3X € PSDY"™ sit. Trjy X = X} (110)
PPTBExt|"") := {X € Herm[v"C’) | 3X € PPT"™ st. Tryy ¥ = X}, (111)

Remark 9.61. Note that for r = 0, BExtC(ln’O) reduces to the set of all n-partite

bosonic states, while PPTBExtEIn’O) reduces to the set of n-partite bosonic states
with all bipartitions PPT:

BExt|"") = PSD{"

PPTBExt."" = PPT\".

Recall that any separable state in the bosonic subspace, X € Herm[V"C] is of the form
K
X = 3 |op)ug| " for [vy) € C%.
k=1

Consider, for any r > 0, the following operator X € Herm [M?(n+r>]:

K
- 1
X =

+
iz el > o)l 77
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It is easy to verify that X is an (n,r)-hypergraph bosonic extension of X. Moreover, this
extension is also PPT across all bipartitions. Hence, we have the following inclusions, show-
ing that the newly introduced sets form a decreasing hierarchy of outer approximations of

the separable set:

Sepi ¢ ... BExt!"™ < ...c BEx!™ < BEx!™ = pspl
I Ul Ul Ul Ul
Sep(” < ... ¢ PPTBExt™") C ... c PPTBExt"" C PPTBExt!"" = pPT\"

We now provide a formal characterization of the dual sets, i.e, the set of extendibility
witnesses. Such a characterization has already been obtained in [GNP25b, Theorem 8.9]
and [BL25, Theorem 4.1] for the bipartite case n = 2. The essential argument can be easily

extended to the case of n > 2; we provide the proof for the sake of completeness.

Theorem 9.62 (PPT Extendibility Witness). The following statements are equiva-

lent,
(1) X € (PPTBExt!"™")° := (DecExtW!"")

(2) I_IE;HT)(X ® I?r)ﬂc(ln+r) € Z,E(:n;r)/% Decfln+r’k), i.e. there exist PSD ma-

trices W, € Herm[/\/l?(wrr)] fork=0,...,[(n+7)/2] such that

L(n+r)/2] r

H((in—i-r) (X ® Iéig)r)nc(in—i-r) _ H((in—i-r) (WO 4 Z W, [k]) H((in—i-r)
k=1

Proof. For the implication (1) = (2), consider an arbitrary X € (PPTBExtEZn’T) )°. By
definition, we have Tr(XW) > 0 forall W € PPTBExtC(in’r). This also implies that for all
W e ﬂ,Lﬂ(jarr)/QJ PPT((inJrr’k), we have

Tr((X @ I7)W) = Te(X Tryy (W) > 0.

Therefore, I_IEZH_T)(X ® ]C%@T)Hc(lwrr) € Z,E(:ng_r)/% Decc(anrT’k) = Dec((im_r), see Corol-
lary 9.37. This shows the first claim.

For the reverse direction, we will show that Tr(X W) > O forall W € PPTBExtEln’T). If
W e PPTBExtC(ln’T), then there existsa W € m,E(jJ’”WJ PPTc(inJrr’k) such that Trp, (W) =

W . Then, we can show that

Tr(XW) =Tr(X @ IF")W) > 0.
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If we restrict to £ = 0 in the theorem above, we eliminate the non-trivial PPT conditions

to obtain the following result.

Corollary 9.63. Let X € Herm[M"] be a self-adjoint matrix such that
W xnl = x.
Then, X € (BExt}"")" := (ExtW{"")) if and only if

n§) (x 1)1 = 0.

9.5.1 Moment hierarchy for CP Tensors

In general, checking for the copositivity of a matrix is computationally co-NP-complete,

while on the dual side, checking for complete positivity of a matrix is NP-hard. Despite this,

there is a systematic way to approximate these sets through inner and outer approximations.

We will briefly review the two widely used inner approximations for the set of copositive
matrices: the SOS hierarchy and the non-negative hierarchy. The membership at any level
of the hierarchy can be decided using a semi-definite/linear program. On the dual side,
the duals of these hierarchies outer approximate the completely positive matrices. We
also discuss the natural extension of these hierarchies to tensors, and in the next section,
provide a surprising connection to the extendibility properties in the diagonally symmetric

(DS) subspace. Recall the following tensor duality from Theorem 9.46,

(l\/lomfin))o = SOS((in).
Then, we define the following convex cones:
MomExtEln’T) = {tr,)(X) | X € Mom&n+r)}. (112)

For a particular r > 0, this is the convex cone of tensors in V"IR? that have a moment
tensor extension in the larger space V("*")R?. Note that any completely positive tensor

Q=> v}?n with vy, € ]RElF has a moment tensor extension for all r, given by

~ 1 ntr
Q:Z ®(+).
k

o]

Therefore, we have the following infinite hierarchy of sets that approximate completely

positive matrices from the outside:

CP&”) C...C I\/IomExtC(ln’r) C...C MomExt&n’l) C MomExtC(in’O) = Momc(in).
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Unsurprisingly, this is dual to the sum of squares hierarchy, which approximates coposi-

tive matrices from the inside. This is the content of our next theorem.

Theorem 9.64 (Dual of SOS hierarchy). We have the following conic duality:

vn,r,d € N, (MomExt{"")” = RSOS"".

Proof. Let us first note that RSOS&”’T) ={Q € V"R? | HganrT’]R) [Q®e)*"] € SOS((;HT)}.
Note also that the trace operation is dual to the tensoring operation with the normalized

all-ones tensor:
(trp) (1), Q) = (T, Q@ e)™").

Also if the tensor 7' is symmetric, we have
(T,Q®e)*") = (T R[T),Q@e)*") = (T, T R[Q @ |e)*"]).
Finally, we have the following equivalences:

X € (MomExt{"")* = VY € MomExt{"", (X,¥) >0
«— VY € MoménJrr), <tr[,.](}7),X> >0
= VY e Mom{", (VIR [X @) ]) > 0.
— IR [X ©16)" ] € (Mom|"™)° = s05{"*").

This completes the proof. |

Analogous to the case of the sum of squares hierarchy, we will characterize the dual
of Polya’s non-negative hierarchy. To this end, we define the following convex cones of

tensors:
NNExt|"" := {tr,(X) | X € NN§"}. (113)

These are exactly the convex cones of tensors that have an entrywise positive extension
of order n + r. Therefore, we have the following new infinite hierarchy of sets that

approximate completely positive tensors from the outside:

cPl ¢ . NNExt™ € .. ¢ NNExt!™Y ¢ NNExt ") = NNU.
In the next theorem, we present the conic-duality of the non-negative hierarchy. We

skip the proof, as it is essentially the same argument as in Theorem 9.64, by replacing
"Mom" with "NN".
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Theorem 9.65 (Dual of NN hierarchy). We have the following duality:

Vn,r,d €N, (NNExty")” = PNNY"".

Remark 9.66. The entrywise positive hierarchy that we discuss here has been
abstractly studied in the probability literature as “finitely extendable and exchange-
able probability measures”. We refer to the recent article [KY19], and all references

therein, for the finite-dimensional case of this problem.

9.5.2 Bosonic extendibility: extending the dictionary

In the previous section, we discussed two important hierarchies (and their duals) that
approximate the set of copositive tensors (and completely positive tensors). In this section,
we connect these hierarchies to the bosonic extendibility problem in the diagonally sym-
metric subspace. To this end, we have the following lemma, which states that a diagonally
symmetric matrix has an (n, r)-hypergraph extension if and only if there is an extension in
the DS subspace. This result follows from the local symmetry properties of the DS subspace,
and has already been noted in [GNP25b, BL25]. We provide the proof for completeness.

Lemma 9.67. Let X € DSEZn). Then, the following statements are equivalent:

(1) X has a (PPT) r-bosonic extension.

(2) X has a (PPT) r-bosonic extension that is in DSEZHT).

Proof. We only do the case without the PPT property, as the PPT case is analogous. The
reverse implication is trivial. For the forward implication, let X & BExt&n’r), i.e there
exists an extension X € M?(nM) with HC(ZTLJFT)X Hénw) = X. We claim that the twirl

with respect to the diagonal unitary group DU,
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H(”"'T)

is also an bosonic extension of X. Indeed, use [IT; "/, U ®(”+’")] = (0 and compute

TI‘M (Tpu(X)) = /TI”[T] (U®(H+T)X U@(n—i—r)) dU
= /U®n Tl”[r](X) U®ndU

= [ue" XU aU
=X,
where the last equality follows from the fact that X € DS((ln). [

Now, we use the previous lemma to establish the main result of this section, the connec-
tion between the bosonic-extendibility of mixtures of Dicke states and hierarchies for com-
pletely positive tensors. This has already been proven in the recent papers [GNP25b, BL25]

for the bipartite case n = 2.

Theorem 9.68. Let X € DSC(in). Then, for all level of the hierarchies » > 0:
(1) X € BExt!"") «= Q[X] e NNExt|"")

(2) X € PPTBExt|"") «= Q[X] € MomExt\""),

Proof. For the forward implication of item (1), assume that X € BExt&nM, Then, by
Lemma 9.67, there exists X € DS&”’T) which is PSD, and thus Q[X] € NN&mJﬂ). We also
have Q[X] = Q[Tr,(X)] = try(Q[X]) where Q[X] € NNEZH_T). This implies that
QIX] € NNExt((in’r). For the reverse implication, let Q[X] € NNExtEln’T). There exists
Q€ NN((;Hr) such that try,) (Q) = Q. Then, the state X € DS((;HT) such that Q[X] = Q
is the bosonic extension of X.

The proof of the second item follows from replacing NN by Mom, PSD by PPT, and

bosonic extension by PPT bosonic extension in part (1). [

Remark 9.69. Our proof of the previous theorem is considerably shorter than the
proofs in [GNP25b, BL25], as the hard part of the proof was relegated to establishing

a more general dictionary in the previous sections of this work.

Finally, we can also establish the dual result for the extendibility witnesses.
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Corollary 9.70. The following hold for operators O & DSC(ln):
(1) 0 € ExtW ™)« Ww[0] € PNN{™"

(2) O € DecExtW(™") <= W[0] € RSOS""

Remark 9.71. Note that the theorem provides a much more powerful SDP hierarchy
to check separability in diagonally symmetric states. The largest slice flattening
of a symmetric tensor of 2n legs is of size (nzlriifl) Therefore, to check Q[X] €

Mom Extgln’r) , we need to check the PSD of the largest matrix of size (Ln;y_ sz_l).

This result completes the picture of all the hierarchies for bosonic extendibility and

their duals, see Fig. 37 for the full picture of correspondences, inclusions, and dualities.

9.6 CONCLUSION

In this article, we present a detailed study of multipartite entanglement in the diagonally
symmetric subspace, with a particular focus on PPT entanglement. This forms a crucial
subclass of matrices with bosonic symmetry. By defining a tensor-based parametrisation
of these states, we translate the entanglement properties of these states as convex cones of
symmetric tensors. In particular, the important entanglement-theoretic cones of separable
and PPT states can be described equivalently in terms of the complete positivity and
moment positivity of the parametrizing tensor. This extends the results in [TAQ 18, Yu16,
RPAR™25] to provide a comprehensive theory for this class of states. Our results provide
a bridge between the study of multipartite entanglement, semi-algebraic geometry, and

optimization theory.

Our results also lead to several interesting corollaries in the DS subspace. Firstly, we
show the existence of PPT entangled states in 3 or more qutrits and ququarts, disproving
the recent conjecture from [RPAR " 25]. Quite surprisingly, the existence of entanglement
witnesses turns out to be closely related to the theory of positive polynomials that are not
sums of squares. Using this perspective, we develop a dictionary that links extendibility
witnesses on the diagonally symmetric subspace with the sum-of-squares (SOS) hierar-
chy for copositive tensors. This viewpoint not only clarifies the underlying structure
of these witnesses, but also extends earlier extendibility results known in the bipartite

setting [GNP25b, BL25] to a broader symmetric framework.
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1-to-1 correspondence

» Entanglement Theory

Symmetric Tensors «

CPd Theorem 9.38 Sepd
) O Theorem 9.68§ Tl%leorem 9.68 ), O
— ONNE T 2 MomExt(™) TBE™ 2 PPTBEx(™”
T :
E & n gl N gl
% EWP H.ierarchy Mom H.ierarchy B-Ext PPT-Ext
al al Nl N
NNExt}” 2 MomExt™" e 2 _ppT(Y
. \ @) :
E (n) = R (n)
—5 N Nd ) Theorem 9.22 PSDd
§ y \(\ : C01;follary 9.43
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Figure 37: The different sets explored in this work, with their inclusion and duality structures. On
the left-hand side, we have sets of symmetric tensors from V"R and on the right-hand
side, entanglement properties of the mixtures of Dicke states DSEin). Every set in the
diagram is in convex duality with the set that is symmetric with respect to the middle

horizontal line.



9.7 ACKNOWLEDGMENTS

As a further application, we show that the two-body marginals of pure Dicke states
are NPT and therefore necessarily entangled. Our approach yields a shorter and more
transparent proof of the corresponding results in [SN25]. More broadly, we expect that
the connections developed here between entanglement theory, polynomial positivity, and
SOS methods will open several new research directions. We conclude by outlining two
concrete avenues for future work.

Firstly, it will be interesting to understand the multipartite states that are invariant under
the diagonal unitary group, generalizing the LDUI states from [SN21, JM19]. These bipartite
versions of LDUI states can be parameterized using matrix pairs, and entanglement-
theoretic properties can be understood as convex cones of matrix pairs. The bipartite
mixtures of Dicke states are exactly the LDUI states where these matrices are equal.
Therefore, it seems possible that multipartite LDUI states allow a similar description,
replacing matrices with tensors.

The second question centers on extendibility hierarchies. In this paper, we consider a
hierarchy that was well-suited for bosonic states, which we call the (n, r)-hypergraph
extendibility. There are other extendibility hierarchies introduced for quantum states in
the literature. Since bosonic states are permutation symmetric (i.e. they satisfy Prp = pPx
for all 7 € S),), can one imagine another extendibility hierarchy in which the extensions
are required to be permutation symmetric instead of bosonic? Is there a gap between this

hierarchy and the one we consider for bosonic states?
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9.8 PROOF OF THE DECOMPOSABILITY RESULT

Proof of Theorem 9.42. We shall prove separately the two items in the statement.

Proof of the Item 1.
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Consider O € Dec((in’k) for some integer k < n/2, and let p := pyy o] the associated

polynomial. Our goal is to show that the polynomial p belongs to the cone
cone{z% | o] € {n,n—2,n—4...n—2k},q € Zc(in_m')}.
From O € DecZ’k, we have
p(l2f) = (25" P10 [25)

for some positive senmidefinite matrix P. Using the spectral decomposition of P, we can

write
T

Z (2 [tatal ™ 25"

for tensors t; € (IR?)®". By linearity, it is enough to prove the claim for the polynomial
corresponding to the general term above, so, without loss of generality, we can assume

that O = |t><t| I for some real tensor . On the one hand, we have

p(12[*) = (W[O], (|2[*)*")
= > WI[OLilzy -+ |2,

i€[d]™
= ¥ (Z)W[O](a)zaza, (114)
ozEINEln)

where

]Ngln) ={aeZ a;>0Vic[dand ¥ a; =n}

is the set of d-tuples of non-negative integers that sum up to n and corresponds to the

types of multi-indices ¢ € [d]™.

€

On the other hand, using the form of O and moving the partial transposition on the “z

factors, we also have:
pl2?) = (== [t 0 1257) = (22 @250 D) ] |58 @ 2200 = (2% @ 20 Py .

In the last scalar product above, we have
58k @ ,B(n—k) ¢ \yhed g ynhed

hence we can assume, without loss of generality, ¢ € V¥R @ V*"¥IR?, by projecting it on

the corresponding tensor product of symmetric subspaces of R?. We can now write
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2y _ 5. 5. 4. B o PV -
p(|z| ) = Z Rip " R Ry Zip iy in 2y 2k ik+1 Zjn iy in
i,j€ld]™

k n—=k k n—=k —o/+B8" B+a"
- /ﬂ/Z]N(k) (O‘/)( o )(5')( B )Z e Eary (et (57)
o L,pre d

(n—k)
a”,ﬁ"ENd

k mn — k k mn — k o 1 o~
— Z " (Oz’) ( o ) (5/) ( 6// )z +5 Zﬁ + t(a’),(a”)t(ﬁ’),(ﬁ”)
Ol/,ﬁleNd

(n—Fk)
a",,@"EINd

Oc/—i-ﬂ//:Bl—i-a"
where the last equality follows from Eq. (114) which allows us to discard terms with
O/ + 5// # 6/ _|_ Oé”.
From the last formula for p(|z|?) we would like to extract a decomposition as in the

statement, as a product of a monomial in |z|? and a sum-of-squares polynomial g evaluated

at |z|2. To this end, define the following d-tuples of non-negative integers:

¢ :=min(a/, 3) (115)
¢ :=min(a”, 3")

p:=min(c’, §', 0", 8") = min (4, ")

0 =y —p

0" =" —p

& i=ao — ¢
&= o — 5"

=g -
p"=p" =", (116)

where the min operation is taken entry-wise. We have, for example,

&; = of — (min(aj, §;) — min(aj, 5}, of, 5)) = o — min(as, 5) = 0.
Importantly, note that for every i € [d], we either have u; = p; or u] = p;; in other
words, the supports of the vectors ¢’ and ¢§” are disjoint. We shall write this as 6’6" = 0
using the entry-wise product of vectors.

We shall now prove the following very important fact:

Al

& =& and B =p5". (117)
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For the a’s, fix some coordinate i € [d] and denote by the Latin letter the i-th coordinate
of the respective Greek letter (e.g. b’ = S!'). From the constraint o/ + 3" = ' + o, we

obtain a’ +b” = b’ + a”. This means that there exist rational numbers c, z, y such that
d=ct+ax V=c—2z V=c+y d' =c—u.

We have then m’ = ¢+ min(z, y) and m” = ¢ — max(z, y); recall that m = min(m/, m").

We now have

All

' =c+ax—(c+min(z,y))+m and &’ =c—y— (c—max(z,y))+m

and thus

a' —a" =2+ y—min(z,y) — max(x,y) = 0.

A similar argument shows & = ¥, proving the claim. From now on, we shall write

a=a =a"
6",: B/:B//

From the claim in Eq. (117), we obtain the following constraints on the non-negative
vectors &', 6"
0" < k
16" <n—k
16" = |8'| = n — 2k.

Going back to the formula for p(|z|?), we can now write

l{? n — I{? ]{J n — ]f AL A v/
2\ _ 2\a+B+8+6 A )
p(|Z‘ ) = Z " (@ + 5/) (d—{— 5//) (/3) + 5/) (B + 5//) (’Z’ ) t(d+5/)»(d+5//)t(ﬁ+5’),(ﬁ—+
o/,ﬂ’G]Nd
Oé”,ﬂ”E]N(dn_k)
a/+/8//:ﬂ/+a//

where the 4-tuple (¢, 6", &, 3) is a function of the 4-tuple (o', 5/, a”, 5").

We prove now a second crucial fact: the following two sets S and 7" are in bijection:

§i={(,8,a",8") e N | [o/| = |8 = k, [a"| = |8"| = n—k, o' + 8" = 8/ +"}

T:={(¢.6".a,0) € N ||| <k, 6" < n—k, 8" = |§| = n — 2k, §'6" =0,
&) = 18] = k= 18| = n—k—|6"]}.
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Note that some conditions in the definition of 7" are superfluous, but we prefer to write
them for clarity. To prove the claim, we shall construct twomaps p : " — S, ¢ : § = T
and prove that 1) o ¢ = id7 and ¢ 0 ¢V = idg. We introduce

p: T — S
(6",6", &,B)— (a+0, 3+, a+ 5+
o ﬁ/ o 5//

and ¢ : S — T which defines (&',0”, &, 3) as functions of (o/, 8, a”, ") following
Eqgs. (115)—(116) and Eq. (117).
First, we need to show that the maps ¢, 1 are well-defined. In the case of ¢, the only

non-trivial property that one needs to check is
O/—i_ﬁ”:&+B+5,+5//:6/+Qﬁ”-

In the case of 9, all the properties (including 6’6" = 0) have been checked previously, in
the main proof.

We now show v o ¢ = idp. Let (¢,0”,4,3) € T and denote (o/, ', a", ") :=
(8,0, &, ), (8,8",&,5) :==v(d, 5, a", B"). We use Egs. (115)—(116) to compute

¢ :=min(a/, ") = min(& + &', 3 + ') = min(a, §) + 0.

Similarly, 1/ = min(&, 3) + 6" and thus, using now ¢§'0” = 0, . = min(a, 5). We
conclude that

=y —p=06 and & :=p" —p=9".

Similarly,

o =8 =4 and é:ﬁ’—SIZB,

Ov
I

proving 1) o p = idyp.
Let us now show ¢ o1 = idg. Consider (o/, 3, a”,3") € S and set (¢&',0",4,3) :=
(o, B, 0", B") and then (&', 5, &", 5") := ¢(&',0", &, B). We have

~/ A /! /
& =a+0 =«

and similarly for the other 3 elements; here, we implicitly use the result in Eq. (117). This

proves the claim that the sets S and 7" are in bijection.
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Having proved the second claim, we can now index the sum formula for p(|z|?) by the

A

4-tuple (0',8", &, B):

o0 k n—k k n—=k
p(|z| )— " 5”%B)GT <&+5’ &+ o B_,_y B+5//

2\ G4f4-6"+0" . .
x (|2]%)® taver), (atrom) gy, (B+om)

NG 45" k n—=k

& ,6"eN* &,feN?
6| <k, |6"|<n—k |l =|B]=k—|
16| =0’ |=n—2k

§'6"=0

k n—=k P
’ (3 + 5’) (3 + 5") (=B) o). e Hpas, (310

> (=)

6',5”6]Nd

16| <k, |6"|<n—Fk |G|=k—|d"]
167~ |8/ |=n—2k
§5""=0

-
X ([219)" taga7), (a+57)

= > |23+

k n—=k
e a+do ) \a+d"
=l

[=0 8 6" cN¢ ae
|6'|=k—1, |6"|=n—k—1 |&]
88" =0

2

yea
X (121°)" t(ater, (atom)

Since two polynomials that are identical on non-negative integers are the same, we have
proven the result:

total degree n — 21

/ 1!
px) = Y & 0T g u(a)?

=0 5/’5// ]Nd
16| =k—1
[6" |=n—k—I
88" =0
where
k n—=k &
q(;/’(;//(x) = Zd (d Y P t(&+5/>7(@+5//>x

(01
|&|=k—|0'|=n—Fk—|d"|

Proof of the Item 2.
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Assume that pyy (o) (7) = 21)? where ¢ € H[z], . We expand the polynomial ¢ in

the basis of monomials 2°, 3 € Nc(ik).

vix)= Y cprf = Ya)= Y cﬂcB/xﬂJrﬁl.
BeNP 8,8 NP
We now evaluate the polynomial for z ® z where z € C%.
2 — .20 28+2p'
Pwio](z©Z) = [2[* > cpeplz] :
8,8/eN}

Let 0,8 € IN? such that 6 + &' = a. We then can rewrite the previous expression as

. L0+B 5482
pwio)(202) = | X e
BeN(

Consider the following vector.

o) = 3 cs (|1>®51+51 o |d>®ﬁd+5d ® |1>®(/5’1+5&) . |d>®(5d+5&)) c (([:d)@m7
(k)
e’

This allows us to rewrite the term inside the modulus as an inner product with the product

vector in z and Z.

Z c525+ﬂz‘5'+5 _ <Z®k+\6| ® 2®n—k—|5||90>'
ﬂeINg“)

Therefore, finally, we have the following series of equalities.

- _ / _Qn—k— r
pwiol(02) = | X e’ = | (Bl @ 2Bkl o) 2 = (90 o)) el [25)
e
d

Since |a| = n — 2k, for any [ satisfying 0 < [ < n — 2k, there exists a § < « such that
|6] = [. Defining I’ := k + [, this also implies that for all £ < " < n — k, there exists a
) € (C4)®" such that

(25" diag[W[O]]|2°") = pyio) (2 @ 2) = (22" [o)epl ) 2°7).

This proves the claim.
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9.9 PROOF OF QUBIT PPT CRITERION

We will study the following cone of SOS tensors for d = 2.

SOSY" := {T | pr(v) € cone{a®¢ | [a] € {n,n—2,n—4...n—2[n/2]},p € T{" 1N}y,

We will show that some of the terms are superfluous. In particular, we claim that o can be

taken to be max(«) < 1. So, for the case of n even, we have,
508" = {T | pr(x) € cone{ay | a € {(1,1),(0,0)}, v € TV},
and in the case of n odd, we have,

50S5") = {1 | pr(x) € cone{a"v | a € {(0,1), (1,0)},v € £V},

We show the proof for n even. Let %1 be an arbitrary term such that Zén—lal). Also
|| is even. Let p : IN — {0, 1} denote the parity function. Then,

o _ ar as _plar) plag) a1—p(ar) as—p(az)
et = xpatY = xp Cay T T g (8

62;%(@1)*})(&2)

Since p(a1) 4+ p(ag) = p(a; + ag) = 0 mod 2, either both are 0 or both are 1. Hence,
each term is equivalent to %) where 23"0" where o = (0,0) or « = (1, 1). The proof
for the odd case can be done similarly.

By following the essential argument as Theorem 9.44, the argument above implies that
the dual of SOSén) is equivalent to checking positivity of only two moment matrices, one

for each a.

For the even case, n = 2m, the explicit moment matrices in terms of the tensors can be

obtained as

Tomoy  Tem-11)  Tom—22 Twmm)
Tom-11) Tom—22 Tem-33) - Tm-1m+1)
MOO(T) = Tom—-22) Tiem-33 Tom-a4  Tin-2mr2)

Tonm) Tn-1m+1) Tm—2mr2) - To2m)

7
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Tom-11) Tom-22 Tem-33 - Tim)

Tom-22) Tiem-33 Tom-a4  Tin-1m+1)
MED(T) = Tom-33) Tem-44) Tom-ss - Tin-2m+2)

T(m,m) T(m—Lm—i—l) T(m—27m+2) T T(1,2m—1)

These matrices of size of order n were also obtained in [Yul6, Theorem 1]. These
matrices give necessary and sufficient conditions for the mixture of Dicke state X to be

PPT by Theorem 9.48, and hence, in effect, also separable by Theorem 9.50.

Theorem 9.72. Let X € Herm[DSézm)]. Then,

X € Sepl™ = MIV(Q[X]) = 0and MOV (Q[X]) > 0.

Conditions for n odd can be derived analogously to the case above.
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Summary and Open Questions

10.1 SUMMARY IN ENGLISH

In this thesis, we study the structure of entanglement and entanglement witnesses in
symmetric bipartite and multipartite quantum states, by connecting them to various topics

in real algebraic geometry, graph theory, tensor analysis, and polynomial optimization.

Firstly, we consider the entanglement properties of quantum states with cyclic sign
invariance, and characterize the geometry of separable and PPT states in the bosonic
subspace. This is done by studying the the circulant completely positive matrices and
doubly non-negative matrices for d = 5, with some progress towards d = 6 and d = T,
showing the rich geometrical structure of these states. A new class of quantum states was

identified, where the PPT and separability can be characterized for all dimensions.

Secondly, we look at some constructions of PPT entangled states using non rank-1

generated matrices in the sets of doubly non-negative, correlation, and sparse PSD matrices.

Thirdly, we study the positivity property of DUC (Diagonal Unitary Covariant) quantum
maps. After analysing some structural properties of the pairs of matrices that parametrize
these maps, we present a new construction of positive indecomposable map using coposi-
tive matrices. We provide some explicit examples by constructing graph-based maps, and
characterise decomposability and positivity properties in terms of the graph parameters.
Bosonic extendibility of (mixture of) Dicke states was also analysed using SOS hierarchies

for copositive matrices.

Finally, we analyse entanglement in multipartite mixture of Dicke states by translating
their entanglement properties in terms of properties of real tensors. This allows us to
identify PPT entangled states in 3 qutrits, and also generalize some results from the
qubit case. Examples of bosonic indecomposable maps can be constructed from positive
polynomials that are not sum of squares; and sum of square hierarchies can be used to

approximate such witnesses.
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10.2 SUMMARY IN FRENCH

Dans cette thése, nous avons étudié la structure de 'intrication et des témoins d’intrication
dans les états quantiques symétriques bipartites et multipartites, en les reliant a divers
sujets de géométrie algébrique réelle, de théorie des graphes, d’analyse tensorielle et
d’optimisation polynomiale.

Premieérement, nous considérons les propriétés d’intrication des états quantiques possé-
dant une invariance cyclique de signe, et caractérisons la géométrie des états séparables
et PPT dans le sous-espace bosonique. Cela est réalisé en étudiant les matrices circu-
lantes compleétement positives et les matrices doublement non négatives pour d = 5,
avec des avancées partielles pour d = 6 et d = 7, mettant en évidence la riche structure
géométrique de ces états. Une nouvelle classe d’états quantiques a été identifiée, pour

laquelle les propriétés PPT et de séparabilité peuvent étre caractérisées en toute dimension.

Deuxiémement, nous examinons certaines constructions d’états intriqués PPT utilisant
des matrices non engendrées par des matrices de rang 1 dans les ensembles de matrices

doublement non négatives, de corrélation et de matrices creuses semi-définies positives.

Troisiemement, nous étudions la propriété de positivité des applications quantiques
DUC (covariantes par transformations unitaires diagonales). Apreés avoir analysé certaines
propriétés structurelles des paires de matrices qui paramétrisent ces applications, nous
présentons une nouvelle construction d’application positive indécomposable utilisant
des matrices copositives. Nous fournissons des exemples explicites en construisant des
applications associées a des graphes, et caractérisons les propriétés de décomposabilité et
de positivité en fonction des parameétres du graphe. L’extensibilité bosonique de mélanges
d’états de Dicke a également été analysée a ’aide de hiérarchies SOS pour les matrices

copositives.

Enfin, nous étudions l'intrication dans les mélanges multipartites d’états de Dicke en
traduisant leurs propriétés d’intrication en termes de propriétés de tenseurs réels. Cela
nous permet d’identifier des états intriqués PPT a 3 qutrits, et également d’étendre certains
résultats du cas qubit. Des exemples d’applications bosoniques indécomposables peuvent
étre construits a partir de polynomes positifs qui ne sont pas somme de carrés ; et des

hiérarchies de sommes de carrés peuvent étre utilisées pour approximer de tels témoins.

10.3 FUTURE DIRECTIONS

Finally, we present some perspectives and related future directions related to the four

contributions in this thesis.
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1. In Chapter 6, we completely characterized the geometry of the circulant completely
positive and copositive matrices for d = 5, and partial geometries for d = 6,7. It
would be interesting to characterize the geometry fully for d = 6,7 and higher
dimensions if possible, to gain more insight into the intricate structure of the com-
pletely positive and copositive cones. Also, recall that the independence number
can be rephrased as an optimization problem over the copositive cone using the
Motzkin-Straus theorem [MS65]:

a(G) = max{t | t(I;+ Ag) — Jg € Copg}.

For circulant graphs G, it is known that the independence number a(G) is still NP-
hard to compute [CGV98], which should imply a similar hardness for membership

in the circulant copositive cone.

2. The Gurvits-Barnum ball is the largest ball in the set of separable states [GB02],
centered around the maximally mixed state. In the convex geometry literature,
this is known as the Chebyshev center of a convex set (the center of the largest
inscribed ball in the convex set). Can similar results be obtained for the sets of
bosonic separable states and completely positive matrices? In particular, what are the
Chebyshev centers of these sets? Some research along this direction has been done

by considering the absolutely separable states [LSEBM25] in the bosonic subspace.

3. In Chapter 8, we discuss the construction of positive indecomposable maps using
copositive matrices. Firstly, it would be interesting to understand the k-positivity
of this class of maps, and of the Markov-Choi maps [CKL92, Ha03]. This is dually
connected to PPT entangled states with high Schmidt numbers [HLLMH18, PV19,
KG24]. Secondly, it would be valuable to understand whether examples of positive
indecomposable maps can be connected to the PSD incompletable matrices, which

were shown to be witnesses for PPT entangled states in Chapter 7.

4. The convex set of bipartite separable states is a semialgebraic set that is not a spectra-
hedral shadow except when d - d’ < 6 [Faw21]. The same is true for the copositive
matrices [BKT22], when it is not equal to SPN matrices and the cone of positive
polynomials, when it is not equal to SOS. This motivates the following questions
: Is the convex set of separable bosonic states also not a spectrahedral shadow for
n=2d>3andn > 4,d = 2 since it is not equal to the set of PPT states? What
about the 3 x 3 X 3 copositive tensors? Note that for d = 2, the copositive tensors

are equal to sums of squares of tensors, and hence semidefinite representable.

5. We showed that the extendibility of multipartite mixtures of Dicke states is connected

to moment tensor hierarchies in Chapter 9. Firstly, it would be interesting to study
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the convergence rates of such hierarchies, similarly to the results in [BL26, FF21,
LJ25]. Secondly, it would be interesting to study the extendibility of bosonic states
(and mixtures of Dicke states) with local symmetries, to study concretely how this
class of states displays monogamy of entanglement [Ter04, ACG'26]. The case of
extendibility of random bosonic states also deserves scrutiny, and might involve

similar methods as in [Lan16].
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